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Boundary control of linearized Saint-Venant equations oscillating modes ? Xavier Litrico a Vincent Fromion b a



UMR G-EAU, Cemagref, B.P. 5095, 34196 Montpellier Cedex 5, France. b
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Abstract The paper investigates the control of oscillating modes occurring in open-channels, due to the reection of propagating waves on the boundaries. These modes are well represented by linearized Saint-Venant equations, a set of hyperbolic partial dierential equations which describe the dynamics of one-dimensional open-channel ow around a given stationary regime. We use a distributed transfer function approach to compute a dynamic boundary controller that cancels the oscillating modes over all the canal pool. This result is recovered with a Riemann invariants approach in the case of a frictionless horizontal canal pool. The eect of a proportional boundary control on the poles of the transfer matrix is then characterized by a root locus, and we derive an asymptotic result for high frequencies closed-loop poles.
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1 INTRODUCTION The Saint-Venant equations describe the dynamics of open-channel hydraulic systems (e.g., rivers, irrigation and drainage canals or sewers) assuming onedimensional ow. Firstly stated in 1871, these nonlinear partial dierential equations have been widely used by hydraulic engineers in their numerical models [2]. Many authors contributed on the control of open-channel hydraulic systems represented by Saint-Venant equations. The contributions range from classical linear control methods such as PI control, to H∞ robust control [9] or `1 control [10]. A recent approach tried to take into account the distributed feature of the system by a Riemann invariants approach [3]. A recent overview is given in [4]. To the best of our knowledge, no references deal with the problem of controlling the oscillating modes that appear on some types of canals, typically small canal pools. These modes can lead to water level oscillations and may provoke overtopping, which is highly undesirable for irrigation canals. ? This paper was not presented at any IFAC meeting. Corresponding author X. Litrico. Tel. +33 467 04 63 47. Fax +33 467 63 57 95. E-mail [email protected].
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The objective of the paper is to investigate linearized Saint-Venant equations modes and their control. A reasonable physical intuition leads to think that the oscillations are generated by the reection of propagating waves at the boundaries. We present three dierent approaches to achieve a boundary controller which does not reect the propagating wave:



• First with an impedance matching method based on the distributed transfer matrix of Saint-Venant equations, leading to a dynamic boundary controller that cancels the oscillating modes over all the canal pool, • Second with a Riemann invariant approach for the special case of a rectangular horizontal frictionless canal, leading to a proportional boundary controller, • Third with a root locus technique, to investigate the eect of a static boundary controller on the closedloop poles. These three approaches are shown to be closely connected, and lead to an elegant solution for the damping of these oscillations. The paper is organized as follows: the linearized SaintVenant equations and the associated distributed transfer matrix are stated in Section 2. The main results of the paper are given in Section 3 with the dynamic controller
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that the control action variable is the downstream discharge q(X, t) and that the measured variable is the downstream water level y(X, t).
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The paper is illustrated on a canal with a trapezoidal cross section of bottom width 0.18 m and sides slope 1:0.15 (V:H). The considered pool is 75 m long, with a bottom slope of 1.5 × 10−3 and Manning friction coefcient of 0.016 sm−1/3 , and the uniform regime corresponds to a discharge of Q0 = 60 l/s and a water depth of Y0 = 0.56 m.
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Fig. 1. Section of a trapezoidal canal



and the Riemann invariants approach, and in Section 4, with the root locus technique.
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2 SAINT-VENANT TRANSFER MATRIX 2.1



Applying Laplace transform to the linear partial dierential equations (34) results in a system of Ordinary Dierential Equations (ODE) in the variable x, parameterized by the Laplace variable s: Ã ! Ã ! q(x) d q(x) = As (5) dx y(x) y(x)



Linearized Saint-Venant equations



We consider in the paper a canal pool of length X with prismatic and uniform geometry along x. The SaintVenant equations are rst order hyperbolic nonlinear partial dierential equations given by [2, p. 15]:
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λ1 and λ2 are the eigenvalues of matrix As :



We consider small variations of discharge q(x, t) and water depth y(x, t) around uniform stationary values Q0 and Y0 . Let F0 denote the Froude number F0p = V0 /C0 with V0 the average velocity (m/s) and C0 = gA0 /T0 the wave celerity (m/s). T0 is the water surface top width (m). Throughout the paper, the ow is assumed to be subcritical, i.e. F0 < 1.



