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French folklore: Les Shadoks
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Outline 1



Register allocation for shadoks Context of the problem Finding if register allocation is feasible



2



Live-range splitting in register allocation Introducing live-range splitting Splitting sufficiently



3



Conclusion
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Context



ˆ Shadok = CPU with registers ˆ static register allocation ˆ no scheduling
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Context



ˆ Shadok = CPU with registers ˆ static register allocation ˆ no scheduling



Problem Decide, for every program point, where to hold each variable.
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Questions in register allocation Question Is register assignment feasible? i.e., is there an existing solution using only registers?



Question If not, what can be done to solve the register allocation problem?
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Questions in register allocation Question Is register assignment feasible? i.e., is there an existing solution using only registers?



Question If not, what can be done to solve the register allocation problem? The goal of Chaitin’s coloring algorithm is to answer the first question. Iterated Register Coalescing of Appel&George treat the second question.
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Study of the first question: are there enough registers? Chaitin et al. modeled in 1981 the problem using graph coloring:



Question Given a program and its interferference graph, is it possible assign one register to each variable so that no two interfering variables are assigned to the same register? In this model, Chaitin et al. proved that register allocation is NP-complete, since k-graph-coloring is NP-complete (k ≥ 3).



8 / 25



Register allocation for shadoks



Live-range splitting in register allocation



Conclusion



Chaitin et al. model k j Live-in: k j Live-ranges g := mem[j+12] g h := k-1 h f := g+h f e := mem[j+8] e m := mem[j+16] m b := mem[f] b c := e+8 c d := c d k := m+4 k j := b j Live-out:



d k j
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Chaitin et al. model k j Live-ranges Interference graph g k g h h f j e m e b f c m d b c k j d 9 / 25
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Register allocation is NP-complete



Theorem (Chaitin et al. 1981) To every graph G corresponds a program whose interference graph is as difficult to color as G .



NP-completeness
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Register allocation is NP-complete d
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b a



10 / 25



Register allocation for shadoks



Live-range splitting in register allocation



Conclusion



Register allocation is NP-complete d



c



b a Ba,b a←0 b←1 x ←a+b
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Register allocation is NP-complete d



c



b



Broot switch a



Ba,b



Ba,c a←0 b←1 x ←a+b



a←3 c ←3 x ←a+c



Ba return a + x 10 / 25
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Register allocation is NP-complete d



c



b



d



k-colorable ⇐⇒ k + 1-colorable



x



b



Broot



c



switch a Ba,b



a Bb,d



Ba,c a←0 b←1 x ←a+b



a←3 c ←3 x ←a+c Bb



Ba return a + x



Bc,d



Bd



Bc return b + x



c ←9 d ←9 x ←c +d



b←6 d ←6 x ←b+d return c + x



return d + x 10 / 25
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A greedy coloring scheme Chaitin et al.’s greedy coloring scheme:



Definition A node v with strictly less than k neighbors is called simplifiable. Chaitin et al.’s scheme removes simplifiable nodes as much as possible: ˆ if graph becomes empty, it is k-colorable ˆ if not, we don’t know how to k-color it
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A greedy coloring scheme Chaitin et al.’s greedy coloring scheme:



Definition A node v with strictly less than k neighbors is called simplifiable. Chaitin et al.’s scheme removes simplifiable nodes as much as possible: ˆ if graph becomes empty, it is k-colorable ˆ if not, we don’t know how to k-color it



Demo greedy scheme.
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A greedy coloring scheme Chaitin et al.’s greedy coloring scheme:



Definition A node v with strictly less than k neighbors is called simplifiable. Chaitin et al.’s scheme removes simplifiable nodes as much as possible: ˆ if graph becomes empty, it is k-colorable ˆ if not, we don’t know how to k-color it



Demo greedy scheme.



Is the order in which nodes are simplified important?



11 / 25



Register allocation for shadoks



Live-range splitting in register allocation



Conclusion



Greedy-k-colorable graphs Actually, the order in which nodes are simplified does not matter. Hence this greedy scheme defines a class of graphs that we call greedy-k-colorable.



Definition A graph G is greedy-k-colorable iff there is no subset G 0 of G such that every node in G 0 has degree at least k: @G 0 ⊆ G | ∀v ∈ G 0 , deg (v ) ≥ k
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Greedy-k-colorable graphs Actually, the order in which nodes are simplified does not matter. Hence this greedy scheme defines a class of graphs that we call greedy-k-colorable.



