













Menu





	 maison
	 Ajouter le document
	 Signe
	 Créer un compte







































The projective spectrum as a distributive lattice - Henri Lombardi

of a commutative ring A in a pointâ€“free way as the distributive lattice L(A) that is ... We now transfer Joyal's approach to the projective spectrum of a graded ... 
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The projective spectrum as a distributive lattice Thierry Coquand, Henri Lombardi, and Peter Schuster



R´ esum´ e Nous construisons un treillis distributif dont les filtres premiers correspondent aux id´eaux premiers homog`enes d’un anneau commutatif gradu´e. Ceci donne un exemple charact´eristique d’un sch´ema non affine en topologie sans points, et d’une construction g´en´erale de recollements de treillis distributifs. Nous prouvons aussi une forme projective du “th´eor`eme des zeros” d’Hilbert. Abstract We construct a distributive lattice whose prime filters correspond to the homogeneous prime ideals of a graded commutative ring. This is the prime example of a non–affine scheme in a point–free context, and the model case of a fairly general glueing method for distributive lattices. We furthermore prove the projective form of the formal Hilbert Nullstellensatz.



A formal point of a distributive lattice T is a prime filter of T : that is, a subset F of T with 1∈F x ∧ y ∈ F ⇐⇒ x ∈ F ∧ y ∈ F (1) 0∈ /F x ∨ y ∈ F =⇒ x ∈ F ∨ y ∈ F for all x, y ∈ T . We write Pt (T ) for the space of formal points of T ; the family {F ∈ Pt (T ) : x ∈ F } with x ∈ T is a basis of open subsets for the topology on Pt (T ). Lemma 1 Let T be a distributive lattice, and z ∈ T . Consider the quotient T 0 of T modulo z = 1. For the projection mapping π z : T → T 0 we have π z (x) 6 π z (y) ⇐⇒ x ∧ z 6 y ∧ z for all x, y ∈ T . In particular, T 0 can be identified with ↓ z and π z with the mapping x 7→ x ∧ z, where ↓ z has the lattice structure induced by that on T with the only exception that z stands for 1 in ↓ z. In particular, Pt (T 0 ) is an open subspace of Pt (T ), with the inclusion mapping Pt (T 0 ) → Pt (T ) as the one induced by π z . For short, Pt (π z ) : Pt (T 0 ) → Pt (T ) is an open inclusion. Joyal [4] presented the affine spectrum Spec(A) = {p ⊂ A : p prime ideal of A} 1



of a commutative ring A in a point–free way as the distributive lattice L(A) that is generated by the expressions of the form DL (a) with a ∈ A , and equipped with the relations DL (1) = 1 DL (ab) = DL (a) ∧ DL (b) (2) DL (0) = 0 DL (a + b) 6 DL (a) ∨ DL (b) for all a, b ∈ A. The intuition standing behind this is that in terms of points the family D(a) = {p ∈ Spec(A) : a ∈ A \ p}



(a ∈ A)



is a basis of open subsets for the Zariski topology on Spec(A), whose characteristic properties are expressed by (2) with ⊆, ∅, and Spec(A) in place of 6, 0, and 1, respectively. In fact, the formal points of L(A) are nothing but the prime filters of A: that is, the subsets F of A which satisfy (1) with addition and multiplication in place of ∨ and ∧. When one admits reasoning by classical logic, the prime filters of A are the complements of the prime ideals of A; then Pt (L(A)) and Spec(A) are even homeomorphic. From the constructive point of view, however, prime filters are to be preferred: ‘because it is at these objects that we wish to localize, and since ¬¬ 6= id, we must deal with them directly’ [5, p. 194].   For a commutative ring A and a ∈ A, we denote by A a1 the ring of fractions whose denominators are the powers of a, which ring is isomorphic to A [X] / (aX − 1). Lemma 2 Let A be a commutative ring and  a ∈ A. Then the quotient of L (A) modulo DL (a) = 1 canbe identified with L A[ a1 ] ; moreover, the projection mapping π DL (a) : L(A) → L A[ a1 ] is induced by the canonical mapping A → A[ a1 ].  In particular, A → A[ a1 ] induces an open inclusion Pt(L A[ a1 ] ) → Pt (L(A)). We now transfer Joyal’s approach to the projective spectrum of a graded commutative ring M A= Ad , d>0