λi (s) =



  p 1 gSb (1 + κ0 ) i F s + δ(s) + (−1) 0 C0 (1 − F02 ) 2C0



with δ(s) = s2 +



gSb (2+(κ0 −1)F02 ) s V0



+



(6)



(7)



g 2 Sb2 (1+κ0 )2 . 4C02



The oscillating modes are linked to the poles of SaintVenant transfer matrix. These poles are obtained as the solutions of T0 s(eλ2 (s)X − eλ1 (s)X ) = 0. There is a pole in zero (the canal pool acts as an integrator) and the other poles verify the following equation:



Linearizing the Saint-Venant equations around these stationary values (Q0 , Y0 ) leads to (see [8] for details): ∂q ∂y + =0 ∂t ∂x ∂q ∂q ∂y 2gSb + 2V0 + (C02 − V02 )T0 = gT0 (1 + κ0 )Sb y − q ∂t ∂x ∂x V0



 0



Solving the ODE (5) leads to the open-loop SaintVenant distributed transfer matrix relating the water depth y(x, s) and the discharge q(x, s) at any point x in the canal pool to the upstream and downstream discharges (see [6] for details):



where A(x, t) is the wetted area (m2 ), Q(x, t) the discharge (m3 /s) across section A, V (x, t) the average velocity (m/s) in section A, Y (x, t) the water depth (m), Sb the bed slope, n the roughness coecient (sm−1/3 ), P (x, t) the wetted perimeter (m) and g the gravitational acceleration (m/s2 ) (see Fig. 1).
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Saint-Venant distributed transfer matrix
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 s+



g 2 (1 + κ0 )2 Sb2 4C02



+



k2 π 2 C02 (1 − F02 )2 X2



=0



with k ∈ N∗ (the pole obtained for k = 0 simplies with a zero).



0 dP0 is a coecient dependent on the κ0 = 73 − 3T4A 0 P0 dY form of the section.



The poles pk are then given by: · ¸ p κ0 − 1 2 gSb 2 −1 − F0 ± (1 − F0 ) ∆(k) pk = V0 2



The boundary conditions are the upstream and downstream discharges q(0, t) and q(X, t). We rst assume
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(8)



with ∆(k) =



1−



(κ0 −1)2 4 1−F02



F02



−



Theorem 1 With a downstream boundary control



k2 π 2 C02 V02 . g 2 Sb2 X 2



q(X, s) = ku∗ (s)y(X, s) dened by



Let km ∈ N∗ be the greatest integer such that ∆(km ) ≥ 0. Then the poles obtained for 0 < k ≤ km are negative real, and those obtained for k > km are complex conjugate, with a constant real part (they are located on a vertical line in the left half plane). We focus in the paper on canal pools with a dominant oscillating behavior, i.e. corresponding to ∆(1) < 0. Let us note that in the case of zero slope and frictionless canal, the poles are located on the imaginary axis.



ku∗ (s) = −



Proof: Connecting the open-loop distributed transfer



matrix of Eq. (6) with a downstream boundary controller q(X, s) = ku (s)y(X, s) leads to the closed-loop distributed transfer matrix:



Ã



Venant transfer matrix (6) can be approximated by:
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= =



λ λ λ2 eλ2 x+λ1 X − λ1 eλ1 x+λ2 X + ku (s) T1 s2 (eλ2 x+λ1 X − eλ1 x+λ2 X ) 0



T0 s(eλ2 X − eλ1 X ) + ku (s)(λ2 eλ2 X − λ1 eλ1 X ) T0 s(eλ1 x+λ2 X − eλ2 x+λ1 X ) + ku (s)(λ2 eλ1 x+λ2 X − λ1 eλ2 x+λ1 X ) T0 s(eλ2 X − eλ1 X ) + ku (s)(λ2 eλ2 X − λ1 eλ1 X )



The oscillating poles of the closed-loop system (11) are solutions of the following equation:



Proof: Eq. (9) is obtained from straightforward manip-
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e(λ2 (s)−λ1 (s))X −



This result shows that for high frequencies the poles of Saint Venant transfer matrix are close to the ones of the following damped wave equation: µ ¶µ ¶ ∂ τ1 ∂ ∂ τ2 ∂ + α1 + − α2 − q=0 ∂x X ∂t ∂x X ∂t



T0 s + ku (s)λ1 (s) =0 T0 s + ku (s)λ2 (s)



(12)



