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Thanks to the reader who will indicate us mistakes or alternative elegant proofs.



ERRATA Chapitre XII The local-global principle Solution of Problem 3, page 725 line 2: replace “all nonzero” by “not all zero”



Chapitre XIII Krull dimension Solution of item 3 of Exercice 17 has to be replaced by the following. 3. The condition is necessary by item 2. For the reverse implication let y0 , . . . , y` be arbitrary. We define x0 = y0 , xi = yi ∨ xi−1 (i ∈ J1..`K). Let (a0 , . . . , a` ) be a complementary sequence of (x0 , . . . , x` ). We define b0 = a0 and bi = ai ∨ xi−1 for i ∈ J1..`K. We have xi ∨ ai = yi ∨ bi for i ∈ J0..`K. Thus 0 = x0 ∧ a0 = y0 ∧ b0 and 1 = x` ∨ a` = y` ∨ b` . Let us see the intermediary inequalities. For i ∈ J1..`K we have xi ∧ ai 6 xi−1 ∨ ai−1 , so yi ∧ ai 6 xi ∧ ai 6 xi−1 ∨ ai−1 = yi−1 ∨ bi−1 Then we have yi ∧ bi = yi ∧ (ai ∨ xi−1 ) = (yi ∧ ai ) ∨ (yi ∧ xi−1 ) 6 (yi ∧ ai ) ∨ xi−1 As the two terms after 6 are bounded by xi−1 ∨ ai−1 = yi−1 ∨ bi−1 we get the inequality yi ∧ bi 6 yi−1 ∨ bi−1 .



Chapitre XV The local-global principle In Section 9, the proof of Lemma 9.3 is not correct. It is necessary to give directly a proof of the (a, b, (ab)) trick for depth 2, allowing us to prove the
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concrete local-global principle. So 9.3, 9.4, 9.5 and 9.6 become 9.6, 9.3, 9.4 and 9.5. This gives the following rewritten statements (only 9.3 and 9.4 of the book have changed). 9.3. Lemma. ((a, b, ab) trick for depth 2) Suppose that the lists (a1 , . . . , an , a) and (a1 , . . . , an , b) are twice E-regular. Then the list (a1 , . . . , an , ab) is twice E-regular.



J We already know that (a1 , . . . , an , ab) is once E-regular.



Let (x1 , . . . , xn , y) be a list in E proportional to (a1 , . . . , an , ab). The list (x1 b, . . . , xn b, y) is proportional to (a1 , . . . , an , a). So there exists a z ∈ E such that x1 b = a1 z, . . . , xn b = an z, y = az



This implies the list (x1 , . . . , xn , z) is proportional to (a1 , . . . , an , b). So there exists an x ∈ E such that x1 = a1 x, . . . , xn = an x, z = bx and a fortiori y = abx







9.4. Concrete local-global principle. (For divisibility and integrally closed rings, localizations in depth 2) Consider a family (s) = (s1 , . . . , sn ) in A with GrA (s, E) > 2. Let Ai = A[ s1i ] and Ei = E[ s1i ]. 1. Let a ∈ A be a E-regular element and y ∈ E. Then a “divides” y in E if and only if a divides y after localization at each si . 2. Let (b1 , . . . , bm ) in A. Then GrA (b1 , . . . , bm , E) > 2 if and only if GrAi (b1 , . . . , bm , Ei ) > 2 for each i. 3. Suppose that A is integral and GrA (s) > 2. The ring A is integrally closed if and only if each ring Ai is integrally closed.



J 1. Suppose that a divides y after localization at si . We have axi = ui y



in E for some ui = sni i and some xi ∈ E. The list of the ui ’s is twice E-regular (Lemma 9.3). We have auj xi = ui uj y = aui xj and as a is Eregular, uj xi = ui xj . Therefore we have some x ∈ E such that xi = ui x for each i. This gives ui ax = ui y and as Gr(u1 , . . . , un , E) > 1, we obtain ax = y. 2. Consider in A a sequence (x1 , . . . , xm ) proportional to (b1 , . . . , bm ). We seek some x ∈ E such that x` = xc` for every ` ∈ J1..mK. In each Ei we find some yi such that x` = yi c` for every ` ∈ J1..mK. This means that we have some ui ∈ sN i and some zi ∈ E such that ui x` = zi c` in E for every ` ∈ J1..mK. It suffices to show that there exists some z ∈ E such that zi = ui z for each i, because then ui (x` − zc` ) = 0 for each i (and the ui ’s are coregular for E). It therefore suffices to show that the zi ’s form a family proportional to the ui ’s, i.e. ui zj = uj zi for all i, j ∈ J1..nK. However, we
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know that the c` ’s are coregular for E (by the local-global principle 8.5). Therefore it suffices to show that we have the equalities ui zj c` = uj zi c` , but the two members are equal to ui uj x` . 3. Let x and y in A with y integral over the ideal xA. This remains true for each localized ring Ai , which is integrally closed. Therefore x divides y in each Ai . Therefore by item 1 with E = A, x divides y in A.  9.5. Fact. (Successive localizations lemma, with depth 2) If GrA (s1 , . . . , sn , E) > 2 and if for each i we have a list (si,1 , . . . , si,ki ) in A which is twice E[1/si ]-regular, then the system of the si si,j ’s is twice E-regular.



J Applying 9.4 2., it suffices to verify that the si sij ’s are twice E-regular after localization at elements that form a list twice E-regular. This works with the list of the si ’s. 



9.6. Lemma. Let (a) = (a1 , . . . , an ) and (b) = (b1 , . . . , br ) in A and E be an A-module. Let (a ? b) be the finite family of the ai bj ’s. If GrA (a, E) > 2 and GrA (b, E) > 2 then GrA (a ? b, E) > 2. In terms of finitely generated ideals: • if GrA (a, E) > 2 and GrA (b, E) > 2 then GrA (ab, E) > 2.



J Applying 9.4 2., it suffices to show that the family of ai bj ’s is twice



E-regular after localization in each ai . E.g., when localizing in a1 , the list of a1 bj ’s generate the same ideal ideal as the bj ’s, and this ideal is twice E-regular. 
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