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Introduction and the equations of fluid dynamics



1.1 General remarks and classification of fluid mechanics



problems discussed in this book The problems of solid and fluid behaviour are in many respects similar. In both media stresses occur and in both the material is displaced. There is however one major difference. The fluids cannot support any deviatoric stresses when the fluid is at rest. Then only a pressure or a mean compressive stress can be carried. As we know, in solids, other stresses can exist and the solid material can generally support structural forces. In addition to pressure, deviatoric stresses can however develop when the fluid is in motion and such motion of the fluid will always be of primary interest in fluid dynamics. We shall therefore concentrate on problems in which displacement is continuously changing and in which velocity is the main characteristic of the flow. The deviatoric stresses which can now occur will be characterized by a quantity which has great resemblance to shear modulus and which is known as dynamic viscosity. Up to this point the equations governing fluid flow and solid mechanics appear to be similar with the velocity vector u replacing the displacement for which previously we have used the same symbol. However, there is one further difference, i.e. that even when the flow has a constant velocity (steady state), convective ucceleration occurs. This convective acceleration provides terms which make the fluid mechanics equations non-self-adjoint. Now therefore in most cases unless the velocities are very small, so that the convective acceleration is negligible, the treatment has to be somewhat different from that of solid mechanics. The reader will remember that for self-adjoint forms, the approximating equations derived by the Galerkin process give the minimum error in the energy norm and thus are in a sense optimal. This is no longer true in general in fluid mechanics, though for slow flows (creeping flows) the situation is somewhat similar. With a fluid which is in motion continual preservation of mass is always necessary and unless the fluid is highly compressible we require that the divergence of the velocity vector be zero. We have dealt with similar problems in the context of elasticity in Volume 1 and have shown that such an incompressibility constraint
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introduces very serious difficulties in the formulation (Chapter 12, Volume 1). In fluid mechanics the same difficulty again arises and all fluid mechanics approximations have to be such that even if compressibility occurs the limit of incompressibility can be modelled. This precludes the use of many elements which are otherwise acceptable. In this book we shall introduce the reader to a finite element treatment of the equations of motion for various problems of fluid mechanics. Much of the activity in fluid mechanics has however pursued a jinite difference formulation and more recently a derivative of this known as the jinite volume technique. Competition between the newcomer of finite elements and established techniques of finite differences have appeared on the surface and led to a much slower adoption of the finite element process in fluid mechanics than in structures. The reasons for this are perhaps simple. In solid mechanics or structural problems, the treatment of continua arises only on special occasions. The engineer often dealing with structures composed of bar-like elements does not need to solve continuum problems. Thus his interest has focused on such continua only in more recent times. In fluid mechanics, practically all situations of flow require a two or three dimensional treatment and here approximation was frequently required. This accounts for the early use of finite differences in the 1950s before the finite element process was made available. However, as we have pointed out in Volume l , there are many advantages of using the finite element process. This not only allows a fully unstructured and arbitrary domain subdivision to be used but also provides an approximation which in selfadjoint problems is always superior to or at least equal to that provided by finite differences. A methodology which appears to have gained an intermediate position is that of finite volumes, which were initially derived as a subclass of finite difference methods. We have shown in Volume 1 that these are simply another kind of finite element form in which subdomain collocation is used. We do not see much advantage in using that form of approximation. However, there is one point which seems to appeal to many investigators. That is the fact that with the finite volume approximation the local conservation conditions are satisfied within one element. This does not carry over to the full finite element analysis where generally satisfaction of all conservation conditions is achieved only in an assembly region of a few elements. This is no disadvantage if the general approximation is superior. In the reminder of this book we shall be discussing various classes of problems, each of which has a certain behaviour in the numerical solution. Here we start with incompressible flows or flows where the only change of volume is elastic and associated with transient changes of pressure (Chapter 4). For such flows full incompressible constraints have to be applied. Further, with very slow speeds, convective acceleration effects are often negligible and the solution can be reached using identical programs to those derived for elasticity. This indeed was the first venture of finite element developers into the field of fluid mechanics thus transferring the direct knowledge from structures to fluids. In particular the so-called linear Stokes flow is the case where fully incompressible but elastic behaviour occurs and a particular variant of Stokes flow is that used in metal forming where the material can no longer be described by a constant viscosity but possesses a viscosity which is non-newtonian and depends on the strain rates.
