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Some References W. Habicht, Eine Verallgemeinerung des Sturmschen Wurzelz¨ ahlverfahrens, Comm. Math. Helvetici 21 (1948), 99-116. G. E. Collins, Subresultants and reduced polynomial remainder sequences. J. Assoc. Comput. Mach. 14, 128-142 (1967) ´ry, J.-P. Jouanolou, F. Ape ´ Elimination. Le cas d’une variable. Hermann (2006). Basu S., Pollack R., Roy M.-F. Algorithms in real algebraic Geometry. Springer (2006) T. Lickteig, M.-F. Roy, Sylvester-Habicht sequences and fast Cauchy index computations, Journal of Symbolic Computation, 31 (2001), 315–341. D. Lazard, Sous-r´esultants, Manuscrit non publi´e.
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´, Une d´emonstration de l’algorithme de Bareiss par l’alg`ebre C. Quitte ext´erieure, Manuscrit non publi´e. L. Ducos, Optimizations of the subresultant algorithm, Journal of Pure and Applied Algebra 145, (2000), 149-163. H. Lombardi, M.-F. Roy, M. Safey El Din, New structure theorem for subresultants J. Symb. Comput. 29, (2000), 663-689. http://hlombardi.free.fr/publis/Aflipflop.html H. Lombardi, S. Barhoumi, preprint 2007. An Algorithm for the Traverso-Swan theorem on seminormal rings. http://hlombardi.free.fr/publis/ASemiNor.html ´, Book in preparation. H. Lombardi, C. Quitte Commutative Algebra. Finitely generated projective modules. http://hlombardi.free.fr/publis/A---PTFCours.html
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Sylvester matrix The Sylvester matrix of two (formal) polynomials of degrees p and q. f = apX p + ap−1X p−1 + · · · + a0, and g = bq X q + bq−1X q−1 + · · · + b0 is:    ap · · · · · · · · · · · · a0   ... ...   q      ap · · · · · · · · · · · · a0        bq · · · · · · b 0     SylX (f, p, g, q) =     ... ...        ... ... p      ... ...        bq · · · · · · b 0 | {z } p+q
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Resultant The resultant ResX (f, p, g, q) is the determinant of the Sylvester Matrix. ResX (f, p, g, q) = det(SylX (f, p, g, q)) We have ResX (f, g) ∈ hf, giA[X] ∩ A . More precisely there exist u, v ∈ A[X] s.t. deg u < q, deg v < p and ResX (f, g) = u(X)f (X) + v(X)g(X). Proof: use Cramer formula Se S = det(S) · Ip+q with S = SylX (f, p, g, q) or, equivalenty compute the determinant of the following matrix, by using last column development:
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Resultant, 2 In the last column name of the line!  ap       bq      



of the Sylvester matrix, the coefficient is replaced by the ··· ··· ··· ··· ...



a0



ap · · · · · · · · · · · · · · · b0 ... ... ... ... bq . . . . . . bq · · ·



X ... a1



b0 b1



q−1



f







   f   p−1 X g       Xg  g



Corollary: 1) If f (a) = g(a) = 0 for some a ∈ B ⊇ A then Res(f, g) = 0. 2) If A is a discrete field then



Res(f, g) = 0 ⇐⇒ deg(pgcd(f, g)) ≥ 1 .
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Resultant, basic formulas



Assume that f is monic . Then the resultant does not depend on the formal degree q you choose for g. So the notation ResX (f, g) is available without precising q. (NB: p is well defined). With f monic we have basic identities: Res(f, gh) Res(f, g + f h) Res(f, g) Res(f, g)



= = = =



Res(f, g) Res(f, h) Res(f, g) det(g(A)) A ∈ Mp(A), CA(X) = f Qp Qp f = i=1(X − xi) ∈ B[X], A ⊆ B i=1 g(xi )
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1



6 6 6 6 6 6 bq 6 6 6 6 4



ap−1 ... ··· ...



[7]



··· 1 ···



··· ap−1 b0



··· ···



6 6 6 6 6 6 6 6 6 6 6 4



1



···



0 ... ...



···



0



···



··· 1 0 ... ... 0



··· ap−1 × ...



...



···



a0



...



...



ap−1 ...



3



...



bq 2



a0



··· ···



··· a0 ···



···



···



b0



g 3



...



···



× bq



7 7 7 7 7 7 7 7 7 7 5



···



a0 × ... × b0



X q−1f ... f X p−1g ... ...