for which we make the standard assumption (see, for instance, [2]) that A is generated as an A0 –algebra by finitely many x0 , . . . , xn ∈ A1 with n > 1: that is, A = A0 [x0 , . . . , xn ] . A homogeneous prime ideal of A is a prime ideal which – is generated by homogeneous elements (or, equivalently, a prime ideal that contains an element of the ring precisely when it contains all of its homogeneous components), and – does not contain the whole of A+ =



M d>0



(that is, it does not contain all the xi ).



Ad



With the family D(a) = {p ∈ Proj(A) : a ∈ A \ p}



(a ∈ Ad , d > 0)



as a basis of open subsets, the projective spectrum Proj(A) = {p ⊂ A : p homogeneous prime ideal of A} of A is homeomorphic to the result of glueing together the affine spectra Spec The prime example of a graded ring is the ring of polynomials







A[ x1i ]0







.



A = k[x0 , . . . , xn ] , graded by degree, in n + 1 indeterminates x0 , . . . , xn with coefficients in a discrete commutative ring k. The projective spectrum Pnk = Proj (k[x0 , . . . , xn ]) with an appropriate structure sheaf is the projective scheme of dimension n over k. Consider the distributive lattice P (A) which is generated by the expressions DP (a) with a being a homogeneous element of A+ (that is, a ∈ Ad for some d > 0), and subject to the relations DP (x0 ) ∨ . . . ∨ DP (xn ) = 1 DP (ab) = DP (a) ∧ DP (b) (3) DP (0) = 0 DP (a + b) 6 DP (a) ∨ DP (b) for all homogeneous a, b ∈ A+ . In the last relation, a and b have to have the same degree, to ensure that also a + b is homogeneous. Since each element of A[ x1i ]0 can be written in the form xad with a ∈ A a homogeneous j element of degree d > 0, we have the following. Proposition 3 Let A be a graded ring as above. i ∈ {0, . . . , n} the quotient of   For every 1 P (A) modulo DP (xi ) = 1 is isomorphic to L A[ xi ]0 , where the isomorphism is well–   defined on the generators by assigning DP (a) and DL xad to each other for every a ∈ Ad j with d > 0. Moreover, for each pair i, j the diagram →



P (A)



 h i L A x1i 0



 h↓ i   h↓ i 1 L A x1j → L A x1i , xj 0



0



is commutative. Since also   " −1 #     " −1 # 1 xj 1 1 1 xi ∼ ∼ A , , =A =A xi 0 xi xi xj 0 xj 0 xj all the arrows that occur in this diagram induce open inclusions on the level of points.



From the perspective of classical point–set topology, we now already know that (A))  Pt (P  1 is homeomorphic to the topological space obtained by glueing together the Pt L A[ xi ]0 , which correspond to open subspaces. In particular, Pt (P (A)) is homeomorphic to Proj (A). In constructive point–free topology, however, enough prime filters to constitute these spaces are not always at our disposal, so in every topos which lacks the appropriate form of the axiom of choice. Lemma 4 (Glueing together finitely many distributive lattices) Let L0 , . . . , Ln be distributive lattices with n > 1, distinguished elements uij ∈ Li , and lattice isomorphisms ϕij :↓ uij →↓ uji for all i, j. Assume that uii = 1 and



ϕii = idLi



for every i, and that ϕij (uij ∧ ϕki (uki ∧ v)) = uji ∧ ϕkj (ukj ∧ v)