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Here the fluid (flow formulation) can be applied directly to problems such as the forming of metals or plastics and we shall discuss that extreme of the situation at the end of Chapter 4. However, even in incompressible flows when the speed increases convective terms become important. Here often steady-state solutions do not exist or at least are extremely unstable. This leads us to such problems as eddy shedding which is also discussed in this chapter. The subject of turbulence itself is enormous, and much research is devoted to it. We shall touch on it very superficially in Chapter 5: suffice to say that in problems where turbulence occurs, it is possible to use various models which result in a flowdependent viscosity. The same chapter also deals with incompressible flow in which free-surface and other gravity controlled effects occur. In particular we show the modifications necessary to the general formulation to achieve the solution of problems such as the surface perturbation occurring near ships, submarines, etc. The next area of fluid mechanics to which much practical interest is devoted is of course that of flow of gases for which the compressibility effects are much larger. Here compressibility is problem-dependent and obeys the gas laws which relate the pressure to temperature and density. It is now necessary to add the energy conservation equation to the system governing the motion so that the temperature can be evaluated. Such an energy equation can of course be written for incompressible flows but this shows only a weak or no coupling with the dynamics of the flow. This is not the case in compressible flows where coupling between all equations is very strong. In compressible flows the flow speed may exceed the speed of sound and this may lead to shock development. This subject is of major importance in the field of aerodynamics and we shall devote a substantial part of Chapter 6 just to this particular problem. In a real fluid, viscosity is always present but at high speeds such viscous effects are confined to a narrow zone in the vicinity of solid boundaries (houndury luyt.~).In such cases, the remainder of the fluid can be considered to be inviscid. There we can return to the fiction of so-called ideal flow in which viscosity is not present and here various simplifications are again possible. One such simplification is the introduction of potential flow and we shall mention this in Chapter 4. In Volume 1 we have already dealt with such potential flows under some circumstances and showed that they present very little difficulty. But unfortunately such solutions are not easily extendable to realistic problems. A third major field of fluid mechanics of interest to us is that of shallow water flows which occur in coastal waters or elsewhere in which the depth dimension of flow is very much less than the horizontal ones. Chapter 7 will deal with such problems in which essentially the distribution of pressure in the vertical direction is almost hydrostatic. In shallow-water problems a free surface also occurs and this dominates the flow characteristics. Whenever a free surface occurs it is possible for transient phenomena to happen, generating waves such as for instance those that occur in oceans and other bodies of water. We have introduced in this book a chapter (Chapter 8) dealing with this particular aspect of fluid mechanics. Such wave phenomena are also typical of some other physical problems. We have already referred to the problem of acoustic waves in the context of the first volume of this book and here we show
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that the treatment is extremely similar to that of surface water waves. Other waves such as electromagnetic waves again come into this category and perhaps the treatment suggested in Chapter 8 of this volume will be effective in helping those areas in turn. In what remains of this chapter we shall introduce the general equations of fluid dynamics valid for most compressible or incompressible flows showing how the particular simplification occurs in each category of problem mentioned above. However, before proceeding with the recommended discretization procedures, which we present in Chapter 3, we must introduce the treatment of problems in which convection and diffusion occur simultaneously. This we shall do in Chapter 2 with the typical convection-diffusion equation. Chapter 3 will introduce a general algorithm capable of solving most of the fluid mechanics problems encountered in this book. As we have already mentioned, there are many possible algorithms; very often specialized ones are used in different areas of applications. However the general algorithm of Chapter 3 produces results which are at least as good as others achieved by more specialized means. We feel that this will give a certain unification to the whole text and thus without apology we shall omit reference to many other methods or discuss them only in passing.