7 7 7 7 7 7 7 7 7 7 7 5



X q−1f ... f Rem(X p−1g, f ) ... ... Rem(g, f )
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Pp



k−1



Another notation. Let Rk−1 = Rem(X g, f ) = i=1 ci,k X p−i, i.e. R0 = Rem(g, f ), . . . , Rp−1 = Rem(X p−1g, f ), then SyX (f, g) is the matrix (ci,j )i,j∈J1..pK, i.e., the matrix of the multiplication by g(x) in A[x] = A[X]/hf i on the monomial basis X .. .. X 1



p−1



     



c1,1 · · · · · · c1,p .. .. .. .. .. .. cp,1 · · · · · · cp,p R0



det(SyX (f, g)) = ResX (f, g)



    = SyX (f, g)  



· · · · · · Rp−1
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Resultant, basic elimination lemma



Theorem:Assume that f is monic of degree p. Let a = hf, giA[X] ∩ A (the X-elimination ideal). Then ap ⊆ ResX (f, g)A ⊆ a. As consequences: 1. Res(f, g) is invertible if and only if 1 ∈ hf, gi, 2. Res(f, g) is a nonzerodivisor if and only if a is faithful, and 3. Res(f, g) is nilpotent if and only if a is nilpotent.
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Affine Projection Theorem Affine Projection Theorem: Let K be a discrete field contained in an algebraically closed discrete field L. Let B = K[X1, . . . , Xn] ⊇ A = K[X1, . . . , Xn−1]. Let f = f, f0, . . . , fs ∈ K[X1, . . . , Xn] with f monic of degree p as an element of A[Xn]. Pps s Let R(T ) = ResXn (f, f0 + f1T + · · · + fsT ) = k=0 rk T k with rk ∈ A.



 Let F = f ⊆ B, f = F ∩ A and b = hr0, . . . , rpsi ⊆ a ⊆ A. Let ξ = (ξ1, . . . , ξn−1) ∈ Ln−1. Then we get: 1) ∃ξn ∈ L s.t. (ξ1, . . . , ξn) is a zero of f ⇐⇒ ξ is a zero of f ⇐⇒ ξ is a zero of b. 2) When this is the case there are a finite number ≤ p possible ξn.
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Affine Projection Theorem, 2



Let us denote π = πn,n−1 : Ln → Ln−1 the projection that forgets the last coordinate. Let us define the varieties V ⊆ Ln of zeroes of f and W ⊆ Ln−1 of zeroes of r = r0, . . . , rps, we obtain that π(V ) = W and the fibers of π|V : V → W are finite.
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Technical Lemma



If h ∈ K[X1, . . . , Xn] is a nonzero polynomial and K is a discrete field we can find a change of variables s.t. h is transformed in a monic polynomial w.r.t. the (new) last variable. If K has sufficiently many elements (e.g., K is infinite) we can use a linear change of variables.
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Nœther position and Hilbert Nullstellensatz



Hilbert Nullstellensatz, 1: A system of polynomial equations in K[X1, . . . , Xn] has no solution in Ln if and only if 1 is in the ideal generated by the equations. There is a rational algorithm that tests if this is the case. Hilbert Nullstellensatz, 2: a) A polynomial g is zero on the variety V if and only if g N ∈ F for some N . There is a rational algorithm that tests if this is the case. b) Two systems of polynomial equations in K[X1, . . . , Xn] have the same solutions in Ln if and only if they generate the same ideal up to niradical. There is a rational algorithm that tests if this is the case.
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Nœther position and Hilbert Nullstellensatz



Nœther position When the ideal F does not contain 1 we can perform a change of variables s.t. we get a new description of the variety V with the following form: 1) For some r ∈ J1..nK, define π = πn,r : Ln → Lr , then the projection π|V : V → Lr is onto and has finite fibers with a uniformly bounded number of elements. 2a) F ∩ K[X1, . . . , Xr ] = 0 and   2b) The ring K[X1, . . . , Xn] f is integral over K[X1, . . . , Xr ], i.e., Xr+1, . . ., Xn are integral over K[X1, . . . , Xr ] modulo F.
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Resultant ideal versus elimination ideal Les A be an arbitrary commutative ideal. We consider f, f1, . . . , fs ∈ A[X] and assume that f is monic of degree p. For two polynomials g and h of A[X], with h monic we denote by RemX (g, h) or Rem(g, h) the remainder of the euclidean division of g by h. Definition: The generalized Sylvester matrix associated to the polynomials f, f1, . . . , fs ∈ A[X] (f monic of degree p), denoted by SyX (f, f1, . . . , fs) is the matrix with the following columns: Rem(f1, f ), . . . , Rem(fs, f ), . . . , Rem(X.f1, f ), . . . , Rem(X.fs, f ), . . . , Rem(X p−1.f1, f ), . . . , Rem(X p−1.fs, f ) in the base (X p−1, . . . , X, 1). NB: SyX (f, f1, . . . , fs) ∈ Ap×pr , and if r = 1 the determinant of the matrix is equal to the resultant of f and f1.
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Resultant ideal, 2 Example Let f (X) = X 3 + 3X 2 + 4, f1(X) = 4X 2 + 5X f2(X) = −3X 2 + 2X + 3, f3(X) = 2X 2 − X + 7 then  4 −3 2 −7 11 −7 5 SyX (f, f1, f2, f3) =  5 2 −1 −1 6 3 3 7 −16 12 −8 f1



