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Abstract This thesis develops a vibration-based identification technique to determine the elastic properties of the constituent layers of layered materials. The presented mixed numerical-experimental technique (MNET) derives the layer properties from the resonant frequencies of rectangular beam- or plate-shaped specimens, and is able to identify the in-plane elastic properties of both isotropic and orthotropic materials. An optional post-processing step allows the estimation of the uncertainty of the identified elastic parameters. The thesis comprises three main parts. The first part, chapters 1 to 4, introduces the mathematical tools that are required to construct an MNET procedure. The second part, chapters 5 to 7, uses these mathematical tools to build a series of vibration-based identification procedures for the identification of the elastic properties of layered materials. The last part, chapters 8 and 9, provides an experimental validation together with a number of applications of the developed identification routines.
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Preface The principal goal of this thesis is to finalise my doctoral training at the Katholieke Universiteit Leuven. However, the ambition of this text reaches further than just being a report of the research that was performed during my doctoral training.



Goal Besides developing identification routines for layered materials, this text presents a detailed discussion on the vibration-based identification of in-plane elastic material properties. Furthermore, it also aims at providing a sound theoretical foundation on how to develop mixed numerical-experimental techniques (MNET) for material identification purposes. A serious effort was made to present the content as comprehensible as possible. Although this text contains a substantial amount of theory, is does not give any theoretical overview with the sole purpose of providing an overview. All the presented theory is strictly necessary to develop MNET identification routines. Moreover, this thesis does not present an extensive literature review. The main reason for this is the lack of interesting articles on the identification of the elastic properties of layered materials. Most articles dealing with MNET-based material identification are written by researchers that focus on optimisation theory. Usually, the material identification problem is used as a ‘simple’ example to illustrate the use of a novel optimisation technique. Although these articles are very interesting from an optimisation point of view, they are usually quite disappointing from a material identification point of view.



Audience This thesis addresses two different audiences: (a) engineers who want to develop mixed numerical-experimental techniques for the identification of material parameters, and (b) scientists who are interested in determining elastic material properties using vibration-based identification techniques. To use this text as a guide to develop an MNET, a basic knowledge of the theory behind the finite element method is required. Chapters 3, 4, and 6 provide the information to develop MNET routines. If one wishes to add an uncertainty analysis procedure to the MNET, chapter 7 is essential. If one wants to use the text to learn more about vibration-based identification techniques for in-plane elastic properties, chapters 1, 6, and 8 are important.
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PREFACE



The study of these chapters only requires an understanding of the fundamental concepts of mechanical vibrations, like the phenomenon of resonance.



Nederlandstalige Samenvatting Trillingsgebaseerde Methodes voor de Identificatie van de Elastische Eigenschappen van Gelaagde Materialen Dit hoofdstuk bevat een Nederlandstalige samenvatting van de thesis. Deze samenvatting heeft dezelfde structuur als de thesis; elke sectie van de samenvatting stemt overeen met een hoofdstuk van de thesis.



Inleiding Materiaal Identificatie Numerieke simulaties zijn een onmisbaar hulpmiddel geworden in het ontwikkelingsproces van een technische structuur. Een zinvolle simulatie vereist een nauwkeurige kennis van de materiaaleigenschappen van het numerieke model. Deze parameters kunnen echter enkel op een experimentele wijze bepaald worden. Gelaagde materialen zijn een klasse van nieuwe materialen die steeds belangrijker wordt voor de productie van hoog performante mechanische componenten. Hun stijfheidseigenschappen zijn van fundamenteel belang voor de berekening van spanningsvelden. Er bestaan reeds verschillende technieken voor de bepaling van de stijfheidseigenschappen van materialen, maar in het geval van gelaagde materialen leveren deze technieken enkel de ‘gemiddelde’ stijfheid van het volledige materiaal. Deze thesis spits zich toe op de ontwikkeling van identificatieprocedures voor de bepaling van de elastische eigenschappen van de individuele lagen van een gelaagd materiaal. Trillingsgebaseerde Identificatietechnieken Elastische eigenschappen worden traditioneel opgemeten met quasi-statische proeven zoals uni-axiale trektesten of vierpuntsbuigingsproeven. De trillings-
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gebaseerde technieken bieden hier echter een zinvol alternatief. Met trillingsgebaseerde testen kunnen de elastische eigenschappen op een contactloze wijze bepaald worden, wat een belangrijk voordeel is in het geval van kleine monsters of brosse materialen. De trillingsgebaseerde aanpak steunt op het verband tussen het trillingsgedrag en de elastische eigenschappen van een structuur. De trillingsgebaseerde aanpak werd voor het eerste toegepast door F¨orster [1] in 1937. F¨orster gebruikte de balk theorie van Euler om de elasticiteitsmodulus van een materiaal te bepalen uit de resonantiefrequentie van de fundamentele buigingsmode van een balkvormig monster. F¨ orsters methode werd door o.a. Pickett [2], Spinner en Teft [3] verfijnd. Het werk van de laatste twee auteurs leverde de basis voor een ASTM norm [4]. Deze norm standaardiseerde de trillingsgebaseerde identificatie van de elastische eigenschappen van isotrope materialen. De belangrijkste hinderpaal voor de verdere uitbreiding van de trillingsgebaseerde methodes was het gebruik van analytische formules voor de beschrijving van het trillingsgedrag van de monsters. In 1986 toonde Sol [5] aan dat de analytische formules kunnen vervangen worden door eindige elementen modellen. Deze doorbraak opende de weg voor de identificatie van de elastische parameters van complexere materialen zoals gelaagde materialen. Gemengde Numeriek-Experimentele Technieken Sommige fysische eigenschappen kunnen zeer moeilijk of zelfs onmogelijke rechtstreeks opgemeten worden. In zo’n situatie moet de fysische eigenschap op een indirecte manier bepaald worden. Dit kan door de fysische eigenschap af te leiden van een aantal gerelateerde grootheden die wel opgemeten kunnen worden. Indien het verband tussen de fysische eigenschap en de opgemeten grootheden te complex wordt om analytische uit te drukken moet dit verband gelegd worden met een numeriek model, en moeten de fysische grootheden bepaald worden met een gemengde numeriek-experimentele techniek (GNET). Figuur 1 schets het algemeen concept van de gemengde numeriek-experimentele aanpak. Opgelegde belasting
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Figuur 1: Het algemeen concept van gemengde numeriek-experimentele technieken. Numerieke modellen zijn meestal geformuleerd om respons van een systeem te berekenen aan de hand van de systeem parameters (het directe probleem). Maar in een GNET moeten een aantal systeem parameters bepaald worden aan de hand van de respons van het systeem (het inverse probleem). De meeste numerieke modellen kunnen echter niet op een adequate manier geherformuleerd
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worden zoals vereist voor het oplossen van het inverse probleem. De oplossing van het inverse probleem kan dan enkel op een iteratieve manier gevonden worden door de systeemparameters van het numerieke model ‘af te regelen’ totdat de respons van het model overeenstemt met de opgemeten respons. Figuur 2 geeft de flowchart van een gemengde numeriek-experimentele techniek voor de identificatie van materiaal parameters. Geschatte parameters
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Figuur 2: De flowchart van een gemengde numeriek-experimentele techniek (GNET) voor materiaalidentificatie. In een eerste fase wordt een experiment uitgevoerd en wordt de opgelegde belasting en resulterend respons opgemeten. Vervolgens wordt het uitgevoerde experiment met een numeriek model gesimuleerd. De respons wordt berekend met behulp van een ruwe schatting van de waarden van de ongekende modelparameters. De respons van de simulatie wordt vergeleken met de opgemeten respons en een set van parametercorrecties wordt geschat door middel van een minimalisatie van de responsieverschillen. De gecorrigeerde modelparameters worden in het numerieke model ingevoerd, en daarna wordt er een nieuwe iteratiecyclus gestart. Eenmaal de parametercorrecties kleiner zijn dan een wel bepaalde limiet wordt de iteratielus afgebroken. In het geval van trillingsgebaseerde materiaalidentificatie worden resonantiefrequenties gebruikt als responsies. Voor lineair elastische materialen zijn de resonantiefrequenties onafhankelijk van de opgelegde belasting. Hierdoor hoeft de opgelegde belasting niet opgemeten te worden bij trillingsgebaseerde GNETs.