1.2 The governing equations of fluid dynamics’-8 1.2.1 Stresses in fluids The essential characteristic of a fluid is its inability to sustain shear stresses when at rest. Here only hydrostatic ‘stress’ or pressure is possible. Any analysis must therefore concentrate on the motion, and the essential independent variable is thus the velocity u or, if we adopt the indicia1 notation (with the x , y , z axes referred to as x,, i = 1,2,3), ul, i = 1,2,3 (1.1) This replaces the displacement variable which was of primary importance in solid mechanics. The rates of strain are thus the primary cause of the general stresses, olJ,and these are defined in a manner analogous to that of infinitesimal strain as au,pxJ



+ au,px,



(1.2) 2 This is a well-known tensorial definition of strain rates but for use later in variational forms is written as a vector which is more convenient in finite element analysis. Details of such matrix forms are given fully in Volume 1 but for completeness we mention them here. Thus, this strain rate is written as a vector (6). This vector is given by the following form ‘11



=



ET = [ E l l , E 2 2 , 2 E 1 2 1 = [i.ll,E22,%21 in two dimensions with a similar form in three dimensions: iT=



[i,l,~2*,~13,2El2,2E2~,2~~ll



(1.3)



(1.4)
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When such vector forms are used we can write the strain rates in the form & =su



(1.5)



where S is known as the stain operator and u is the velocity given in Eq. ( I . 1). The stress-strain relations for a linear (newtonian) isotropic fluid require the definition of two constants. The first of these links the deviatoric stresses rlIto the deviatoric strain rutes:



In the above equation the quantity in brackets is known as the deviatoric strain, 6,, is the Kronecker delta, and a repeated index means summation; thus



= o I 1+ 022+ 033



or/



and



i,,= C l l



+ i z z + i33



(1.7)



The coefficient p is known as the dynamic (shear) viscosity or simply viscosity and is analogous to the shear modulus G in linear elasticity. The second relation is that between the mean stress changes and the volumetric strain rates. This defines the pressure as



where K is a volumetric viscosity coefficient analogous to the bulk modulus K in linear elasticity and p o is the initial hydrostatic pressure independent of the strain rate (note that p and pa are invariably defined as positive when compressive). We can immediately write the ‘constitutive’ relation for fluids from Eqs (1.6) and (1.8) as



- 711 -



- 6ijP



( 1 .sa)



2pCf / . $- 6 /.J. ( K - 23 p )e..I / + 6.. !/PO



(1.9b)



or p.. lJ =



Traditionally the Lame notation is often used, putting K-fpLfX



(1.10)



but this has little to recommend it and the relation (1.9a) is basic. There is little evidence about the existence of volumetric viscosity and we shall take Ki.. /I - 0



(1.11)



in what follows, giving the essential constitutive relation as (now dropping the suffix on Po) ( I . 12a) without necessarily implying incompressibility it/= 0.
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In the above, Ti/



= 2p



(. ),,, Ejj



-



~



du. 2 du =p[(G+&) -6;&] au-



(1.12b)



All of the above relationships are analogous to those of elasticity, as we shall note again later for incompressible flow. We have also mentioned this in Chapter 12 of Volume 1 where various stabilization procedures are considered for incompressible problems. Non-linearity of some fluid flows is observed with a coefficient p depending on strain rates. We shall term such flows 'non-newtonian'.