f2 f3



+ 3, 



20 −27 −16 −9 1 −1  28 −44 28



Xf1 Xf2 Xf3 X 2f1 X 2f2 X 2f3



Fact: Let Ap = A[X]p be the A-module of polynomials of degree < d, with basis (X d−1, . . . , X, 1) and ϕ : Apr −→ Ap the A-linear map given by the matrix S = SyX (f, f1, . . . , fs). Then hf, f1, . . . , fsi ∩ Ad = Imϕ .
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Resultant ideal, 3 If M is a matrix in Am×n and 1 ≤ k ≤ min(m, n) the determinantal ideal Dk (M ) of order k of M is the ideal generated by the minors of size k of M . Moreover D0(M ) = h1i and D`(M ) = 0 if ` > min(m, n). Definition We define the resultant ideal of f, f1, . . . , fs, denoted by ResIdX (f, f1, . . . , fs): ResIdX (f, f1, . . . , fs) = Dp(SyX (f, f1, . . . , fs)). The importance of the resultant ideal comes from the fact it is equal to the elimination ideal, up to nilradical.
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Resultant ideal, 4 Generalized Basic Elimination Lemma: Let F = hf, f1, . . . , fsi (where f is a monic polynomial of degree p). Let f be the elimination ideal: f = F ∩ A. Then f p ⊆ ResIdX (f, f1, . . . , fs) ⊆ f . As consequences: 1. 1 ∈ F ⇐⇒ 1 ∈ f ⇐⇒ 1 ∈ ResIdX (f, f1, . . . , fs) 2. f is faithful ⇐⇒ ResIdX (f, f1, . . . , fs) is faithful 3. f is nilpotent ⇐⇒ ResIdX (f, f1, . . . , fs) is nilpotent
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Nœther and Hibert without algebraic closure Nœther and Hibert Theorem, basic algebraic form:



 Let K be a discrete field, f = f1, . . . , fs ∈ K[X1, . . . , Xn] and F = f . Then we get algorithmically: Either 1 ∈ F, or for some r ∈ J1..nK, after a suitable change of variables: a) F ∩ K[X1, . . . , Xr ] = 0,   b) the ring K[X1, . . . , Xn] f is integral over K[X1, . . . , Xr ], i.e., Xr+1, . . ., Xn are integral over K[X1, . . . , Xr ] modulo F. Remark: In the last case the polynomial system has solutions in nonzero finite K-algebras, with arbitrary first r coordinates in K.



Resultants and subresultants



[20]



Subresultants







a5 a4 a3  a5 a4   a5     SSyl0,X (f, 5, g, 4) = SylX (f, 5, g, 4) =   b 4 b3 b 2  b4 b 3   b4   



a2 a3 a4 a5 b1 b2 b3 b4



a1 a2 a3 a4 b0 b1 b2 b3 b4



a0 a1 a0 a2 a1 a0 a3 a2 a1 a0 b0 b1 b2 b3



b0 b1 b2



b0 b1



b0



               



Resultants and subresultants



[21]



Subresultants, 2 same determinant as 



a5 a4 a3  a5 a4   a5      b4 b 3 b2   b 4 b3   b4   



a2 a3 a4 a5 b1 b2 b3 b4



a1 a2 a3 a4 b0 b1 b2 b3 b4



3







a0 X f a1 a0 X 2f   a2 a1 a0 Xf    a3 a2 a1 f   4 X g   3 b0 X g   b1 b0 X 2g    b2 b1 b0 Xg  b 3 b 2 b1 g
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Subresultants, 3 2



SSyl1,X (f, 5, g, 4)