Lineaire Elasticiteit In het geval van lineair elastische materialen wordt de spannings-rek relatie gegeven door de wet van Hook. In het meest algemene geval bevat deze uitdrukking 21 onafhankelijke stijfheidsco¨effici¨enten. Voor dunne, orthotrope materialen reduceert het aantal onafhankelijke stijheidsco¨effici¨enten zich tot vier: E1 , E2 , G12 , en ν12 . In het geval van een isotroop materiaal zijn er slechts twee onafhankelijke stijfheidsco¨effici¨enten: E en ν. Voor beide materialen zijn
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de mogelijke waardes die deze parameters kunnen aannemen begrensd. De grenzen zijn gebaseerd op de wetten van de thermodynamica, en bepalen het geldigheidsdomein van de oplossing van het materiaalidentificatie probleem.



Eindige Elementen Methode & Gevoeligheidsanalyse De Eindige Elementen Methode De eindige elementen methode (EEM) is een numerieke techniek die courant gebruikt wordt bij de analyse van mechanische structuren, en is in het bijzonder interessant voor de berekening van het trillingsgedrag van een structuur. Door zijn veelzijdigheid is de eindige elementen methode uiterste geschikt voor de ontwikkeling van krachtige GNET-gebaseerde technieken voor materiaalidentificatie. Bij het gebruik van de EEM in trillingsgebaseerde GNETs is het aan te raden om de monsters te modelleren met driedimensionale elementen met kwadratische vormfuncties. De densiteit van het elementen grid wordt het best bepaald aan de hand van een convergentie test. Gevoeligheidsanalyse Gevoeligheidsanalyse bestudeert de invloed van de inputparameters van een bepaald model op de respons. In het geval van locale gevoeligheidsanalyse wordt de invloed van een welbepaalde inputparameter op de respons bestudeerd in een enkel punt van de inputparameterruimte. Een locale gevoeligheidsanalyse levert een aantal gevoeligheidsco¨effici¨enten op. Elke gevoeligheidsco¨effici¨ent geeft aan in welke mate een welbepaalde respons veranderd in functie van een wijziging van de beschouwde inputparameter. Deze gevoeligheidsco¨effici¨enten zijn dus een ideaal hulpmiddel bij de bepaling van de parametercorrecties die noodzakelijke om de gewenste wijziging van de respons te verwezenlijken. De gevoeligheidsco¨effici¨enten van de resonantiefrequenties ten opzichte van de materiaalparameters (elastische eigenschappen en densiteit) worden best bepaald door de sommatie van de gevoeligheden van de elementen van het model, berekend met een semi-analytische differentiaal formulatie. De gevoeligheden van de monsterparameters (lengte, breedte, laagdiktes) worden bij voorkeur met een eindige differentie aanpak bepaald. Correlatieanalyse Trillingsgebaseerde materiaalidentificatie vereist een routine die in staat is het type (buigingsmode, torsiemode, etc.) van de berekende modevormen automatische te herkennen. Een automatische herkenning van de modevormen kan gerealiseerd worden door de berekende modes te vergelijken met de modevormen van een referentiedatabase aan de hand van het ‘modal assurance criterion’ (MAC).
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Optimalisatietheorie Inleiding Optimalisatietheorie is van primordiaal belang voor gemengde numeriek-experimentele technieken. GNETs bepalen de waardes van een aantal fysische grootheden door een dataset die opgemeten werd tijdens een experiment te vergelijken met een dataset die berekend werd met een simulatiemodel. De resultaten van de simulatie worden gecontroleerd door een aantal ongekende maar ‘afstelbare’ parameters. Er wordt verondersteld dat de correcte waardes van de fysische parameters overeenstemmen met de waardes van de modelparameters die resulteren in een optimale overeenstemming tussen de opgemeten en berekende dataset. Een GNET vereist dus een oplossing van een optimalisatieprobleem. Optimalisatietechnieken Nulde-Orde Methodes Nulde-orde technieken gebruiken enkel waardes van de kostfunctie om het optimalisatieprobleem op te lossen, ze gebruiken geen afgeleiden. In het geval van GNETs hebben de nulde-orde technieken het voordeel dat ze geen toegang tot de code van de eindige elementen software vereisen. Een evaluatie van drie verschillende nulde-orde technieken (de simplex methode, genetische algoritmes en neurale netwerken) toonde echter aan dat de nulde-orde technieken een zeer groot aantal kostfunctie¨evaluaties nodig hebben voor de bepaling van het optimum. Aangezien de evaluatie van de kostfunctie van een trillingsgebaseerde GNET een oplossing van ´e´en of meerdere eindige elementen modelen omvat, is de beperking van het aantal kostfunctie¨evaluaties van primair belang. Nulde-orde technieken zijn dus niet geschikt voor de oplossing van de trillingsgebaseerde GNETs wegens ineffici¨ent. Daalmethodes Daalmethodes (descent methods) zijn numerieke algoritmes die het minimum van de kostfunctie op een iteratieve wijze bepalen. Elke iteratiestap omvat twee acties: 1) het bepalen van een optimale daalrichting, 2) het verkleining van de waarde van de kostfunctie door een stap te nemen in de optimale daalrichting. Eerste-orde methodes zijn daalmethodes die enkel gradi¨entinformatie gebruiken voor de bepaling van de ideale daalrichting, tweede-orde methodes gebruiken hiervoor zowel gradi¨ent- als Hessiaaninformatie. In het geval van tweede-orde methodes levert de berekening van de ideale daalrichting meteen ook een optimale stap op. Uiteindelijke bleken de tweede-orde methodes zeer geschikt te zijn voor het oplossen van de trillingsgebaseerde GNETs.



