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Discrete Mathematics Second Exam (Alternative evaluation). May 18, 2015



Matemática Discreta. Grados en Ingeniería Informática. ETSII. Universidad de Sevilla 2014–2015. Emmanuel Briand



Graph algorithms



Table 1: The edges of the Graph G1 . Each edge is indicated as (vertex 1, vertex 2, weight).



(0, 1, 1) (1, 15, 1) (2, 7, 1) (5, 17, 1) (10, 19, 1) (12, 16, 1) (13, 16, 1) (2, 10, 2) (2, 17, 2) (3, 7, 2) (4, 9, 2) (5, 16, 2) (6, 14, 2) (9, 17, 2) (11, 13, 2)



(15, 16, 2) (15, 18, 2) (15, 19, 2) (2, 12, 3) (6, 8, 3) (9, 10, 3) (11, 18, 3) (0, 7, 4) (0, 12, 4) (1, 5, 4) (2, 5, 4) (5, 15, 4) (7, 10, 4) (7, 15, 4) (10, 18, 4)



(12, 17, 4) (0, 6, 5) (2, 16, 5) (3, 19, 5) (4, 15, 5) (0, 16, 6) (1, 17, 6) (2, 8, 6) (4, 17, 6) (5, 7, 6) (7, 16, 6) (9, 15, 6) (10, 14, 6) (11, 19, 6) (12, 14, 6)



(0, 2, 7) (0, 4, 7) (0, 8, 7) (0, 15, 7) (7, 8, 7) (7, 12, 7) (9, 12, 7) (11, 15, 7) (13, 17, 7) (14, 17, 7) (16, 18, 7) (2, 19, 8) (3, 5, 8) (5, 14, 8) (6, 12, 8)



(6, 13, 8) (7, 19, 8) (9, 11, 8) (9, 16, 8) (10, 15, 8) (10, 17, 8) (16, 17, 8) (0, 13, 9) (0, 14, 9) (1, 12, 9) (4, 12, 9) (6, 15, 9) (7, 14, 9) (8, 9, 9) (0, 3, 10)



(3, 14, 10) (5, 12, 10) (6, 17, 10) (13, 15, 10) (15, 17, 10) (18, 19, 10)



Problem 1 (1,25 point). Table 1 gives the list of the edges of a graph G1 with vertex set {0, 1, 2, . . . , 19} (there are therefore 20 vertices). Apply (by hand) Kruskal’s algorithm to get a minimal spanning tree in the graph G1 . In your answer: 1. Explain in a few sentences the method. 2. Give the list of all edges of the spanning tree, in their order of selection in Kruskal’s algorithm. 3. Represent your spanning tree as a rooted tree. 4. Give also the total weight of the tree. Problem 2 (1,25 point). Consider the graph in Figure 1. Determine whether or not it is planar, and justify your answer. Note: you may use SAGE for funding the answer, but you still have to provide a justification. Figure 1: Is this graph planar? (Problem 2).
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Problem 3 (2,5 points). Consider the graph whose vertices are the length 4 bitstrings, like for instance 0000, 0100, . . . There is an edge between two bitstrings if and only if they differ by one bit. 1. Prove that this graph is Eulerian by a short argument (that does not involve building a Euler circuit). 2. Provide a Euler circuit in this graph (using the computer for this is allowed, although probably not necessary). 3. Describe the graph as an edge–disjoint union of cycles. 4. Find a Hamiltonian path in this graph. Indicate if you found the Hamiltonian path with the computer (which is allowed), or by another mean (there is a clever way to do this). 5. The similar graph with length 5 bitstrings: is it eulerian? (why?) hamiltonian?(why?)



Proofs Problem 4 (2,5 points). 1. Show that for any planar graph G with v vertices and e edges, such that v ≥ 3, we have: e ≤ 3 v − 6. 2. Does the previous inequality hold for planar multigraphs? (Prove your answer). 3. Deduce from the inequality that any planar graph admits some vertex with degree at most 5.



Problem–Solving Problem 5 (2,5 points). 1. What is the minimum number of vertices for a graph with 1000 edges? 2. What is the minimum number of vertices for a planar graph with 1000 edges? Notes: (i) Explain very clearly your reasoning. (ii) It is not enough to provide necessary conditions, you should also prove that a graph with the number of edges you find, exists. (iii)If you do not solve completely the problem, indicate your ideas to solve the problem. This will be taken in account.
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