SRes1,X (f, 5, g, 4)



=



=



a5



6 6 6 6 6 6 b 6 4 6 6 6 6 4 ˛ ˛ a ˛ 5 ˛ ˛ ˛ ˛ ˛ ˛ b ˛ 4 ˛ ˛ ˛ ˛ ˛ ˛ ˛



a4 a5 b3 b4



a4 a5 b3 b4



a3 a4 a5 b2 b3 b4 a3 a4 a5 b2 b3 b4



3



a2 a3 a4 b1 b2 b3 b4



a1 a2 a3 b0 b1 b2 b3



a0 a1 a2



a0 a1



b0 b1 b2



b0 b1



a2 a3 a4 b1 b2 b3 b4



a1 a2 a3 b0 b1 b2 b3



a0 a1 a2 b0 b1 b2



a0



b0 ˛ 2 X f ˛˛ ˛ Xf ˛ ˛ f ˛˛ X 3g ˛˛ ˛ X 2g ˛˛ Xg ˛˛ ˛ g ˛



7 7 7 7 7 7 7 7 7 7 7 5
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Subresultants, 4 2



SSyl2,X (f, 5, g, 4)



SRes2,X (f, 5, g, 4)



a5



=



6 6 6 6 b4 6 6 4



=



˛ ˛ a5 ˛ ˛ ˛ ˛ ˛ b4 ˛ ˛ ˛ ˛ ˛



a4 a5 b3 b4



a4 a5 b3 b4



a3 a4 b2 b3 b4 a3 a4 b2 b3 b4



a2 a3 b1 b2 b3



a1 a2 b0 b1 b2



a2 a3 b1 b2 b3



˛ Xf ˛˛ ˛ f ˛ ˛ X 2g ˛˛ Xg ˛˛ ˛ g ˛



3



a0 7 a1 7 7 7 7 b0 7 5 b1
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Subresultant Gap Structure Sylvester-Habicht Matrix and Submatrices 



ap



    Hj,X (f, p, g, q) =      bq |



··· ...



... ···



···



···



···



ap bq



··· ··· bq · · · ··· ···



···



···



b0 {z



p+q−j



  a0  ...    q−j · · · · · · a0    · · · · · · b0       · · · b0  .   p−j ..   }



The “corresponding” polynomial Hj (X) is equal to ±SResj,X (f, p, g, q). hj is its coefficient of degree j and hj is its leading coefficient.
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Row reduced form of a matrix (over a field) An elementary row replacement of the matrix A is the replacement of a row Ai by a row Ai + Σj 1 then SResk+1 and SResk+` are nonzero, proportional to Ri+1. If ` > 2 the intermediate subresultants are 0.
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Subresultant Gap Structure, Results, 2 The size of subresultants is “linear” in the size of the input, the size of Euclid’s remainders is “quadratic”. We recover Habicht’s formulas expressing subresultants (of degree k) of two consecutive subresultants (of degrees > k) in function of the initial subresultant (of degree k). We deduce a good “polynomial time” algorithm for computing the sequence of subresultants in the “usual case”: the base ring is an integral domain where additions, multiplications, substractions and exact divisions are obtained by “polynomial time computations”. Nevertheless, it is possible to improve slightly this algorithm by examining more carefully what happens if we increase slower the size of the successive matrices, adding only one row at each step.
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The FlipFlop algorithm



This leads to the FlipFlop algorithm, discovered by Claude Quitt´e (in the case where the remainder sequence has no gaps in the degrees). We denote by Hj? the matrix associated to [X q−j A, . . . , A, XB, . . . , X p−j B]. We denote by G?j the least degree polynomial generated by Hj? and gj? its leading coefficient. The polynomial corresponding to the matrix Hj? is denoted by Hj?. It is of ? degree ≤ j. We denote by h?j its coefficient of degree j and by hj its leading coefficient.
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FlipFlop Algorithm, Example



We consider the successive matrices and their r-reduced forms in the non defective case. E.g., with p = 4, q = 3. H3 ⊂ H3? ⊂ H2 ⊂ H2? ⊂ H2 ⊂ H1? ⊂ H0 ⊂ H0? At the beginning H3 is only the row g: H3 = H3? =







a · · · · b · · · 0







Thus G?3 = GRem(f, Xg).



f ∼r G3? = Xg











 b · · · , then:



a · · · · 0 g3? · · ·







f GRem(f, Xg)
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FlipFlop Algorithm, Example ...