Trillingsgedrag van Gelaagde Materialen Door middel van de klassieke laminaattheorie kan er aangetoond worden dat het trillingsgedrag van gelaagde materialen bepaald wordt door totale stijfheid van het materiaal en niet door de stijfheid van de individuele lagen. Dit heeft als gevolg dat de laageigenschappen niet ge¨ıdentificeerd kunnen worden aan de hand van het trillingsgedrag van ´e´en enkel monster.
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De laagstijfheden kunnen enkel bepaald worden aan de hand van het trillingsgedrag van een set van testmonsters die elk een verschillende laagconfiguratie hebben. Twee laagconfiguraties verschillen van elkaar door verschillende laagdiktes of laagsequenties. De uniciteit van de oplossing van de GNET is enkel gegarandeerd indien het aantal gebruikte laagconfiguratie groter dan of gelijk is aan het aantal materialen dat ge¨ıdentificeerd moeten worden.



Identificatieroutines De Vorm van de Monsters Aan de hand van een gevoeligheidsanalyse werd de invloed van de vorm van het monster op de informatie¨ınhoud van de resonantiefrequenties ge¨evalueerd. Balkvormige Monsters De resonantiefrequenties van balkvormige monsters blijken enkel informatie te bevatten over de elasticiteitseigenschappen in de richting van de langs-as van het monster. De buigingsfrequenties over de elasticiteitsmodulus, de torsiefrequenties leveren informatie over de glijdingsmodulus. Alle buigings- en torsiefrequenties blijken dezelfde informatie te bevatten, het gebruik van meerdere buigings- of torsiefrequenties van eenzelfde monster levert dus geen extra informatie op. Plaatvormige Monsters De resonantiefrequenties van plaatvormige monsters leveren informatie over de vier orthotrope materiaalparameters. De informatie¨ınhoud is sterk afhankelijk van de lengte/breedte verhouding van de plaat. Een optimale informatie¨ınhoud wordt bekomen voor een plaat met een lengte/breedte verhouding die voldoet aan uitdrukking (6.1). Identificatieroutines De identificatieroutine vereist een set monsters met een voldoende aantal laagconfiguraties zodat de uniciteit van de oplossing gegarandeerd is. In de experimentele fase worden de resonantiefreqeunties van de verschillende monsters opgemeten. De identificatie van de elastische eigenschappen start met het modelleren van alle monster met behulp van de eindige elementen methode. De resonantiefrequenties van alle monsters worden berekend met hulp van een set geschatte waarden van de ongekende elastische parameters. De berekende frequenties worden vergeleken met de gemeten frequenties, en een set van parametercorrecties wordt geschat uit de minimalisatie van de frequentieverschillen. De elastische parameters worden aangepast en er wordt een nieuwe iteratie cyclus gestart. Het iteratieproces loopt tot de parametercorrecties kleiner zijn dan de convergentielimiet. In het totaal worden drie varianten van deze procedure ge¨ıntroduceerd.
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Balkvormige Monsters Mono-Ori¨ entatie Routines — De mono-ori¨entatie routine gebruikt een set van balkvormige monsters die allen uitgesneden zijn in dezelfde materiaalrichting. In deze routine worden E en ν van de verschillende materiaallagen bepaald aan de hand van de fundamentele buigings- en torsiefrequenties van de verschillende test monsters. De glijdingsmodulus wordt bepaald in een post-processing stap aan de hand van uitdrukking (2.31). Hoewel de mono-ori¨entatie routine in theorie enkel geschikt is voor de identificatie van isotrope materialen is het toch mogelijk om de elasticiteits- en glijdingsmodulus van licht anisotrope materialen te bepalen. In dit geval kan de correctheid van het ge¨ıdentificeerde Poisson getal echter niet gegarandeerde worden. Multi-Ori¨ entatie Routines — De multi-ori¨entatie routine gebruikt een set van balkvorimige monsters die allen uitgesneden zijn in een verschillende materiaalrichting. Met deze routine kunnen de vier orthotrope materiaalparameters van de verschillende materiaallagen, E1 , E2 , G12 , en ν12 , bepaald aan de hand van de fundamentele buigings- en torsiefrequenties van de verschillende test monsters. Plaatvormige Monsters Deze routine gebruikt een set van een set van plaatvormige monsters die allen een optimale lengte/breedte verhouding hebben. Deze routine bepaalt de vier orthotrope materiaalparameters van de verschillende materiaal lagen, E1 , E2 , G12 , en ν12 , aan de hand van de resonantiefrequenties van de eerste vijf trillingsmodes van de verschillende test monsters.