With the controller ku∗ (s), we get:



e(λ2 (s)−λ1 (s))X = 0



(13)



which has no nite solution and thus the system has no oscillating modes. ¥



with boundary conditions q(0, t) and q(X, t). Using Laplace transform, this equation reduces to an ODE in x, with eigenvalues equal to −α1 − τX1 s and α2 + τX2 s. The obtained transfer function has for denominator D(s) = 1 − e−(α1 +α2 )X−(τ1 +τ2 )s , whose roots coincide with the poles approximation (9). This shows that the oscillating modes correspond to the interaction of two gravity waves, one travelling downstream at speed V0 + C0 with attenuation factor α1 , and one travelling upstream at speed C0 − V0 with attenuation factor α2 .



Remark 1 This result is similar to the classical con-



cept of impedance matching for electrical networks [1]. Indeed, with the controller ku∗ (s) given by Eq. (10), the (1) distributed transfer functions are given by Gku∗ (x, s) = (2)



λ1 (s)x − λT10(s) and Gku∗ (x, s) = eλ1 (s)x , and thus only the s e downstream propagating waves remain.



The Bode diagram of ku∗ (s) is depicted in Fig. 2 for the considered canal pool. This stable, innite-dimensional controller strongly looks like a lead-lag lter. It is not strictly proper, since it has a constant gain in high frequencies. The optimal dynamic controller (10) can be interpreted as a non-reexive downstream boundary condition. With this controller, the canal behaves as if it was semi-innite, i.e. the waves propagating downstream do not reect on the downstream boundary and the oscillating modes then disappear. This idea can also be applied using Riemann invariants.



3 EXACT CANCELLATION OF OSCILLATING MODES 3.1



!



with Gku (x, s) and Gku (x, s) given by:



b (2−(κ0 −1)F0 ) b (2+(κ0 −1)F0 ) with α1 = T0 S2A , α2 = T0 S2A and 0 F0 (1+F0 ) 0 F0 (1−F0 ) X τ1 = C0 +V0 the delay for downstream propagation, τ2 = X C0 −V0 , the delay for upstream propagation.



ulations of Eq. (8) for k À kh .



y(x, s) q(x, s)



Proposition 1 For k À kh the open-loop poles of Saint(α1 + α2 )X 2jkπ ± τ1 + τ2 τ1 + τ2



(10)



the canal pool represented by the distributed transfer matrix (6) has no oscillating modes.



Let kh > km denote the integer such that ∀k > ¡ smallest ¢ b kh , |pk | ≥ rh = 2gS 1 + κ02−1 F02 . One then has the V0 following



pk ≈ −



T0 s λ1 (s)



Dynamic boundary controller



We show in this section that it is possible to cancel oscillating modes over all the canal pool by using a dynamic boundary controller.
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Fig. 2. Bode plot of ku∗ (s) for the considered canal



3.2



and c(X, t) =



Eq. (15) is then equivalent to:



4 PRACTICAL DAMPING OF OSCILLATING MODES



We restrict the study in this section to the special case of a rectangular horizontal frictionless canal, for which the Riemann invariants have closed-form expressions:



4.1



J+ (x, t) = V (x, t) + 2C(x, t) J− (x, t) = V (x, t) − 2C(x, t)



Implementation aspects



We now consider the implementation of a boundary controller on a realistic canal with slope and friction. Since it is not strictly proper, the optimal controller ku∗ (s) seems dicult to implement on a real canal, because of the actuator bandwidth limitation. This also applies to the proportional controller obtained in the zero-slope case, as long as it is implemented with a motorized gate. However, a constant gain in high frequency can be implemented by using a structural property of hydraulic structures such as gates (or weirs). A gate is usually described by a static nonlinear relationship Q = f (Y, W ), where Q is the discharge, Y the water depth and W the gate opening.√A classical expression of function f is f (Y, W ) = aW Y with a a constant coecient depending on the gate characteristics. When considering small variations around stationary values, one gets the df linearized equation q = ku y + kw w, with ku = dY and df kw = dW .



J+ and J− are called the Riemann invariants of Eqs. (1 2) and are easily shown to be constant along the characteristics curves dened as: dx = V (x, t) + C(x, t) dt dx for J− : = V (x, t) − C(x, t) dt for J+ :



A way to eliminate the oscillating modes is to suppress the reection of downstream propagating waves on the downstream boundary, i.e. to ensure that a perturbation reaching the boundary does not generate an upstream propagating perturbation. This can be done by specifying a boundary controller such that the Riemann invariant at the boundary J− (X, t) remains constant for any t > 0:



Since the gate opening w is typically controlled by an electrical actuator with nite bandwidth, high frequency control cannot be achieved by dynamic feedback through kw . In general, it is thus only possible to use the structural static feedback ku that directly links the water level y to the discharge q to achieve a high frequency control politics.