Next step: 















a · · · · f f a · · · · H2 =  0 b · · ·  g ∼r  0 b · · ·  g G?3 0 g3? · · · b · · · 0 Xg 







a · · · · f ∼r  0 b · · ·  g 0 0 g2 · · GRem(g, G?3 ) So G2 = GRem(g, G?3 ).
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FlipFlop Algorithm, Example ... Next step: 











a · · Xf a · · · · 0  0 a ·  0 a · · · ·  f ?    ∼ H2 =  r  0 0 g3? 0 b · · · 0  Xg 0 0 g2 X 2g b · · · 0 0 



a · · ·  0 a · · ∼r   0 0 g3? · 0 0 0 g2? So G?2 = GRem(G?3 , XG2).







· 0 Xf · ·   f? · ·  G3 · · G?2



· · · ·







Xf · 0 · ·   f? · ·  G3 · 0 XG2
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FlipFlop Algorithm Fact: When p = q + 1 and for all j ≤ q the Hj and Hj? are of degree j, Gj−1 = GRem(Gj , G?j) G?j−1 = GRem(G?j, XGj−1). Non defective FlipFlop Algorithm Let Hq := B, Hq? := aXB − bA, h?q+1 := 1. Knowing Hj , Hj? and h?j+1 Hj−1 := −(h?jHj − hj Hj?)/h?j+1 Knowing Hj?, Hj−1 and hj ? Hj−1 := −(hj−1Hj? − h?jXHj−1)/hj .
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Using subresultants for Traverso’s theorem T. Coquand, On Seminormality, J. Algebra 305 (2006) 577–584. T. Coquand obtained a constructive proof of the fact that a reduced ring A is seminormal if and only if the canonical map: Pic(A) → Pic(A[x]) is an isomorphism. This theorem is due to Swan, generalizing a result of Traverso. We recall that a ring A is seminormal if when b2 = c3 then there exists a ∈ A such that b = a3 and c = a2. This is a remarkably simple condition. Similarly the statement that the canonical map Pic(A) → Pic(A[x]) is an isomorphism can also be formulated in an elementary way.
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Using subresultants for Traverso’s theorem, 2  I1,n =



1



01,n−1







0n−1,1 0n−1,n−1



Lemma: Let A be a reduced ring. TFAE 1. the canonical map Pic(A) → Pic(A[x]) is an isomorphism 2. for any n × n projection matrix M (x) = (mij (x)) of rank one over A[x] such that M (0) = I1,n, there exist fi, gj ∈ A[x] such that f (0) = g(0) = 1 and mij = figj , i.e.,   f1   .   . g1 · · · gn M= fn
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Using subresultants for Traverso’s theorem, 3



Context: P Let B be a reduced ring and fi, gi (i = 1, . . . , n) polynomials in B[x] such that figi = 1, f1(0) = g1(0) = 1 and fi(0) = gi(0) = 0 for i ≥ 2. Let mij (x) = fi(x)gj (x). Let A be the ring generated by the coefficients of mij ’s. We assume also that B is generated by the coefficients of fi and gi. In order to prove constructively Traverso’s Theorem, it is sufficient to prove the following result. Theorem 1: Within Context, there are finitely many elements c1, . . . , cm ∈ B such that c2i+1, c3i+1 ∈ A[c1, . . . , ci] (i ∈ {1, . . . , m − 1}) and B = A[c1, . . . , cm].
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Using subresultants for Traverso’s theorem, 4



Lemma 1: Within Context, if we find an element a ∈ A such that af1 ∈ A[x], then: 1. For some integer n we have anB ⊆ A. 2. This implies that each element of aB can be reached in the construction required in Theorem 1. 3. Moreover, in order to√make an explicit construction for Theorem 1, we are allowed to “ kill J = aB ”, i.e., to replace A and B by A/A ∩ J and B/J .
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Proving Traverso’s theorem for n = 2 Fact 1: Let P be a monic polynomial of degree p and Q1, Q2 polynomials of formal degrees q1, q2. Let Srp = SResp(P Q1, p + q1, P Q2, p + q2), let srp be the coefficient of degree p of Srp. Then srp = Res(Q1, q1, Q2, q2) and srp · P = Srp. Proof of Theorem 1 for n = 2: The guiding line is: if B were an integral domain, f1 could be computed from the matrix M as the gcd of the first row. Since the gcd computation is a priori complicated (many cases appear in Euclid’s Algorithm), we replace gcds by subresultants. But subresultants are nice only if one polynomial is monic, so we pass to reciprocal polynomials. .........
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Proving Traverso’s theorem for n = 2 Within Context, with n = 2, we consider fi and gi as being of formal degree d. We define the formal reciprocal polynomials in degree d, Fi = xdfi( x1 ) and Gi = xdgi( x1 ). We remark that Fi and Gi can be taken of formal degree d for i = 1 and of formal degree d − 1 for i > 1. Moreover F1 and G1 are monic, and F1G1 + F2G2 = x2d. For example with d = 2, f1 = 1 + ax + bx2, f2 = cx + kx2, g1 = 1 + ex + f x2, g2 = gx + hx2, we have F1 = b + ax + x2, F2 = k + cx, G1 = f + ex + x2, G2 = h + gx. Applying Fact 1, we get srd · F1 = SResd(F1G1, 2d, F1G2, 2d − 1) ∈ A[x]. So srd satisfies the hypothesis of Lemma 1.
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Proving Traverso’s theorem for n = 2