Definition A graph G is greedy-k-colorable iff there is no subset G 0 of G such that every node in G 0 has degree at least k: @G 0 ⊆ G | ∀v ∈ G 0 , deg (v ) ≥ k



Theorem A graph is greedy-k-colorable iff it is k-colorable using Chaitin et al.’s greedy scheme. Proof 12 / 25
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Outline 1



Register allocation for shadoks Context of the problem Finding if register allocation is feasible



2



Live-range splitting in register allocation Introducing live-range splitting Splitting sufficiently



3



Conclusion
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Live-range splitting Since 1981, people invented techniques to improve register allocation. One of them is called live-range splitting. a ← ... . . . ... ← a



⇒



a ← ... . . . 0 a ←a . . . . . . ← a0
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Live-range splitting Since 1981, people invented techniques to improve register allocation. One of them is called live-range splitting. a ← ... . . . ... ← a



⇒



a ← ... . . . 0 a ←a . . . . . . ← a0



Live-range splitting can help register allocation. Fewer colors might be required. See example at the whiteboard
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Live-range splitting in Chaitin et al.’s proof Broot switch Ba,b



Ba



a←0 b←1 x←a+b



return a+x



Ba,c



Bb



a←3 c←4 x←a+c



return b + x



Bb,d



Bc



b←6 d←7 x←b+d



return c + x



Bc,d



Bd



c←9 d ← 10 x←c+d



return d+x 15 / 25
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Live-range splitting in Chaitin et al.’s proof Broot switch Ba,b



Ba,c



r1 ← 0 r2 ← 1 r3 ← r1 + r2



Bb,d



r1 ← 3 r2 ← 4 r3 ← r1 + r2



Bc,d



r1 ← 6 r2 ← 7 r3 ← r1 + r2



r1 ← 9 r2 ← 10 r3 ← r1 + r2 r1 ← r2



r1 ← r2 r1 ← r2 r1 ← r2 Ba Bb Bc Bd return r1 +r3 return r1 +r3 return r1 +r3 return r1 +r3
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Maxlive is the important issue Whatever the splitting, all variables alive at one point must be allocated.



Definition Maxlive is the maximum number of simultaneously live variables.
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Maxlive is the important issue Whatever the splitting, all variables alive at one point must be allocated.



Definition Maxlive is the maximum number of simultaneously live variables. Hence, with sufficient splitting,



Theorem There is a solution to the register assignment problem iff Maxlive is at most the number of registers: Ω≤k
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Maxlive is the important issue Whatever the splitting, all variables alive at one point must be allocated.



Definition Maxlive is the maximum number of simultaneously live variables. Hence, with sufficient splitting,



Theorem There is a solution to the register assignment problem iff Maxlive is at most the number of registers: Ω≤k But what is a sufficient splitting? 16 / 25
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The split everywhere solution This was proposed by Appel and George in 2001 in their article “Optimal spilling for CISC machine with few registers.” ˆ every live-range is split before and after each instruction in the



program ˆ creates very small live-ranges ˆ interference graphs consists of many small connected components easy to color (but for the pre-colored registers)



17 / 25



Register allocation for shadoks



Live-range splitting in register allocation



Conclusion



The split everywhere solution This was proposed by Appel and George in 2001 in their article “Optimal spilling for CISC machine with few registers.” ˆ every live-range is split before and after each instruction in the



program ˆ creates very small live-ranges ˆ interference graphs consists of many small connected components easy to color (but for the pre-colored registers)



Demo split-everywhere
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The split everywhere solution This was proposed by Appel and George in 2001 in their article “Optimal spilling for CISC machine with few registers.” ˆ every live-range is split before and after each instruction in the



program ˆ creates very small live-ranges ˆ interference graphs consists of many small connected components easy to color (but for the pre-colored registers)



Demo split-everywhere



Drawback: creates many many copies in the code (register-to-register move). These need to be discarded with powerful coalescing algorithms (see next lecture). 17 / 25
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SSA-based splitting Static Single Assignment splits also variables by adding φ-functions. SSA definition



Is SSA-based splitting sufficient? i.e., can we color the interference graph of the SSA program with k colors?



Note: SSA is considered with dominance property.
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SSA-based splitting Static Single Assignment splits also variables by adding φ-functions. SSA definition



Is SSA-based splitting sufficient? i.e., can we color the interference graph of the SSA program with k colors? ˆ only if Maxlive is at most k: Ω ≥ k ˆ only if SSA interference graph is greedy-k-colorable.



Note: SSA is considered with dominance property.
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SSA interference graph is chordal Definition A graph is chordal iff every cycle of size at least 4 has a chord. See example on whiteboard.
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SSA interference graph is chordal Definition A graph is chordal iff every cycle of size at least 4 has a chord. See example on whiteboard.