Onzerkerheidsanalyse Inleiding Een opgemeten waarde van een fysische parameter is niet zinvol als ze niet vergezeld is van een verklaring over haar betrouwbaarheid. Zo’n betrouwbaarheidsverklaring moet gebaseerd zijn op objectieve feiten en wetenschappelijke onderbouwd zijn. Maar aangezien het over een oordeel gaat, zal een betrouwbaarheidsverklaring steeds, in zekere mate, subjectief zijn. De betrouwbaarheidsverklaring kan enkel aanvaard worden indien het duidelijk is hoe ze bekomen werd. Bronnen van Onzekerheid Een belangrijke bron van onzekerheid is de onzekerheid op de gemeten grootheden: lengte, breedte, dikte, massa, en resonantiefrequenties van de test monsters. Als een gevolg van benaderingen die gemaakt werden bij het opstellen van de eindige elementen modellen van de test monsters, is er ook een onzekerheid op de berekende frequenties. Uit een evaluatiestudie blijkt dat: a) de onzekerheid afkomstig van het beperkte meetbereik van de meetapparatuur belangrijker is dan de stochastische variatie van de opgemeten waardes, b) de onzekerheid afkomstig van de modelleringsfouten is verwaarloosbaar zijn ten opzichte van de onzekerheid op de gemeten grootheden, c) de discretisatiefout
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van het eindige elementen model levert wel een significante onzekerheid op. Onzekerheidsroutines Het onzekerheidsprobleem wordt zowel op een probabilistische als een nietprobabilistische manier opgelost. De onzekerheidsroutines worden geformuleerd als een post-processing stap die kan uitgevoerd worden nadat de materiaalparameters ge¨ıdentificeerd zijn. Om de rekentijd te beperken worden de GNET vergelijking vervangen door een eerst-orde benadering die bekomen wordt aan de hand van een Taylor expansie in het werkingspunt van de laatste iteratiestap. Probabilistische Aanpak Bij de probabilistische aanpak wordt de onzekerheid op de materiaalparameters bepaald aan de hand van een Monte Carlo simulatie. De onzekerheden van de inputparameters worden voorgesteld door een distributies met een uniforme waarschijnlijkheid tussen een boven en ondergrens. De gesamplede inputdistributies worden aan de hand van de gelineariseerde GNET vergelijking omgezet in outputdistributies. De onzekerheden van de materiaalparameters kunnen dan geschat worden aan de hand van de bekomen outputdistributies. Niet-Probabilistische Aanpak Bij de probabilistische aanpak wordt de onzekerheid op de grootheden voorgesteld met onzekerheidsintervallen. Elke onzekerheidsinterval bepaald de onder en boven grens van de beschouwde grootheid. De onzekerheidsintervallen van de materiaalparameters worden bepaald uit de onzekerheidsintervallen van de inputparameters aan de hand van intervalrekenkunde. Probabilistische versus Niet-Probabilistische Aanpak De probabilistische en niet-Probabilistische aanpak zijn complementair en hebben beiden een specifiek toepassingsgebied. De probabilistische aanpak is optimaal om de onzekerheid te bepalen van een set van opgemeten materiaalparameters, terwijl de niet-probabilistische aanpak ideaal is om de betrouwbaarheid of nauwkeurigheid van verschillende testconfiguraties te vergelijken.



Validatie Een zinvolle validatie van een meettechniek kan alleen op een experimentele manier uitgevoerd worden. Om de identificatieroutines voor gelaagde materialen te valideren werden ze toegepast op twee referentiematerialen waarvan de stijfheden van de lagen gekend waren. Het eerste referentiemateriaal was een messing-staal bi-metaal, het tweede referentiemateriaal was een met koolstofvezel versterkte kunststof. De validatietesten resulteerden in de volgende conclusies: 1) de trillingsgebaseerde GNETs zijn in staat om de elastische eigenschappen van de lagen correct identificeren, 2) de mono-ori¨entatie routine resulteerde in een hoge spreiding op de waardes van de ge¨ıdentificeerde materiaalparameters, 3) de multi-ori¨entatie routine is de gebruiksvriendelijkste en betrouwbaarste GNET, en 4) het gebruik van plaatvorimge monsters is mogelijk maar resulteert meestal in een aantal praktische problemen.
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Toepassingen De trillingsgebaseerde GNETs werden gebruikt voor de identificatie van een ‘air plasma sprayed’ en een ‘electrom beam – physical vapour deposited’ coating. Beide coatings bestonden uit twee lagen: a) een metalische verbindingslaag, en b) een ceramische toplaag. In beide gevallen kon de GNET de eigenschappen van de twee lagen identificeren. De bekomen resultaten waren in overeenstemming met de microstructurele karakteristieken van de coatings.



Conclusies Het is mogelijke om de elastische eigenschappen van de verschillende lagen van een gelaagd materiaal te identificeren aan de hand van een trillingsgebaseerde gemengde numeriek-experimentele procedure. De ontwikkelde procedures kunnen zowel de eigenschappen van isotrope als van orthotrope materialen bepalen. Door de trillingsgebaseerde aanpak kunnen de metingen contactloos uitgevoerd worden wat het testen van kleine monsters en/of brosse materialen toelaat. De GNET aanpak zorgt tevens voor een grote flexibiliteit wat het gebruik van verschillende monstertypes toelaat: balkvormige monsters, plaatvormige monsters, cilindrische monsters, gedeeltelijk gecoate monsters, etc.
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Introduction



1



This chapter introduces the thesis by situating the subject, highlighting the personal contributions and clarifying the structure of the text.



2



1.1.



1.1. MATERIAL IDENTIFICATION



Material Identification



Numerical simulations have become an indispensable tool in the process that leads to the development of an engineering structure. Although these simulations have replaced a substantial amount of experimental tests, they have not rendered testing obsolete. A successful simulation requires an accurate knowledge of the material parameters that are used in the numerical model. These parameters can only be obtained with an actual experiment. To improve the performance, durability or efficiency of mechanical equipment, material scientists are continuously developing new materials. Unfortunately, the mechanical behaviour of these novel materials is becoming increasingly more complex. The description of their behaviour thus requires more elaborate models that use a larger number of model parameters. All these material parameters have to be measured in order to use the simulation models in a reliable way. However, the knowledge of these parameters is not only important for mechanical simulations. Since these material parameters represent the true behaviour of the material, they can also be used by material scientists to evaluate and possibly improve the performance of newly developed materials. Layered materials is one class of new materials that is becoming increasingly important for the production of high performance components. During design calculations, their stiffness properties are crucial for the assessment of stress fields. Numerous analysis techniques to identify the elastic properties of materials exist, however in the case of layered materials, these techniques usually yield properties that are ‘homogenised’ over the thickness of the material. This thesis focuses on the development of identification procedures to identify the elastic parameters of the constituent layers of a layered material. 1.1.1.



Vibration-Based Material Identification



Traditionally, elastic material parameters are measured with quasi static tests such as tensile tests or four point bending tests. Alternatively, elastic material parameters can also be determined with vibration-based methods. With the vibration-based approach, the elastic properties can be determined in a contactless way, which is a major advantage for small test samples or brittle materials. Other advantages of the vibration-based approach are the accuracy, the simplicity and affordability of the test set-up, the short time required to perform a measurement, etc. The vibration-based approach is founded on the fundamental relation that exists between the elastic material properties of a structure and its vibratory behaviour. The first application of the vibration-based approach was reported by F¨orster [1] in 1937. F¨ orster used the Euler beam theory to link the sample’s elastic modulus to the eigenfrequency of the fundamental flexural mode. In 1945 Pickett [2] used Goens’ [7] approximate solution of the Timoshenko beam equations [8] to establish a more accurate relation between the elastic modulus and the fundamental transverse flexural frequency of a vibrating prism or cylinder. In 1961, Spinner and Teft [3] extended Pickett’s work with torsional frequencies, enabling the identification of the shear modulus. The work of Spinner and Teft formed the base of the ASTM resonant beam test pro-
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cedure [4], which standardised material testing based on analytical vibration models. However, the use of analytical formulas to describe the vibratory behaviour of test specimens is a major obstacle for extending the vibration-based methods to more complex materials. 1.1.2.