The proof finishes with a little lemma about resultants. Lemma: Assume srd = 0. Let ai be the constant coefficient of Gi. Then a2d i = 0. Proof: We have srd = Resx(G1, G2) = 0. Moreover f1g1 + f2g2 = 1 gives F1G1 + F2G2 = x2d. Then we get (because G1 is monic) 2d a2d = Res(G , x ) = Res(G1, F1G1 + F2G2) = 1 1



Res(G1, F2G2) = Res(G1, G2)Res(G1, F2) = 0
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Proving Traverso’s theorem for n arbitrary



The reciprocal polynomials of the first row of the matrix M are n polynomials, the first one being monic. We have to replace the resultant and subresultants of two polynomial by resultant ideal and subresultant modules of a list of polynomials, the first one being monic. In the next slides we only explain definitions of these objects.
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[46]



Subresultant ideals and modules One monic polynomial of degree 3 and 3 polynomials of formal degree  4 −3 2 −7 11 −7 20 −27 5 −9 1 SyX (f, f1, f2, f3) =  5 2 −1 −1 6 3 3 7 −16 12 −8 28 −44 f1



f2 f3



2. 



−16 −1  28



Xf1 Xf2 Xf3 X 2f1 X 2f2 X 2f3



The resultant ideal is the determinantal ideal of SyX and is the same as the one of the matrix 







4 −3 2 −7 11 −7 20 −27 −16  5 2 −1 −1 6 5 −9 1 −1  f1 f2 f3 Xf1 Xf2 Xf3 X 2f1 X 2f2 X 2f3



Resultants and subresultants



[47]



Subresultant ideals and modules, 2



The “determinantal ideal” of  Sy1,X (f, f1, f2, f3) =



4 −3 2 −7 11 −7 f1 f2 f3 Xf1 Xf2 Xf3







is the resultant module in degree 1, denoted by ResMod1,X (f, f1, f2, f3) The ideal of coefficients of degree 1 is called the subresultant ideal in degree 1 and is denoted by SResId1,X (f, f1, f2, f3)



Resultants and subresultants



[48]



Subresultant ideals and modules, 3 One monic polynomial of  · ·  · · S0 =   · · · · f1 f2



degree 4 and 3 polynomials of formal degree 3.  X3 · · · · · · · 2 · · · · · · ·  X  · · · · · · ·  X · · · · · · · 1 f3 Xf1 Xf2 Xf3 X 2f1 X 2f2 X 2f3



The resultant ideal is the determinantal ideal of S0 and is the same as the one of the matrix   · · · · · · · · · X3 2   · X · · · · · · · ·    · X · · · · · · · ·  f1 f2 f3 Xf1 Xf2 Xf3 X 2f1 X 2f2 X 2f3



Resultants and subresultants



[49]



Subresultant ideals and modules, 4



The “determinantal ideal” of 







· · · · · ·  · · · · · ·  f1 f2 f3 Xf1 Xf2 Xf3



X3 X2



is the resultant module in degree 1, denoted by ResMod1,X (f, f1, f2, f3) The ideal of coefficients of degree 1 is called the subresultant ideal in degree 1 and is denoted by SResId1,X (f, f1, f2, f3)



Resultants and subresultants



[50]



Subresultant ideals and modules, 5



The “determinantal ideal” of 



· · · f1 f2 f3







X3



is the resultant module in degree 2, denoted by ResMod2,X (f, f1, f2, f3) The ideal of coefficients of degree 2 is called the subresultant ideal in degree 2 and is denoted by SResId2,X (f, f1, f2, f3)
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