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Abstract We give an elementary proof of what we call Local B´ezout Theorem. Given a system of n polynomials in n indeterminates with coefficients in a henselian local domain, (V, m, k), which residually defines an isolated point in kn of multiplicity r, we prove (under some additional hypothesis on V) that there are finitely many zeroes of the system above the residual zero (i.e., with coordinates in m), and the sum of their multiplicities is r. Our proof is based on techniques of computational algebra.
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Introduction



In this paper we use ideas from computer algebra to prove what we call Local B´ezout Theorem (Theorem 11). It is a formal abstract algebraic version of a well known theorem in the complex case. This classical theorem says that, given an isolated point of multiplicity r as a zero of an algebraic complete intersection, after deforming the coefficients of these equations we find in a sufficiently small neighborhood of this point exactly r isolated zeroes counted with multiplicities. As far as we know there is a proof of this result by Arnold using powerfully the topology of Cn , [4], and another by Gunning and Rossi generalizing it to analytic functions using coverings of analytic spaces, [6]. Here we state and prove an algebraic version of this theorem in the setting of henselian rings and m-adic topology. Nevertheless, we do not discuss whether the classical result follows formally from our theorem. Roughly speaking, given a basis of the local algebra of the isolated point, for instance by monomials (as a vector space over the ground field), as the point is a complete intersection, “by flatness”, the same set of monomials are a basis of the algebra after deformation (Theorem 5). This algebra after deformation is named by Arnold the “multilocal ring”. The consequence of this flatness in computational algebra is that, given the multiplication matrices in the local algebra, you can lift them to the multiplication matrices in the multilocal ring by the Implicit Function Theorem. In fact, what you obtain is a presentation of this multilocal ring by the so called “border basis”. This situation is discussed in the example of Section 5 where it is shown that the notion of border basis, [10], turns out to be the natural and computational efficient representation in the deformed algebra. In fact, it allows us to get exact results with few floating point computations, which is impossible using Groebner bases. ∗
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But our aim in this paper is to go the other way around; we profit these ideas to get a constructive and elementary proof of the Local B´ezout theorem in some abstract algebraic frame, avoiding the use of topological arguments. Namely, we work with Henselian rings and DVR (discrete valuation ring) so that, we are dealing with the m-adic topology, i.e. the topology given by the valuation. In this way, we are able to describe the multilocal ring, and our Local B´ezout Theorem becomes a purely algebraic theorem. Our results are summed up in Theorem 1, Corollary 8, and Theorem 11. Despite our theoretical interest, our proofs are an invitation to study stability of symbolic algorithms and the possibility of combining numerical and symbolic techniques if some kind of algebraic stability, as flatness, is given, [1]. We explain now the purely algebraic form of the Local B´ezout Theorem we are interested in. Let Av be a valuation domain with maximal ideal mv and let B := (Av [X1 , . . . , Xn ]/(F1 , . . . , Fn ))(mv ,x) = Av [x1 , . . . , xn ](mv ,x) , where (mv , x) is a notation for mv + (x1 , . . . , xn ), xi is Xi mod (F1 , . . . , Fn ), and Fi (0) ∈ mv , i = 1, . . . , n. Let kv be the residue field of Av and Kv the fraction field of Av . We assume that Kv is algebraically closed. We assume that B := (kv [X1 , . . . , Xn ]/(f1 , . . . , fn ))(x) = kv [x1 , . . . , xn ](x) is zero-dimensional, where fi = Fi . Since Kv is algebraically closed it is plausible to speak about the continuity of the roots. The algebraic form of Local B´ezout Theorem says that there are finitely many zeroes of F1 , . . . , Fn above the residual zero (0, . . . , 0) (i.e., with coordinates in mv ), and the sum of their multiplicities equals the dimension of B as kv -vector space, i.e., the multiplicity of the residual zero. This theorem implies that, when one starts with a system having a strongly isolated zero (ξ) at finite distance (i.e., there is no other zero in the infinitesimal neighborhood (ξ1 + mv , . . . , ξn + mv ) of (ξ)), after an infinitesimal perturbation, the system of equations remains “zero-dimensional in the infinitesimal neighborhood of (ξ), with the same multilocal multiplicity”; in other words, the zeroes inside this neighborhood remain isolated zeroes and the sum of multiplicities does not change. In this paper, we get an elementary proof in two important particular cases of this fact, namely in the case of a DVR, and for some Henselian rings (see Theorem 11 ).
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Effective Mather’s division theorem



Theorem 1 Let V be a local Henselian ring with maximal ideal m and residue field k, F1 , . . . , Fm ∈ V[X1 , . . . , Xn ], f1 , . . . , fm their images in k[X1 , . . . , Xn ]. We assume that the residual local algebra (k[X1 , . . . , Xn ]/(f1 , . . . , fm ))(x) = k[x1 , . . . , xn ](x) is zero-dimensional. Then B := (V[X1 , . . . , Xn ]/(F1 , . . . , Fm ))(m,x) is a finitely generated V-module.
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Remark. In case V is a ring of formal, algebraic, or analytic power series with coefficients in k, Theorem 1 is a consequence of Mather’s division theorem (cf. [13]), and also a particular case of the Weierstrass division with parameters, (Cf. [7]). In our abstract setting, without assuming any finiteness property on the coefficient ring, the fact that B/mB is zero-dimensional, together with the henselianity property allow us to make a constructive proof “ad hoc”. This section is devoted to the proof of this theorem. We need some preliminaries.
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Standard border basis



In the sequel we shall identify the semi-group hX1 , . . . , Xn i with Nn . Let < be a degree-compatible g term ordering in the semi-group hX1 , . . . , Xn i = Nn . For a nonzero element f = 1+h ∈ k[X](X) with g, h ∈ k[X], h(0) = 0, its initial term or leading term T(f ), is the minimal term of g. Its initial monomial or leading monomial is the corresponding monomial, written as M(f ) = lc(f )T(f ). Let us consider a finitely generated ideal I = (g1 , . . . , gm ) of k[X](X) . The monomial ideal in< (I) ⊆ k[X] is defined as the ideal generated by the T(f )’s for nonzero f ∈ I. By Dickson’s lemma, the corresponding “ideal” E of Nn is a finite union of orthants u+Nn . This nonconstructive result became constructive by Mora’s algorithm ([9], [3]), that computes the corresponding values of u’s. A standard basis of I is given by any finite subset of I whose leading terms generate in< (I). It is known that a standard basis generate the ideal I in k[X](X) . Let F = Nn \ E, its elements, “the monomials under the staircase”, are called standard monomials. The “border” of E is the set   Xα B(E) = α ∈ E | ∃i ∈ J1..nK ∈F . Xi E.g., with n = 2, if E is generated by (3, 0), (1, 3), (0, 5) we get B(E) = {(3, 0), (3, 1), (3, 2), (2, 3), (1, 3), (1, 4), (0, 5)} . In the following we restrict ourselves to zero-dimensional ideals. In this case F is a finite set providing a basis of the finite-dimensional k-vector space k[X](X) /I. If f ∈ k[X](X) , its expression modulo I as a k-linear combination of standard monomials is called the canonical form of f and is denoted by Can< (f, I). The standard border basis of I (w.r.t. 
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