(14)



where V0 and C0 correspond to the initial condition of the canal pool. Then, as noted by [5], the Riemann invariant J− (x, t) is constant for all x ∈ [0, X] and all t ≥ τ1 + τ2 . In this case, the channel behaves as it it was semi-innite, since all waves arriving at the downstream boundary cross it without reection. Therefore, no oscillating modes can occur in the canal pool. The corresponding downstream boundary controller can be obtained by linearizing relation (14) around V0 and C0 :



v(X, t) − 2c(X, t) = 0



Q0 y(X, t) T0 Y02



ω→∞



Riemann invariants approach



J− (X, t) = V (X, t) − 2C(X, t) = V0 − 2C0



−



q(X, t) = T0 (C0 + V0 )y(X, t) (16) Therefore, a proportional boundary controller of gain T0 (C0 + V0 ) linking the discharge to the water elevation eliminates the oscillating modes in the special case of a rectangular horizontal frictionless canal pool. This result is recovered with the transfer function approach, since in this case, the rst eigenvalue is equal to λ1 (s) = −s/(C0 + V0 ), and the optimal controller ku∗ (s) given by Eq. (10) becomes a static controller: ku∗ (s) = T0 (C0 + V0 ) Moreover, this gain corresponds to the high frequency asymptotic value of the optimal controller given by lim |ku∗ (jω)| = T0 (C0 + V0 ) (17)
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The question that arises is then: how to choose ku ? Analyzing the Bode diagram of Fig. 2 at a frequency corresponding to the rst oscillating mode (ωr = 10−1 rad/s) shows that the amplitude of the optimal controller has almost reached its asymptotic value given by Eq. (17). We show below using a root-locus technique that this value leads to the best damping of oscillating modes.
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Fig. 3. Roots locus for the considered canal: poles (+) obtained for ku = 0, zeros (o) obtained for ku = +∞, and closed-loop poles location (∗) for ku = T0 (C0 + V0 )
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real part diminishes towards −∞ for ku < T0 (C0 + V0 ). Then, it increases when ku > T0 (C ³0 + ´ V0 ), to nally



According to Eq. (11), the closed-loop system poles for a static boundary proportional controller of gain ku ∈ R+ are given by the solutions of the following equation:



T0 s + ku λ1 (s) =0 T0 s + ku λ2 (s)
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Fig. 4. Maximum amplitude of water surface oscillations (1) maxω∈[ωr ,+∞) |Gku (jω, x)| for dierent values of ku



Static boundary controller



ψ(s) := e(λ2 (s)−λ1 (s))X −



k =0 u k =T (C +V ) u 0 0 0 ku=+∞ ku=k*u(s)



τ2 1 2 )X tend towards − (ατ11+α +τ2 − τ1 +τ2 log τ1 when ku → ∞, which corresponds to the high frequency approximation of the open-loop zeros of the Saint-Venant transfer function. Zeros have a real part smaller than the one of the open-loop poles (because τ1 < τ2 ) and their imaginary part is given by ±(2k + 1)π/(τ1 + τ2 ), because the complex logarithm veries log(−1) = ±jπ .



(18)



This equation has no closed-form solution in general. Numerical resolution for dierent values of ku leads to the root locus depicted in Fig. 3. For ku = +∞, the poles coincide with the open-loop zeros of the Saint-Venant transfer matrix. We observe that the closed-loop poles negative real parts reach a minimum for the optimal static controller value and that the modes damping increases with the frequency (i.e., higher frequency modes are more damped than low frequency modes). The following proposition provides a closed-form result explaining this behavior for high frequency poles:



The pool behavior in the three extreme situations is (1) evaluated by the maximum amplitude of Gku (jω, x) for ω ∈ [ωr , +∞), where ωr is the frequency of the rst oscillating mode. Fig. 4 depicts this variable along the longitudinal abscissa x, with dierent gains: ku = 0, ku = +∞, ku = T0 (C0 + V0 ) and ku = ku∗ (s), the optimal dynamic controller. The optimal dynamic controller ku∗ (s) gives the best overall performance, since it suppresses the oscillating modes over all the canal pool, but even the proportional controller enables to remarkably dampen the modes, compared to the other cases.



