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graph theory: glossary



Types of graphs Loosely speaking, a graph is a set of objects (called “vertices” or “nodes”), such that each pair of objects is linked or not (the links are called “edges”). There are several slightly different kinds of graphs: loops and multiple edges (connecting the same pair of vertices) may be allowed or not; the edges may be oriented or not. Graph. In general (but not always), the term “graph” means without loop, with no multiple edges, and without orienting the edges. To insist, one say sometimes “simple graph”. Formally, an edge of such a graph is therefore an (unordered) pair { x, y} of (distinct of course) vertices. Therefore, a graph is a pair (V, E) where V is any finite set (the set of vertices) and E is any subset of the set of all pairs of element of V (the set of edges). This definition must be adapted when orienting the edges (considering the edges as ordered pairs ( x, y) instead of unordered pairs { x, y}), loops, or multiple edges (here one takes for the set of edges any set E disjoint from V and equips it with a map to the the set of ordered or unordered pairs of vertices). Digraph. Means “directed graph”, a graph whose edges are oriented. In a digraph the edges are sometimes called arcs. The transpose graph of a digraph is the digraph obtained by reversing the orientation of all arcs. Multigraph. Graph with multiple edges allowed. Weighted graph Graph with a nonnegative number (weight) attached to each edge.



Vertices and edges Incident. A vertex and an edge are incident if the vertex belongs (= is an endpoint) of the edge. Adjacent. Two vertices are adjacent if they belong to a common edge. Loop. An edge between a vertex and itself. Neighbors. The neighbors of a vertex v are all vertices adjacent to v and different from v (that is adjacent to itself when there is a loop at v). Isolated vertex. A vertex with no neighbor (except maybe itself, if loops are allowed). Origin and Terminus. The endpoints of an edge in a digraph. Subgraph. A subgraph H of a graph G is any graph obtained from G by removing some vertices (and all edges incident to the removed vertices of course) and some edges. The subgraph H is
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a spanning subgraph for G if it has the same vertices as G (= no vertex removed). Complement graph. The complement graph of a simple graph G is the graph with the same vertices as G, such that for each pair of vertices, { x, y} is an edge if and only if it is not an edge of G. Degree. The degree of vertex is the number of edges incident to this vertex. Indegree and outdegree. Replaces the notion of degree in a digraph: the indegree of a vertex v is the number of edges with terminus v, and its outdegree is the number of edges with origin v.



Walks Walk. A walk from vertex x0 to vertex xn is a sequence of vertices and edges of the form x 0 , e1 , x 1 , e2 , x 2 , e3 , . . . , e n , x n such that for each i, ei has endpoints xi−1 and xi (in a digraph: such that ei has origin xi−1 and terminus xi ). The length of the walk is n. The walk may be closed (if x0 = xn ), otherwise its is open. Trail. Walk with no edge repeated. Circuit. Closed trail. Also called tour. Path. Walk with no vertex repeated. Cycle. Closed walk with no vertex repeated, except of course the endpoints, that coincide. An odd cycle is a cycle of odd length.



Connectivity Connected vertices In a (non–oriented) graph, two vertices x and y are connected if there exists a walk from x to y. Connected graph. A graph is connected if all pairs of vertices are connected. Connected components. In a (non–oriented) graph G, the connected component of vertex x is the subgraph whose vertices are all vertices of G connected to x (and all possible edges from G). The connected components of G are the connected components of all its vertices. Strongly connected digraph. In a digraph, the notion of connectedness is replaced by the notion of strong connectedness: two vertices x and y are strongly connected if there exist a walk from x to y and a walk from y to x. The strongly connected component of a vertex x is the set of all vertices y such that there exist both a
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walk from x to y and a walk from y to x. A digraph is weakly connected when the non–oriented graph obtained by forgetting all orientations, is connected. Articulation point. (also cut vertex). A point whose removal increases the number of connected components of the graph. Cut set. A set of vertices whose removal increases the number of connected components of the graph. Bridge. An edge whose removal increases the number of connected components of the graph. Biconnected graph. A graph with no articulation point.



Special graphs and properties Complete graph. Given a set V of vertices, the complete graph on V is the graph whose edges are all pairs { x, y} of elements of V. The complete graph on n vertices is denoted with Kn . Regular graph. A graph is regular if all its vertices have the same degree. Planar graph. A graph is planar if it can be drawn in the plane, such that the edges do not intersect (except at their common vertices of course). Bipartite graph. A graph whose vertex set V can be obtained as the disjoint union of two subsets X and Y, such that no vertex in X is adjacent to a vertex in Y. But often also, bipartite graph is used with as a slightly different meaning: a graph together with a partition of its vertex set as the disjoint union of two subsets X and Y, such that no vertex set in X is adjacent to a vertex in Y. The difference: in the first there may be several choices for X and Y, in the second case X and Y are given and imposed. (One has to make the difference from the context). Complete bipartite graph. Given two disjoint sets X and Y, the complete bipartite graph on X and Y is the graph whose vertex set is X ∪ Y and whose edges are all pairs { x, y} such that x ∈ X and y ∈ Y. Tree. A graph that fulfills the condition: for any vertices x and y, there is a unique path from x to y. This condition can be replaced by the following two conditions together: (i) the graph is connected and (ii) the graph has no cycle. Forest. A graph that fulfills the condition: for any vertices x and y, there is at most one path from x to y. This condition can be replaced by: the graph has no cycle. Thus, a forest is actually a graph whose connected components are trees.
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Coloring Proper vertex coloring, Vertex coloring, Graph coloring. A coloring of the vertices of the graph, such that no two adjacent vertices have the same color. (Mathematically speaking, a coloring of a set V is just a map from V to some set C – of colors). Chromatic number. The minimum number of colors such that a proper vertex coloring with these colors exists. Edge coloring. A coloring of the edges of the graph, such that any two edges with a common vertex have different colors. Chromatic index. The minimum number of colors such that an edge coloring with these colors exists.



Matching Matching. Any subgraph of a graph G such that no two edges have a common vertex. Vertex covering Any subgraph G 0 of G such that any vertex of G belongs to some edge of G 0 . Complete matching. A matching in G is complete if it covers all vertices of G. Maximal matching. A matching in G with the maximal possible number of edges.



Graph traversals Euler trail. A walk where each edge appears exactly once. Euler circuit. Closed Euler trail. Hamilton path. A walk where each vertex appears exactly once. Hamilton cycle. A cycle where each vertex appears exactly once, except for the endpoints, that coincide of course.



Other Isomorphic. Two graphs G = (V, E) and G 0 = (V 0 , E0 ) are isomorphic if there exists a bijection f from V to V 0 such that { f ( x ), f (y)} is an edge of G 0 if and only if { x, y} is an edge of G. Then the map f is an isomorphism between G and G 0 . Similar notions of isomorphism are defined for the other kinds of graphs (multigraphs directed graphs).
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PRAJNANAGHANA: mass of consciousness. PRAJNA-SAKTI: power of consciousness. PRAKAMYA: unhampered will. PRAKASA: luminosity. PRAKRITI: Nature ...
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