Layered Material Identification



There is an extensive amount of literature on the identification of the elastic properties of layered materials. Unfortunately, almost all the articles present procedures that either identify the ‘homogenised’ properties of the laminate, or consider relations between the properties of the various layers, reducing the problem to the identification of the properties of a single material. The following four articles, discussing a genuine layered identification technique, were found. Article 1: “Young’s modulus of bioactive glass coated oral implants: porosity corrected bulk modulus versus resonance frequency analysis” [6] — In this article the properties of a bioactive glass (BAG) coating are identified from a set of cylindrical specimens. In the considered article, the coating properties were identified using a pure substrate and a coated specimen. Pure substrate



Coated substrate



Figure 1.1: The specimens used to identify the Young’s modulus of the BAG coating. The elastic properties of the BAG coating were measured using the following approach. A number of BAG coated cylindrical test specimens were produced. These rods were regarded as composite cylindrical beams, made up of homogeneous, isotropic materials. The overall Young’s modulus of these bars was identified from the resonant frequency of the fundamental flexural vibration mode using the ASTM [4] standard1. The Young’s modulus of the substrate was identified in an identical way from the fundamental flexural frequency of the same specimen after removing the coating. The coating layer was removed by stressing the rotating sample with a point load. In this way the coating totally cracked up and subsequently spalled of the substrate without changing the properties of the substrate. Eventually, the elastic modulus of the BAG coating was calculated from the overall stiffness of the coated specimen and the elastic modulus of the substrate material. The overall stiffness of the coated specimen was decomposed by stating that the bending stiffness of the coated beam can be expressed as the 1 Appendix



D provides the identification formulas.
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sum of the bending stiffness of the substrate and the bending stiffness of the coating. Since the bending stiffness of the substrate and coated rod are known, this relation provides the bending stiffness of the coating. Finally, the Young’s modulus of the coating material is found by dividing the bending stiffness of the coating by its moment of inertia. The presented procedure is a genuine multi-layered identification technique and has the following qualities: - It is a vibration-based identification procedure that can identify the elastic modulus of layered materials with isotropic layers. - The procedure has been successfully applied to identify the Young’s modulus of a coating. - Although the method is presented for cylindrical rods, the procedure can easily be adapted to estimate the elastic properties of beam-shaped samples with a rectangular cross-section. Article 2: “An inverse method for determining material parameters of a multi-layer medium by boundary element method” [9] — This article presents a mixed numerical-experimental approach2 to determine the elastic moduli of the layers using indentation measurements. In the experimental phase, a disc-shaped sample of the layered material is indented with an axisymmetric indenter, while the applied force and resulting deformation are measured. The experiment is modelled with a boundary element model that considers the layers to be elastically isotropic and to have a uniform thickness. The procedure identifies the elastic modulus of the layers together with the layer thicknesses. In theory, there is no limit on the number of layers that can be identified. Also note that this procedure is able to identify the properties of layers with a thickness of a few micrometers.



Figure 1.2: A sample of a three-layer material indented by a cylindrical body. The article presents two theoretical examples, it does not present any actual test cases. In these theoretical examples, the indentation experiments are simulated with a boundary element model. The simulation results are used as experimental data to identify the layer properties. The first example considers a material with two layers, the second example considers a material with four layers. In both cases, there is an difference between the correct and identified properties. For the first and second example, an average difference of 2.0 % and 2.6 % respectively is observed. The authors explain the difference by indicating that the identification problem is ill-conditioned. Another consequence of 2 A general introduction about mixed numerical-experimental techniques is presented in section 1.2.
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this ill-conditioning is that the procedure does not yield a unique solution; the obtained solution depends on the starting values. The authors indicate that the ‘correct’ solution is only found, if the starting values were close enough to the correct values, and if the search space of the identification procedure was restricted by a set of constraints. Article 3: “Measurement of coatings’ elastic properties by mechanical methods: Part 1. Considerations on experimental errors” [10] — The authors present a four point bending technique to measure the elastic properties of isotropic coatings. They introduce two analytical models to describe a pure bending phenomenon in layered beam- and plate-shaped samples. From these model equations, they derive a set of analytical formulas to calculate the elastic modulus and Poisson’s ratio of the outermost coating layer. With these equations, the layer properties can be derived from a sample set that comprises specimens with an increasing number of layers, i.e. a test is performed after every layer deposition. The properties of the last deposited layer can be deduced on the basis of the results gained with the previous tests that were performed on samples with fewer layers. The presented technique considers all the layer materials to be isotropic. An estimate of the elastic modulus is obtained from beam-shaped samples, an estimate of the Poisson’s ratio is obtained from plate-shaped samples. Figure 1.3 presents the four variations of the four point bending test considered in the article; in each plot, only the measured quantities are indicated. Method 1 uses the strain on the surface of both the substrate (εs ) and the coating (εc ), method 2 uses the applied load (P ) and the strain on the coating surface, method 3 uses the applied load and the strain on the substrate surface, and method 4 uses the applied load and the resulting displacement of the midsection of the specimen (w). Note that only methods 2 and 4 can be applied with symmetrically coated specimens. P P εc



εc



εs (a) Method 1



P



(b) Method 2



P



εs (c) Method 3



P



P



w (d) Method 4



Figure 1.3: The four methods presented by [10].
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Article 4: “Measurement of coatings’ elastic properties by mechanical methods: Part 2. Application to thermal barrier coatings” [11] — In this article, the methods that were introduced in part one [10] are applied to identify the properties of thermal barrier coatings (TBCs)3 consisting of two separate layers: a metallic bond coat (BC) and a ceramic top coat (TC). The properties are identified using five different samples types: pure substrate samples, samples coated with BC on one side, samples coated with BC both sides, samples coated with BC and TC on one side, samples coated with BC and TC on both sides. To enable the identification of the elastic modulus and Poisson’s ratio of the coatings, both beam-shaped and plate-shaped samples were tested. With this sample set, methods 1, 2 and 4 can be evaluated and compared. All the approaches managed to identify the elastic properties of both the bond coat and the top coat. This procedure is thus a genuine multi-layered identification technique and has the following qualities: - The procedure can identify the elastic modulus and Poisson’s ratio of layered materials with isotropic layers. - Method 1 does not derive the layer stiffness from the overall bending stiffness of the beam. Through this, method 1 is less sensitive to errors on the layer thicknesses than methods 2, 3 and 4. - It is possible to measure the applied load and the resulting midsection displacement in a furnace. Therefore, it is possible to identify the layer properties as a function of temperature with method 4. The feasibility of high temperature testing is proven in [11]. 1.1.3.