1.2.2 Mass conservation
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If p is the fluid density then the balance of mass flow pu; entering and leaving an infinitesimal control volume (Fig. 1.1) is equal to the rate of change in density



a ap 3 + -(pi) E5 - + v d t 8.u; dt or in traditional Cartesian coordinates d d + - (pu) - (p.) dt a x aY
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( 1.13a)
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( 1. I 3b)



Fig. 1.1 Coordinate direction and the infinitesimal control volume



1.2.3 Momentum conservation - or dynamic ----- equilibrium -------I X X
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Now the balance of momentum in thelth direction, this is (pul)u, leaving and entering a control volume, has to be in equilibrium with the stresses 0,) and body forces pf/
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giving a typical component equation (1.14)



or using (1.12a), (1.15a) with (1.12b) implied. Once again the above can, of course, be written as three sets of equations in Cartesian form:
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etc.



1.2.4 Energy conservation and equation- of state x
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We note that in the equations of Secs 1.2.2 and 1.2.3 the independent variables are 1.1, (the velocity), p (the pressure) and p (the density). The deviatoric stresses, of course, were defined by Eq. (1.12b) in terms of velocities and hence are not independent. Obviously, there is one variable too many for this equation system to be capable of solution. However, if the density is assumed constant (as in incompressible fluids) or if a single relationship linking pressure and density can be established (as in isothermal flow with small compressibility) the system becomes complete and is solvable. More generally, the pressure (y), density ( p ) and absolute temperature ( T ) are related by an equation of state of the form P =Pb>



z-1



(1.16)



For an ideal gas this takes, for instance, the form p=-



"



P



RT



(1.17)



where R is the universal gas constant. In such a general case, it is necessary to supplement the governing equation system by the equation of energy conservation. This equation is indeed of interest even if it is not coupled, as it provides additional information about the behaviour of the system. Before proceeding with the derivation of the energy conservation equation we must define some further quantities. Thus we introduce e, the intrinsic energ]' per unit mass. This is dependent on the state of the fluid, i.e. its pressure and temperature or e = e( T , p ) (1.18) The total energy per unit mass, E , includes of course the kinetic energy per unit mass and thus (1.19)



8 Introduction and the equations of fluid dynamics Finally, we can define the enthulpy as (1.20) and these variables are found to be convenient. Energy transfer can take place by convection and by conduction (radiation generally being confined to boundaries). The conductive heat flux qi is defined as



d q;=-k-T



(1.21)



dXj



where k is an isotropic thermal conductivity. To complete the relationship it is necessary to determine heat source terms. These can be specified per unit volume as qH due to chemical reaction (if any) and must include the energy dissipation due to internal stresses, i.e. using Eq. (1.12), (1.22) The balance of energy in a unit volume can now thus be written as
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qH = 0 (1.23a)



or more simply at
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(1.23b)



Here, the penultimate term represents the work done by body forces.



1.2.5 Navier-Stokes and Euler equations The governing equations derived in the preceding sections can be written in the general conservative form d* (1.24a) VF+ V G + Q = 0



-+ at



or d 9 dF; dG; -+-+-+Q=O (1.24b) at dx; axi in which Eqs (1.13), (1.15) or (1.23) provide the particular entries to the vectors. Thus, the vector of independent unknowns is, using both indicia1 and Cartesian notation,
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(1.25b)
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with similar forms for
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In both forms



p / p is the kinematic viscosity
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The reader will note that the above equations, with the exception of the convective acceleration terms, are identical to those governing the problem of incompressible (or slightly compressible) elasticity, which we have discussed in Chapter 12 of Volume 1.



1.4 Concluding remarks We have observed in this chapter that a full set of Navier-Stokes equations can be written incorporating both compressible and incompressible behaviour. At this stage it is worth remarking that 1. More specialized sets of equations such as those which govern shallow-water flow or surface wave behaviour (Chapters 5, 7 and 8) will be of similar forms and need not be repeated here. 2 . The essential difference from solid mechanics equations involves the non-selfadjoint convective terms. Before proceeding with discretization and indeed the finite element solution of the full fluid equations, it is important to discuss in more detail the finite element procedures which are necessary to deal with such convective transport terms. We shall do this in the next chapter where a standard scalar convective-diffusivereactive equation is discussed.
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