(4)



for every triple i, j, k and all v ∈ Lk . 1. With componentwise operations, L = {(v0 , . . . , vn ) ∈ L0 × . . . × Ln : ϕij (uij ∧ vi ) = uji ∧ vj for all i, j} is a distributive lattice. For each k, if we set uk = (u0k , . . . , unk ) , then uk ∈ L, and the projection mapping λk : L → Lk is a lattice homomorphism which induces an isomorphism ↓ uk ∼ = Lk . Moreover, we have u 0 ∨ . . . ∨ un = 1 . 2. Let M be a distributive lattice. If for each k there is a lattice homomorphism µk : M → Lk such that ϕij (uij ∧ µi (w)) = uji ∧ µj (w) for every pair i, j and all w ∈ M , then µ : M → L , w 7→ (µ0 (w) , . . . , µn (w)) is the unique lattice homomorphism with λk ◦ µ = µk for every k. Proof. The only perhaps nontrivial issue is to show that the mapping ↓ uk → Lk induced by λk is bijective—or, equivalently, that for each w ∈ Lk there is precisely one element v of ↓ uk with k–th component w. To see this, set vi = ϕki (uki ∧ w) for every i, and define v = (v0 , . . . , vn ). Then v ∈ L because ϕij (uij ∧ vi ) = ϕij (uij ∧ ϕki (uki ∧ w)) = uji ∧ ϕkj (ukj ∧ w) = uji ∧ vj by virtue of (4), and vi ∈↓ uik for every i by definition. Hence v ∈↓ uk ; clearly, vk = w. If also v 0 = (v00 , . . . , vn0 ) ∈↓ uk with vk0 = w, then vi0 = uik ∧ vi0 = ϕki (uki ∧ vk0 ) = ϕki (uki ∧ w) = vi for every i. q.e.d. One gets a given distributive lattice back when one glues together finitely many quotients modulo ui = 1.



Lemma 5 Let K be a distributive lattice with distinguished elements u0 , . . . , un ∈ K for n > 1. Set uij = uj ∧ ui for every pair i, j. With Lk =↓ uk for every k and ϕij :↓ uij →↓ uji as the identity mapping for every pair i, j, the hypotheses of Lemma 4 are satisfied. Moreover, if u0 ∨ . . . ∨ un = 1, then K ∼ = L where L is as in Lemma 4. Proof. The lattice homomorphism K → L with w 7→ (w ∧ u0 , . . . , w ∧ un ) is well– defined (because uij ∧ w ∧ ui = uji ∧ w ∧ uj for all i, j), and invertible with inverse mapping L → K defined by (v0 , . . . , vn ) 7→ v0 ∨ . . . ∨ vn . In fact, if w ∈ K, then (w ∧ u0 ) ∨ . . . ∨ (w ∧ un ) = w ∧ (u0 ∨ . . . ∨ un ) = w ∧ 1 = w . If, on the other hand, (v0 , . . . , vn ) ∈ L, then vi = vi ∧ ui and vi ∧ uij = vj ∧ uji ; whence vi ∧ uj = vj ∧ ui for all i, j and thus (v0 ∨ . . . ∨ vn ) ∧ uj = vj ∧ (u0 ∨ . . . ∨ un ) = vj ∧ 1 = vj for every j. q.e.d. By Proposition 3 and Lemma 5, we eventually know that we are doing the right thing. Proposition 6 Let A be a graded ring as above. Then P (A) is isomorphic to thedistribu tive lattice which is obtained by glueing together the n + 1 distributive lattices L A[ x1i ]0 . The formal affine Hilbert Nullstellensatz [3, V.3.2] says that if a1 , . . . , ak and b1 , . . . , b` are elements of a commutative ring A, then DL (a1 ) ∧ . . . ∧ DL (ak ) 6 DL (b1 ) ∨ . . . ∨ DL (b` ) holds in L (A) if and only if the multiplicative monoid ha1 , . . . , ak i generated by a1 , . . . , ak meets the ideal (b1 , . . . , b` ) generated by b1 , . . . , b` . Theorem 7 (Formal projective Hilbert Nullstellensatz) If A is a graded ring as above, and a1 , . . . , ak , b1 , . . . , b` are homogeneous elements of A+ , then DP (a1 ) ∧ . . . ∧ DP (ak ) 6 DP (b1 ) ∨ . . . ∨ DP (b` ) holds in P (A) if and only if hxi , a1 , . . . , ak i meets (b1 , . . . , b` ) for every i ∈ {0, . . . , n}. Proof. Since DP (a1 ) ∧ . . . ∧ DP (ak ) = DP (a1 · . . . · ak ), we may assume that k = 1; whence we have to show   p DP (a) 6 DP (b1 ) ∨ . . . ∨ DP (b` ) ⇐⇒ ∀i axi ∈ (b1 , . . . , b` ) for all homogeneous a, b1 , . . . , b` ∈ A+ . For each i, if axi ∈



