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Problem set 3: some proofs by induction March 9, 2015. We stated the following theorem. Theorem 1. For any tree, the number of vertices is one more than the number of edges.



Emmanuel Briand. Universidad de Sevilla. 2014–2015. Discrete Mathematics. Grado Ingeniería Informática.



This theorem can be proved by induction, actually in several ways. Below we present a proof by induction on the number of edges. As an exercise you will find an alternative proof, by induction on the number of vertices.



Proof of Theorem 1 by induction on the number of edges. We have to prove that for any number e ≥ 0, the number of vertices of any tree with e edges is e + 1.



Main idea The main idea is the following: consider a tree T with e edges, where e ≥ 1. Let v be its number of vertices. Choose a particular edge, { x1 , x2 }. Let T 0 be the tree obtained from T by removing this edge. Then (as it will be checked in the full proof) the graph T 0 has exactly two connected components, and these two components are trees: the component T1 of x1 and the component T2 of x2 . Let v1 and v2 be their number of vertices, and e1 and e2 be their number of edges. Then we have the relations: v1 + v2 = v, e1 + e2 + 1 = e, and since e1 and e2 are smaller than e we may apply an induction hypothesis asserting that v1 = e1 + 1 and v2 = e2 + 1. We have thus: v



= v1 + v2 , = e1 + 1 + e2 + 1, = e1 + e2 + 2, = e − 1 + 2, = e + 1.



Formal proof We consider the following induction hypothesis: P (n): “All trees with at most n edges have one more vertices than edges.



This is true for n = 0, since there is only one tree with no edge: the graph with only one vertex. Let n ≥ 0. Let us assume that P (n) is true, and let us show that P (n + 1) is true as well. For this it is enough to check that all trees with n + 1 edges have n + 2 vertices. Set e = n + 1. Let T be any tree with e edges, let v be its number of vertices. Since e = n + 1 ≥ 1, T has at least one edge. Let { x1 , x2 } be an edge of T. Let T 0 be the graph obtained from T by removing just the edge { x1 , x2 }. Let us prove that T 0 has exactly two connected components. Let x be any



As we saw in the main idea, the hypothesis "All trees with n edges have one more vertices than edges” is not enough for the proof”.
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vertex of T 0 ; there is a unique path p in T from x to x1 . Either this path p goes through x2 , or not. In the second case, obviously the path p does not contain the removed edge { x, y}, and thus, is also a path in T 0 . Let us consider more closely the first case. Then the path p decompose in two parts: a path p0 from x to x2 followed by a path p00 from x2 to x1 . Since the length one path x2 − − x1 is the only path in T from x2 to x1 , it should be equal to p00 . The path p0 can not contain the removed edge (since it appears later in the path p from x to x1 and a path can’t repeat edges). This shows that p0 is a path in T 0 and that x is connected to x2 in T 0 . Therefore any vertex x is connected to at least one of the vertices x1 and x2 . Note that x2 is not connected to x1 in T 0 , else a path between them in T 0 would provide a second path between them in T (in addition to the path along the edge { x, y}). This shows that the connected components T1 and T2 of x1 and x2 are distinct. The graphs T1 and T2 are connected (since they are connected components of T 0 ) and have no cycle (as subgraphs of the graph T that has no cycle). Therefore they are trees. Let v1 and v2 be the numbers of vertices of T1 and T2 , and e1 and e2 be their number of edges. Then we have the relations: v1 + v2 = v, e1 + e2 + 1 = e, and since e1 and e2 are smaller than e = n + 1, we may apply an induction hypothesis P (n); we have v1 = e1 + 1 and v2 = e2 + 1. Thus: v = v1 + v2 , = e1 + 1 + e2 + 1, = e1 + e2 + 2, = e − 1 + 2, = e + 1, = n + 2. We have checked that the base case P (0) is true and that for all n ≥ 0, P (n) implies P (n + 1). By induction, P (n) is true for all n.



By induction on the number of vertices. Problem 1. Find an alternative proof of Theorem 1, by induction on the number of vertices. (Find first the main idea of the proof, before trying to redact the full proof).



All connected graphs with one more vertex than edges are trees. Theorem 2. Any connected graph with one more vertex than edges is a tree. The easiest way to prove this is to show that any connected graph has a spanning tree. This can be done by analyzing BFS or DFS. Problem 2. Complete the proof (i.e. assuming that any graph has a spanning tree).
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There is also a proof by induction. Problem 3. Find this proof by induction (at least the main idea).



Proofs by induction in the analysis of BFS and DFS.



Hint: prove rather the equivalent proposition: for any connected graph that is not a tree, the numbers v and e of vertices and edges fulfill v > e + 1.



In the analysis of BFS and DFS some facts need to be proved by induction as well. Problem 4. 1. Use induction to prove that the vertices of a connected graph are visited by BFS in increasing order of distance to from the original vertex a (i.e. first a, next the vertex closest to a, next the second closest vertex to a, . . . ). 2. Let T be the BFS spanning tree for the graph G and vertex a. Deduce from the previous property that for any vertex x, the unique path from a to x in T is a shortest path from a to x in G. In particular, the distance from a to x in G is the level of x in T. 3. Deduce also that all edges of G that are not in T connect only vertices at the same level or at consecutive levels.



Let a = x1 , x2 , . . . , xn be the vertices in the order of visit. A good induction hypothesis may be: x1 , x2 , . . . , xk are the k closest vertices from a.
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