Proposition 2 When |s| À rh , the solutions of Eq. (18) tend asymptotically towards



5 CONCLUSION p˜k = −



(α1 + α2 )X 1 − log τ1 + τ2 τ1 + τ2







T0 X + ku τ2 T0 X − ku τ1







±



2jkπ τ1 + τ2 (19)



The paper provides a detailed study of the boundary control of oscillating modes for linearized Saint-Venant equations. Three methods are proposed to cancel or dampen the modes due to the reection of propagating waves on the boundary: rst an impedance matching method based on the distributed transfer matrix, second a Riemann invariants approach in the case of a frictionless horizontal canal pool, and third a root locus method, for which we derive an asymptotic result for high frequencies closed-loop poles. These results could certainly be extended to more general types of hyperbolic conservation laws. Future works will consider the behavior of low frequency modes and the internal stability of the boundary controlled hyperbolic system.



and the approximation error is at the rst order given by: pk ≈ p˜k −



ψ(˜ pk ) ψ 0 (˜ pk )



(20)



Proof: The proof is omitted for lack of space. See the technical report [7] for details.



¥



Eq. (19) recovers the open-loop poles approximation given by (9) when ku = 0. When ku increases, the poles



971



References [1] H.W. Beaty. Handbook of Electric Power Calculations. McGraw-Hill, 2001. [2] J.A. Cunge, F.M. Holly, and A. Verwey. Practical aspects of computational river hydraulics. Pitman, 1980. [3] J. de Halleux, C. Prieur, J.-M. Coron, B. d'Andréa Novel, and G. Bastin. Boundary feedback control in networks of open-channels. Automatica, 39:13651376, 2003. [4] Georges, D. and Litrico, X. Automatique pour la gestion des ressources en eau. Hermès Science Editions, série IC2, 2002. [5] J.M. Greenberg and T.T. Li. The eect of boundary damping for the quasi-linear wave equation. J. of Dierential Equations, 52:6675, 1984. [6] X. Litrico and V. Fromion. Boundary control of linearized Saint-Venant equations oscillating modes. In 43rd Conf. on Dec. and Contr., Bahamas, 2004. [7] X. Litrico and V. Fromion. Boundary control of linearized Saint-Venant equations oscillating modes. Technical report, Cemagref, Montpellier, 2006. [8] X. Litrico and V. Fromion. Frequency modeling of open channel ow. J. Hydraul. Engrg., 130(8):806815, 2004. [9] X. Litrico and V. Fromion. H∞ control of an irrigation canal pool with a mixed control politics. IEEE Trans. on Contr. Syst. Tech., 14(1):99111, 2006. [10] P.-O. Malaterre and M. Khammash. `1 controller design for a high-order 5-pool irrigation canal system. J. of Dyn. Syst., Meas., and Contr., 125(4):639645, 2003.



972



























des documents recommandant













Boundary control of linearized Saint-Venant equations 

be encountered, this study can only be done numerically. .... a pole in zero (the canal pool acts as an integrator) and the ..... McGraw-Hill Book Company,.










 








Homogenization of the linearized ionic transport equations in rigid 

Oct 26, 2010 - Keywords: Boltzmann-Poisson equation, homogenization, electro-osmosis. I. INTRODUCTION ...... obtain the quadratic form. âˆ«. Î©Ã—YF. |âˆ‡yu0(x ...










 








MODAL DECOMPOSITION OF LINEARIZED 

Venant equations linearized around a non uniform steady flow regime. .... Y0(x) solution of the ordinary differential equation (4b), for a boundary condition.










 








MODAL DECOMPOSITION OF LINEARIZED 

Venant equations linearized around a non uniform steady flow regime. .... Y0(x) solution of the ordinary differential equation (4b), for a boundary condition.










 








Boundary control of hyperbolic conservation laws using a 

Sobolev space of R2 functions whose derivatives (in gen- eralized sense) are square integrable on [0,L]. 2.2.1 Continuous solutions. The study of the properties ...










 








two-phase flow balance equations - Two-phase flows and boundary 

The energy balance equations in the NEPTUNE_CFD code. ...... combines the mass, momentum and total energy transfer terms: 2 v. v.M. E. 2k ...... Neglecting the differences between Mik and Mk (which is coherent with the assumptions.