p



(b1 , . . . , b` ), then



DP (a) ∧ DP (xi ) = DP (axi ) 6 DP (b1 ) ∨ . . . ∨ DP (b` ) according to (3)—in fact, one only needs the three relations which are the same for L (A) and P (A). Hence DP (a) = DP (a) ∧ (DP (x0 ) ∨ . . . ∨ DP (xn )) 6 DP (b1 ) ∨ . . . ∨ DP (b` ) because of the extra relation DP (x0 ) ∨ . . . ∨ DP (xn ) = 1 valid only in P (A).



Conversely, assume that DP (a) 6 DP (b1 ) ∨ . . . ∨ DP (b` ) holds in P (A), and fix i. Modulo DP (xi ) = 1 and in view of Proposition 3, this amounts to          b1 a b` 1 6 DL DL ∨ . . . ∨ DL in L A e` e1 d xi xi xi 0 xi whenever a ∈ Ad and bν ∈ Aeν for every ν. By the formal affine Hilbert Nullstellensatz, the latter means s    a b1 b` 1 in A , ∈ e1 , . . . , e` d xi xi xi 0 xi p which is equivalent to axi ∈ (b1 , . . . , b` ) as required. q.e.d. Note that this proof works by applying the formal affine Nullstellensatz to every affine component. For each commutative ring A, Joyal’s L(A) is isomorphic to the distributive lattice of the ordering given by inclusion, join √ √ of finitely generated √ the√ radicals √ √ ideals—with a ∨ b = a + b, and meet a ∧ b = a · b. This was deduced in [1] from the formal affine Hilbert Nullstellensatz. Reasoning in an analogous way, one can draw the following consequence from Theorem 7. Corollary p 8 If A is a graded ring as above, then P (A) is isomorphic to the quotient modulo (x0 , . . . , xn ) = 1 of the distributive lattice formed by the radicals of finitely generated ideals whose generators are homogeneous of positive degree.



References [1] Coquand, Th., and H. Lombardi, Hidden constructions in abstract algebra (3). Krull dimension of distributive lattices and commutative rings. In: M. Fontana, S.–E. Kabbaj, S. Wiegand, eds., Commutative Ring Theory and Applications. Lect. Notes Pure Appl. Math. 131, Dekker, New York (2002), 477–499 [2] Eisenbud, D., and J. Harris, The Geometry of Schemes. Springer, New York (2000) [3] Johnstone, P.T., Stone Spaces. Cambridge Studies Adv. Math. 3, Cambridge University Press, Cambridge (1982) [4] Joyal, A., Les th´eor`emes de Chevalley–Tarski et remarques sur l’alg`ebre constructive. Cahiers top. et g´eom. diff. 16 (1976), 256–258 [5] Tierney, M., On the spectrum of a ringed topos. In: A. Heller, M. Tierney, eds., Algebra, Topology, and Category Theory. A Collection of Papers in Honor of Samuel Eilenberg. Academic Press, New York (1976), 189–210 Thierry Coquand, Chalmers Institute of Technology and University of G¨oteborg, Sweden; [email protected] Henri Lombardi, Equipe de Math´ematiques, Universit´e de Franche–Comt´e, 25030 Besan¸con cedex, France; [email protected] Peter Schuster, Mathematisches Institut, Universit¨at M¨ unchen, Theresienstraße 39, 80333 M¨ unchen, Germany; [email protected]



