Conclusions



The procedures presented in [6, 10] are genuine layered identification procedures, that have proven to work under testing conditions. Although these techniques worked fine for the considered applications, they have a number of important limitations: - Both techniques are limited to isotropic materials, it is impossible to identify the elastic properties of orthotropic materials. - The technique of [10] is limited to beam- and plate-shaped samples. The use of cylindrical or disc-shaped samples would require the derivation of a new set of analytical equations. The approach of [6] is limited to cylindrical and beam-shaped specimens. - Both techniques require a particular set of test samples: a sample set that comprises specimens that have an increasing number of layers. It is not possible to identify the layer properties with a single specimen. - The approach of [6] is only applicable with samples that have a symmetric layer configuration. - It is not possible to identify the properties of specimens that are partially coated. - The procedure of [10] not contactless. Porous materials might be crushed in the vicinity of the support or load points, brittle materials might crack. 3 The introduction of the third test-case discussed in chapter 9 provides some background information about thermal barrier coatings.
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Note that nearly all the limitations are related to the use of analytical formulas to describe the mechanical behaviour of the sample. These limitations could easily be overcome by using finite element models. A contactless, nondestructive procedure can be obtained by using a vibration-based approach. So, the vibration-based mixed numerical-experimental approach appears to be the most promising concept for the development of powerful identification techniques for layered materials.



1.2.



Mixed Numerical-Experimental Techniques



1.2.1.



Introduction



Mixed numerical-experimental techniques (MNETs) were introduced about two decades ago. In those twenty years MNETs have proven to be very versatile and flexible tools for the identification of material parameters. MNET-based identification routines have been introduced in a wide range of disciplines to estimate a broad variety of material parameters, e.g. in civil engineering to estimate the permeability [12] or elasticity [13] of soil, in electrical engineering to identify the piezoelectric properties of materials [14], in material engineering to quantify the porosity [15] or to determine the permeability of textiles for fibre reinforced plastics [16], in mechanical engineering to identify the thermal conductivity [17], acoustic [18], damping [19, 20] and plastic [21, 22] properties of materials, and in biomedical engineering to estimate the mechanical properties of skin [23] or liver tissue [24]. In those fields MNETs have been applied to identify material properties using specimens ranging from 50 µm thick structures [25] to real sized flood-control dams [26]. In the field of mechanical engineering, several authors have presented techniques to identify the elastic properties of materials. For this purpose, MNETs have been proposed to characterise materials using tensile tests [27], bending tests [28], shear tests [29], compression tests [30], indentation tests [31], elastic waves [32,33], stress waves [34], and resonant frequencies [35–37]. However, this thesis will only consider the resonant-based approach, since it is a very attractive option from both an experimental and a numerical point of view. Resonant based testing is standardised by an ASTM standard [4] which presents a number of analytical formulas to estimate the elastic material properties of homogeneous, isotropic materials. The use of analytical formulas to describe the vibratory behaviour of test specimens is, however, the main obstacle for extending the vibration-based methods to more complex materials. In 1986, Sol [5] showed that it is possible to replace the analytical formulas by special purpose finite element models. The MNET he presented identifies the four in-plane engineering constants of an orthotropic material, i.e. E1 , E2 , G12 and ν12 , from the resonant frequencies of the fundamental flexural modes of two beam-shaped specimens, and the first three resonant frequencies of a plateshaped specimen. Meanwhile, several authors introduced related approaches for the identification of elastic constants of orthotropic materials using thin plate specimens, [38–42], or have extended the technique to thick plates [43,44]. In the last decade several researchers have developed MNET-based procedures to identify the elastic properties of layered materials. In 1993 Soares [45] intro-
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duced a vibration-based MNET to identify the elastic properties of laminated composites from a number of resonant frequencies of a plate-shaped specimen. In 1997 Cunha [46, 47] proposed a similar technique to identify the stiffness coefficients of laminated composite plates. In 2000 he extended this procedure for the characterisation of the elastic properties of laminated composite tubes. In 2004 Cugnoni [48, 49] presented a vibration-based MNET to identify the overall elastic properties of thick sandwich panels. In [50] Rikards presented an interesting overview of MNET-based routines for the characterisation of layered materials. His overview clearly indicates that the routines that have been introduced so far have one major limitation: they only identify the average properties of the material, they do not provide any information about the properties of the individual layers. 1.2.2.



The MNET Approach



Some physical properties are difficult or even impossible to measure in a direct way. Sometimes, the physical property can be measured with an indirect measurement procedure. Instead of measuring the property of interest, indirect procedures measure a number of related quantities and derive the unknown property from the experimental values of these quantities. Traditional indirect measurement techniques use analytical expressions to relate the physical property of interest to the measured quantities. This approach can only be used when there is a simple relation between the measured quantities and the physical property of interest. If this relation becomes too complex to be expressed analytically, the physical properties of interest have to be related to the measured quantities by means of a numerical model, and the properties of interest have to be identified by a mixed numerical-experimental technique. Figure 1.4 illustrates the general concept of the mixed numericalexperimental approach. Applied inputs



Experiment Test set-up



Simulation Numerical model



Resulting responses



Physical properties



Figure 1.4: The general concept of mixed numerical-experimental techniques. Numerical models are usually formulated in such a way that they compute the response of a system using the applied inputs and system properties. The problem of determining the response from the input and system properties is called the direct problem and is illustrated in figure 1.5. However, the direct problem is not the problem that has to be solved in a mixed numerical-experimental technique – figure 1.4. In an MNET, a number of model parameters have to be derived from the system’s response to a particular input.
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Applied inputs Numerical model



Responses



Model parameters



Figure 1.5: The direct problem. This problem is called the inverse problem and is sketched in figure 1.6. Most numerical models can not be reformulated in the form that complies with the inverse problem. The solution of the inverse problem has to be found in an iterative way by ‘fine-tuning’ the model parameters in such a way that the obtained response equals the measured response. Applied inputs Numerical model



Responses



Model parameters



Figure 1.6: The inverse problem. Incorporating the concept of inverse problems into the scheme of figure 1.4 provides the general MNET flowchart of figure 1.7. In the first phase, an experiment is performed and the applied inputs and resulting responses are recorded. In a second phase, a numerical model of this experiment is constructed. The responses are computed with this simulation model using a set of trial values of the unknown model parameters, i.e. the physical properties that have to be identified. The simulation responses are compared with the experimental responses and an improved set of model parameters is obtained by minimising the response differences. The improved model parameters are