 








a complete set of control equations for the human 

It is now easy to obtain the Lagrangian function ..... relative to n&c, is easily seen to be (see Fig. 2) ..... Kane, T. R. and Scher, M. P. (1970) Human self-rotation.










 








Equations of Elasticity 

In general, the concept of normal strain is introduced and defined in the context of a uniaxial ... having original length L0 (the gauge length) is measured and the ...










 








Systems of Dyson-Schwinger equations 

operation replaces H(S) by an isomorphic Hopf algebra and does not .... where G0 is the Faà¹€ di Bruno group and G1,...,Gmâˆ’1 are isomorphic to direct sums of ...










 








POISSON BOUNDARY OF GROUPS ACTING ... - Francois Gautero 

The Liouville property is also related to amenability ..... these two results yields Âµ-maximal compactifications of G, see Theorem 1.3 below. This statement will be ...










 








stable implementation of boundary conditions for dgsem 

Uâ‡¤ V â‡¤ Wâ‡¤ Pâ‡¤ â‡¤. 2. 6. 6. 6. 6. 4. 0 Ñ‚1 Ñ‚2 Ñ‚3 r. âˆ‚P. âˆ‚n. 3. 7. 7. 7. 7. 5. â‰¤ 0,. Vanishes if. Isothermal. Adiabatic x i. * =x i. U* =V* =W* =0. +. P* =0. âˆ‚P*. âˆ‚n. = âˆ‚P.










 








Universal Boundary Screens 

Universal Boundary Screens. If you have a problem, question, or request, call your local dealer, or Steelcase Line 1 at. 888.STEELCASE (888.783.3522).










 








Roots of Equations: Bracketing Methods .fr 

Try as you might, you cannot manipulate this equation to explicitly solve for ... Although the quadratic formula is handy for solving Eq. (5.4), there are many other.










 








Derivation of Basic Television Color Equations 

cedures for deriving basic color equations for color ..... light. In effect, television systems have always tacitly assumed that the color reproduction goal is to ...










 








Chapter 2. Solution of Linear Algebraic Equations 

Chapter 2. Solution of Linear. Algebraic Equations. 2.0 Introduction. A set of linear algebraic equations looks like this: a11x1 + a12x2 + a13x3 + Â·Â·Â· + a1N xN = b1.










 








Introduction and the equations of fluid dynamics 

Up to this point the equations governing fluid flow and solid mechanics appear to be similar with ... each of which has a certain behaviour in the numerical solution. ..... To complete the relationship it is necessary to determine heat source terms.










 








Galois Theory of Linear Differential Equations 

ii .... is presented together with examples for equations of order 2 and 3. We note that some of ...... (3) The C-vector space V in part (2) is referred to as the solution space of the ...... lj1,j2 belongs to S(r)f if lj1,j2 = 0 implies that there a










 








Aggregation equations 

May 23, 2018 - Possible Dirac masses creation. The velocity is not Lipschitz continuous, the characteristic method cannot be used. B. Fabr`eges. Aggregation ...










 








Notes on Solving the Linearized Model 

informations: the technology shock, Ì‚at, and the monetary shock, Ì‚mt. This piece of information is then sufficient for the agent to take all other decisions.










 








Lecture 1. SYSTEMS OF ALGEBRAIC EQUATIONS 

Prove that the systems of algebraic equations over the eld Q of rational .... Since t1 is transcendental over k, k x1] is isomorphic to the polynomial algebra k T1].










 








Solution of non-linear algebraic equations 

in which a, is a converged solution at a previous load level or time step. The jacobian .... Some algebra will readily verify that substitution of .... where AI is a prescribed 'length' in the space of n + 1 dimensions. ..... M. Hestenes and E. Stief










 








Solving nonâ€“linear systems of equations 

The core of modern macroeconomics lies in the concept of equilibrium, which is usually expressed as a system of plausibly nonâ€“linear equations which can.Missing:










 








Importance of the choice of artificial inlet-outlet boundary conditions 

Numerical investigation of natural convection in an asym- metrically ... four sets of inlet-outlet velocity-pressure boundary conditions have been considered.










 








multigrid for systems of equations .fr 

Jul 8, 2011 - 0 In principle, the extension of multigrid methods from scalar PDEs to systems of PDEs is straightforward. ..... The smoothing properties of a particular relaxation method for a given problem can again ...... given in [4,303, 3051.
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