des documents recommandant













Projective modules over polynomial rings: a ... - Henri Lombardi 

Apr 21, 2006 - P â‰ƒ ImF, where G = In âˆ’F âˆˆ RnÃ—n is an idempotent matrix, similar to a ... zero-dimensional ring, given as the image of an idempotent matrix M ...










 








Projective modules over polynomial rings: a ... - Henri Lombardi .fr 

Apr 27, 2006 - Introduction. In 1955, J.-P. Serre remarked [16] that it was not known whether there exist finitely generated pro- .... that ua = vb, u b = v a, u + u = 1. .... 1.5 Projective modules over R[X1,...,Xn], R a zero-dimensional ring. Let P










 








Lattice-ordered groups generated by ordered groups ... - Henri Lombardi 

Jan 5, 2017 - that preserve its order, are equivariant, and satisfy a regularity property invented by Lorenzen (1950); we call them regular systems of ideals.










 








Effective Positivstellensatz - Henri Lombardi 

Does the nice formula depends continuously on the hypothesis. Answers for 1 and 2 ..... This is almost for free, because variants of Taylor formulas do the job. 25 ...










 








A constructive theory of ordinals - Henri Lombardi 

N.b.: for countable ordinals, the limited principle of omniscience (LPO) is sufficient for proving the proposition. Corollary 3.11. Assume LEM. Any ordinal Î± > 0 is ...










 








A polynomial bound on the number of comaximal ... - Henri Lombardi 

The polynomial RM (X) does not depend on the matrix P. The polynomial RM (X) verifies ... Hereafter we will suppose that the module M has constant rank k.










 








Effective Positivstellensatz The Positivstellensatz ... - Henri Lombardi 

If H is a system of sign conditions (> 0, ≥ 0, = 0) on a finite family. ((s1,...,sk),(p1 ... “S is > 0 from H>” means that S belongs to the multiplicative monoid generated.










 








Constructive real algebra - Henri Lombardi 

From a constructive point of view, real algebra is far away from the theory of discrete real ..... where the dependence of the algebraic identity w.r.t. the coefficients.










 








The Buchberger Algorithm as a Tool for Ideal Theory ... - Henri Lombardi 

3. 1.2 Dickson's lemma for finitely generated submodules of Nd .... with finitely generated ideals I = I(f1,...,fs) of k[x1,...,xd]. For d = 1, the .... answers to some tests.










 








A Nilregular Element Property - Henri Lombardi .fr 

The complete version of this paper will appear in Arch. Math. (Basel) ... How can one do without prime ideals when dealing with commutative rings? A simple ex-.










 








A Real Nullstellensatz and Positivstellensatz for the ... - Henri Lombardi 

This Positivstellensatz is included in a general research program looking for similar ... real closed fields, to the equality of a polynomial to zero, it will be reduced to the .... This answer provides also a rational solution because the coefficien










 








Hacking the radiofrequency spectrum: GNURadio as a signal 

Aug 1, 2013 - 1 flexibility: use the same hardware for multiple purposes ... http://kom.aau.dk/project/softgps/GNSS_SummerSchool_DGC.pdf. OHM â€“ Aug. ... process, the carrier frequency is removed by mixing ... Application Note 1298, or M. Steer, Mic










 








Elimination of primes - Henri Lombardi 

Sep 21, 2006 - Ideal methods: use of prime ideals, maximal ideals, valuation rings, local-global principle ..... Dimension of Boolean valued lattices and rings.