Sfrag Trial parameters
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Simulation



Test set-up



Numerical model



Measured responses



Calculated responses



Optimisation Minimise response differences



Identified properties



Yes



Convergence ? No
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Figure 1.7: The general flowchart of a mixed numerical-experimental technique (MNET).
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inserted into the numerical model and a new iteration cycle is performed. The iterative procedure is aborted once the solution has converged, and the model parameters can be extracted from the database of the numerical model. Note that vibration-based identification routines use resonant frequencies and mode shapes as response quantities. For linear elastic material behaviour, resonant frequencies and mode shapes do not depend on the excitation, which implies that vibration-based MNETs do not require to record the applied input4. The MNET approach might look like a quite complicated concept to measure physical parameters. However, if looked at from a modelling point of view, it is actually a very logical approach. For mechanical engineering applications, the identified material parameters will eventually be used in numerical simulations. An MNET routine will use this simulation code to identify the unknown values of the model parameters. It therefore creates a perfect synergy between the worlds of modelling and testing, since the numerical simulation code is used to both determine the values of the model parameters and predict the behaviour of a real structure. Note that the MNET approach is a generic concept allowing the identification of any parameter that is used in a numerical simulation code. MNETs also have a number of other interesting advantages over traditional measurement techniques. For example, it is possible to extract more than one physical parameter from a single experiment or to extract a set of parameters from a combination of different experiments. Unlike conventional measurement approaches, MNETs can also handle more complex types of experimental data and this might become an important issue in the future. Due to recent technological advances, optical measurement devices like scanning laser vibrometers and CCD cameras are becoming more and more affordable. Although these systems provide a wealth of information, the information is only becoming useful when there are techniques to process the measured data in an efficient way. MNETs could play an important role in this process. 1.2.3.



MNETs versus Finite Element Model-Updating



The reader with a background in mechanical engineering might have the impression that mixed numerical-experimental techniques is just another name for finite element model-updating. Both techniques are based on the same mathematical tools: numerical modelling, correlation analysis, sensitivity analysis and optimisation theory. Despite these important similarities, there is a significant difference: the two methods differentiate themselves from each other based on their main goal. To be more precise, model-updating focuses on the mathematical model, while MNETs focus on the model parameters. All other differences between model-updating and MNETs are a consequence of this fundamental difference. The quality of a numerical model is of course determined by its capability to predict the responses of the real structure. However, every mathematical model is based on a number of assumptions and has therefore a limited accuracy. In the case of finite element models, the inaccuracy of the model can be caused by 4 As long as the characteristics of the input spectrum are known and allow the estimation of the relevant resonant frequencies and/or mode shapes.
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approximating the geometry of the considered structure with a limited number of elements, the type of elements and element formulation, uncertainties on the material properties or any other simplification made during the construction of the numerical model. Because of these assumptions and simplifications, the results of the numerical model will not exactly match the experimental responses of the real structure. Model-updating aims to improve the reliability of a mathematical model by fine-tuning a number of model parameters, in order to obtain an optimal correlation between the numerical results and a set of experimental data. An MNET aims to identify the values of a set of physical parameters by minimising the differences between a data set measured during an experiment and the results of a numerical simulation of this experiment. Like model-updating routines, MNETs minimise the differences between experimental and numerical results by fine-tuning a set of model parameters. However, the goal of MNETs is not to compensate the shortcomings of the model, but to measure a set of physical properties. This leads to the following practical differences between model-updating and MNETs: Accuracy of the model — In model-updating, the model parameters are finetuned to improve the reliability of the model. In some cases, the simulation model was even deliberately simplified, e.g. to obtain a shorter computation time. This is not a serious problem, since the optimised parameter values can compensate the inaccuracies of the model. However, the optimised parameter values will only compensate the inaccuracies of that particular model. The optimised parameters are thus model-dependent and meaningless, if they are not used in combination with the associated model. MNETs aim at identifying the values of physical parameters, which are by definition model-independent. The inaccuracy of the simulation model of a certain MNET will have a negative effect on the quality of the identified parameters. Therefore, the mathematical model of any MNET should be as accurate as possible. This can only be achieved by combining a rather simple experiment with a detailed simulation model. The choice of the parameters — The proper selection of the updating parameters is a key step for the successful updating of a finite element model. If the selected model parameters are indeed the ones with incorrect values, the procedure should converge and yield an updated model that is reliable. On the contrary, if the model parameters with incorrect values are not selected, the updating process might not converge or might yield a model that is not very reliable and/or contains parameters with unrealistic values [51]. Usually, the selection of the proper updating parameters is a difficult process, however in the case of an MNET this process is very straightforward. The updating parameters are simply the ones that represent the physical quantities that have to be identified. The uniqueness of the solution — Updating problems can have multiple solutions that result in an equivalent correlation between model and experiment. In the case of model-updating, this is not a problem since the goal is to have – at least one – reliable model. On the contrary, in the case of an MNET, multiple solutions pose a serious problem. MNETs identify physical properties, which
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of course have a unique value. If there are multiple solutions that result in an equivalent correlation, it is impossible to determine which solution represents the correct physical values. So, if an MNET results in multiple solutions, it has to be redesigned in such a way that it provides only one solution.



1.3.



Focus of the Thesis



The main objective of this thesis was to develop a vibration-based identification procedure to determine the elastic properties of the individual layers of layered materials. In order to achieve this objective, a lot of intermediate steps had to be taken, some of which provided better insight in vibration-based material identification or resulted in new identification procedures for non-layered materials. More specifically, the original contributions of this thesis are: - The identification procedure that was introduced in [5] is a vibration-based MNET that can identify the elastic properties of orthotropic materials. It requires the resonant frequencies of the fundamental flexural vibration mode of two beam-shaped specimens and the resonant frequencies of the three lowest vibration modes of a plate-shaped specimen. The procedure was modified in such a way that the elastic properties can now be identified from the resonant frequencies of the first five vibrations modes of the plateshaped specimen. The two beam-shaped specimens are no longer required. - The development of a new MNET procedure that can identify the elastic properties of orthotropic materials from the resonant frequencies of the fundamental flexural and torsional vibration modes of a set of beamshaped specimens each of which represents a different material orientation. Since this technique only requires beam-shaped specimens, it allows the characterisation of orthotropic materials at high temperatures, in a furnace. - The introduction of three vibration-based MNETs for the identification of the elastic properties of layered materials. The developed techniques can identify the elastic properties of both isotropic and orthotropic layers. - The text presents a comparison of the various vibration-based identification techniques for both homogeneous and layered materials. All these techniques are critically evaluated using a number of numerical and experimental validation tests. - The introduction of a probabilistic and a non-probabilistic approach to handle the uncertainties in vibration-based MNETs. The presented uncertainty analysis algorithms estimate the uncertainty on the identified elastic parameters from the uncertainties on the experimentally measured quantities in a computationally efficient way.