Remark 1 Two variables interfere iff their live-ranges intersect Remark 2 Every point of a live-range is dominated by the definition
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SSA interference graph is chordal Definition A graph is chordal iff every cycle of size at least 4 has a chord. See example on whiteboard.



Remark 1 Two variables interfere iff their live-ranges intersect Remark 2 Every point of a live-range is dominated by the definition Remark 3 What is the shape of the live-ranges under SSA?
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SSA interference graph is chordal Definition A graph is chordal iff every cycle of size at least 4 has a chord. See example on whiteboard.



Proof. Direct proof If two variables intersect, the definition of one dominates the definition of the other. Take a cycle of size ≥ 4, and orient edges with dominance. One variables has two incoming edges. Its two neighbors are alive at its definition. Using graph theory A chordal graph is the intersection graph of a family of subtrees of a tree. SSA live-ranges are subtrees of the dominance tree. 19 / 25
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Chordal graphs are greedy-k-colorable Chordal graphs are perfect graphs, hence colorable in polynomial time. Are chordal graphs greedy-colorable?
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Chordal graphs are greedy-k-colorable Chordal graphs are perfect graphs, hence colorable in polynomial time. Are chordal graphs greedy-colorable? 1



Chordal graphs have a perfect elimination scheme.



2



Chordal graphs have at least 2 simplicial vertices.



3



Chordal graphs have hereditary property. Demo on whiteboard.
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Chordal graphs are greedy-k-colorable Chordal graphs are perfect graphs, hence colorable in polynomial time. Are chordal graphs greedy-colorable? 1



Chordal graphs have a perfect elimination scheme.



2



Chordal graphs have at least 2 simplicial vertices.



3



Chordal graphs have hereditary property. Demo on whiteboard.



Hence, a chordal graph always has a simplifiable vertex.
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Chordal graphs are greedy-k-colorable Chordal graphs are perfect graphs, hence colorable in polynomial time. Are chordal graphs greedy-colorable? 1



Chordal graphs have a perfect elimination scheme.



2



Chordal graphs have at least 2 simplicial vertices.



3



Chordal graphs have hereditary property. Demo on whiteboard.



Hence, a chordal graph always has a simplifiable vertex. However, it remains to go out-of-“colored” SSA. . .
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Outline 1



Register allocation for shadoks Context of the problem Finding if register allocation is feasible



2



Live-range splitting in register allocation Introducing live-range splitting Splitting sufficiently



3



Conclusion
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Conclusion ˆ Chaitin et al.’s coloring scheme defines the greedy-colorable class of



graphs (and includes chordal graphs); ˆ Chaitin et al.’s proof of NP-completeness holds only if each variable is



assigned to only one register; ˆ If live-range splitting is allowed, the condition for feasible register



assignement is that Maxlive is at most k (Ω ≥ k); ˆ SSA-based splitting introduces less copies than split everywhere, and



still produces a greedy-k-colorable interference graph. What’s for next time? ˆ Spilling if there is not enough registers; ˆ Coalescing to reduce the number of added copies. ˆ What are the restrictions on splitting? 22 / 25
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That’s all for today
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NP-completeness proofs How to prove that Problem A is NP-complete? (informal) 1



Find a Problem B that we know is NP-complete



2



Choose an instance IB of problem B



3



Construct an instance IA of problem A from IB



4



Prove that there is a solution to IA iff there is one to IB .



Return
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NP-completeness proofs How to prove that Problem A is NP-complete? (informal) 1



Find a Problem B that we know is NP-complete



2



Choose an instance IB of problem B



3



Construct an instance IA of problem A from IB



4



Prove that there is a solution to IA iff there is one to IB .



Do not forget to check that: ˆ Problem A in is NP (i.e., easy to verify if a solution is feasible) ˆ The reduction is polynomial (i.e., the size of IA is polynomial of the



size of IB ) Return
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Static Single Assignment SSA : at most one textual definition per variable



Example (Straight code converted to SSA form) a ← ... . . . ... ← a . . . a ← ... . . . ... ← a



a1 ← . . . . . . . . . ← a1 . . . a2 ← . . . . . . . . . ← a2



Return 25 / 25



Static Single Assignment SSA : at most one textual definition per variable



Example (Conditional code converted to SSA form) if (. . . )



if (. . . ) a←1



a←2 ... ← a



a1 ← 1



a2 ← 2



a3 ← φ(a1 , a2 ) . . . ← a3 Return 25 / 25
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