 








Resultants and subresultants - Henri Lombardi 

These slides: http://hlombardi.free.fr/publis/SubresultantsSlide.pdf. Printable ... [4]. Resultant. The resultant ResX(f,p,g,q) is the determinant of the Sylvester Matrix. ResX(f,p .... Let f = f,f0,...,fs âˆˆ K[X1,...,Xn] with f monic of degree p as










 








Resultants and subresultants - Henri Lombardi 

These slides: http://hlombardi.free.fr/publis/SubresultantsSlide.pdf ..... For two polynomials g and h of A[X], with h monic we denote by RemX(g, h) or Rem(g, h).










 








Regular entailment relations - Henri Lombardi 

Sep 18, 2018 - by him furnishes a regular entailment relation. By providing constructive objects and arguments, we follow Lorenzen's aim of â€œbringing to light ...










 








What is a (nondiscrete) real closed field - Henri Lombardi 

theory of discrete real closed fields (which was settled by Artin in order to understand real algebra in the framework of classical logic). Real algebra can be seen ...










 








Local BÃ©zout Theorem - Henri Lombardi 

Jun 20, 2010 - Â§Partially supported by Spanish MEC (MTM-2005-02865) ... in the case of a DVR, and for some Henselian rings (see Theorem 11 ). ..... the unique Henselian local ring dominating V with quotient field K . We will say that (K ,V ...










 








Errata Commutative Algebra. Constructive Methods - Henri Lombardi 

Dec 23, 2017 - Thus 0 = x0 âˆ§ a0 = y0 âˆ§ b0 and 1 = xl âˆ¨ al = yl âˆ¨ bl. Let us see ... directly a proof of the (a, b, (ab)) trick for depth 2, allowing us to prove the ...










 








Commutative algebra: Constructive methods - Henri Lombardi 

Items 1 - 9 - This book is an introductory course to basic commutative algebra with a par- ...... This principle could then also be called â€œthe art of shrewdly getting rid of ...... We denote them by Dk(Ï•) and we call them the determinantal ideals










 








A continuous and rational solution to Hilbert's 17th ... - Henri Lombardi 

luxury of a simpler proof is welcome). (2) The other ..... where) and the strategy followed in Â§II when dealing with the set IFn,d, it is possible to construct two ...










 








Constructive real algebra Investigating the algebraic ... - Henri Lombardi 

of real numbers ... Most algorithms for discrete real closed fields fail for real numbers, because we have no ..... uses the space of d-multisets of complex numbers.










 








Hidden constructions in abstract algebra (6) The ... - Henri Lombardi 

Sep 13, 2006 - the achievement of Hilbert's program for abstract algebra methods. .... constructively Theorem 3 above as explained in [18]. Another important ...










 








GENERATING NON-NOETHERIAN MODULES ... - Henri Lombardi 

D(g1) âˆ§Â·Â·Â·âˆ§ D(gn) â‰¤ D(f1,...,fm) holds if and only if the monoid generated by g1,...,gn meets the ideal generated by f1,...,fm [1]. Thus D(f1,...,fm) can be defined ...










 














×
Report The projective spectrum as a distributive lattice - Henri Lombardi





Your name




Email




Reason
-Select Reason-
Pornographic
Defamatory
Illegal/Unlawful
Spam
Other Terms Of Service Violation
File a copyright complaint





Description















Close
Save changes















×
Signe






Email




Mot de passe







 Se souvenir de moi

Vous avez oublié votre mot de passe?




Signe




 Connexion avec Facebook












 

Information

	A propos de nous
	Règles de confidentialité
	TERMES ET CONDITIONS
	AIDE
	DROIT D'AUTEUR
	CONTACT
	Cookie Policy





Droit d'auteur © 2024 P.PDFHALL.COM. Tous droits réservés.








MON COMPTE



	
Ajouter le document

	
de gestion des documents

	
Ajouter le document

	
Signe









BULLETIN



















Follow us

	

Facebook


	

Twitter



















Our partners will collect data and use cookies for ad personalization and measurement. Learn how we and our ad partner Google, collect and use data. Agree & Close