1.4.



Structure of the Thesis



This thesis comprises three main parts. The first part introduces a number of mathematical tools, the second part uses these mathematical tools to build a series of identification procedures, and the last part provides an experimental validation together with a number of applications of the presented identification routines. The text is organised in nine chapters.
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Chapter 1 — Introduces the thesis by situating the subject, highlighting the personal contributions and clarifying the structure of the text. Chapter 2 — Discusses the basics of the theory of linear elasticity. It introduces the isotropic and orthotropic material model and presents the thermodynamic restrictions on the parameters of these two models. Chapter 3 — The first part of this chapter discusses the basics of the finite element method for normal modes analysis. The second part of this chapter introduces sensitivity analysis and gives a detailed discussion on its use in vibration-based material identification routines. Chapter 4 — Presents an overview of the use of optimisation theory in MNETs together with the general framework to solve the optimisation problem of a vibration-based MNET. Chapter 5 — Introduces the classical lamination theory and discusses the vibratory behaviour of layered materials. Chapter 6 — Presents and discusses the vibration-based identification routines for both homogeneous and layered materials. Chapter 7 — This chapter introduces the concept of measurement uncertainty and presents a probabilistic and a non-probabilistic approach to handle uncertainty with MNET-based identification routines. Chapter 8 — Presents the validation tests performed on two different reference materials in order to validate the MNET-based procedures of chapter 6 in an experimental way. Chapter 9 — Presents a number of applications of layered material identification, using the MNET-based procedures introduced in chapter 6, to identify the elastic properties of different types of ceramic coatings. Chapter 10 — Summarises the conclusions and provides some suggestions for future research.
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Linear Elasticity



2



This chapter provides a general overview of the theory of linear elasticity and presents a detailed discussion of both the isotropic and orthotropic material model. The text of this chapter is based on the material presented in references [52] and [53].
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2.1. THE GENERALIZED HOOKE’S LAW



The Generalized Hooke’s Law



When linear elastic behaviour is assumed, the stress-strain relation of a material is given by the generalized Hooke’s law. In matrix form, Hooke’s law is expressed as {σ} = [C]{ε} (2.1) in which the vectors {σ} and {ε} group the stress and strain components, respectively. Since both {σ} and {ε} are elements of R6 , the stiffness matrix [C] has to be an element of R6×6 . This means that 36 parameters are needed to describe a material’s stress-strain relation. However, it can be shown that the stiffness matrix has to be symmetric [52], reducing the number of independent constants to 21. The most general expression within the framework of linear elasticity is thus given by      σ1  ε1  C11 C12 C13 C14 C15 C16                 C C C C C C σ    12 22 23 24 25 26   ε2  2         ε3  C C C C C C σ3 13 23 33 34 35 36   =  γ23  τ23      C14 C24 C34 C44 C45 C46            C15 C25 C35 C45 C55 C56   γ31  τ     31         C16 C26 C36 C46 C56 C66 τ12 γ12



(2.2)



in which σi and εi are the normal stress and strain component in the i-direction, while τij and γij are the shear stress and shear strain in the ij-plane. Under the assumption of small deformations, the strain vector {ε} is related to the displacement vector {u} as {ε} = [∂]{u}



(2.3)



or    ∂ ε1        ∂x 0   ε    2      ∂ ε3  = 0  γ23   ∂y        γ31        0 0 γ12



 ∂ ∂ T ∂z ∂y     u ∂ ∂   v 0 0  ∂z ∂x    w   ∂ ∂ ∂ 0 ∂z ∂y ∂x 0



0



(2.4)



where u, v, and w are the displacement components in the x-, y-, and zdirection, respectively. Equation (2.2) models an anisotropic material which has no planes of symmetry for its material properties. Such a material is called a triclinic material. If any material symmetry exists, the number of independent properties decreases further, since the material symmetry induces relations between the various stiffness coefficients. For a material with a single symmetry plane, the stressstrain relation reduces to



2.1. THE GENERALIZED HOOKE’S LAW



     σ1  C11 C12 C13 0 0 C16  ε1                 σ C C C 0 0 C    2 12 22 23 26   ε2           σ3 C C C 0 0 C ε 13 23 33 36  3  =  γ23  τ23      0 0 0 C44 C45 0             τ 0 0 0 C C 0 γ31      31  45 55        τ12 C16 C26 C36 0 0 C66 γ12
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(2.5)



in case the 12-plane is the symmetry plane. Materials with one symmetry plane are called monoclinic and can be described with 13 independent elastic constants. Note that the structure of the stiffness matrix will only comply with the structure presented in (2.5), when the coordinate system used to define the stress and strain vectors is aligned with the symmetry plane of the material properties. When an arbitrary coordinate system is chosen, the stiffness matrix will contain 36 non-zero elements, of which only 13 are independent. The existence of two orthogonal symmetry planes in a material automatically implies the presence of a third symmetry plane, orthogonal to the first two [53]. A material with three orthogonal symmetry planes is called orthotropic. If the used coordinate system is aligned with the principal material directions, i.e. the directions parallel to the intersections of the three orthogonal symmetry planes, the stress-strain relation becomes      ε1  C11 C12 C13 0 0 0  σ1               ε2  C C C 0 0 0 σ     12 22 23 2            ε C C C 0 0 0 σ3 3 13 23 33  (2.6) =   γ23  0 0 0 C44 0 0   τ23              γ31  0 0 0 0 C55 0   τ31              τ12 γ12 0 0 0 0 0 C66 The elastic behaviour of an orthotropic material can be described with 9 independent constants. Equation (2.6) shows that there is no interaction between the normal stresses and the shear strains, between the shear stresses and normal strains, and between the shear stresses and shear strains in different planes. Also note that these interactions do exist, when the coordinate system is not aligned parallel to the symmetry planes. In this situation, the stiffness matrix will once again have 36 non-zero coefficients. If the material has an infinite number of symmetry planes, the material is said to be isotropic. In the case of an isotropic material, the stress-strain relation simplifies to   C11 C12 C12 0 0 0       ε1   C12 C11 C12 0 0 0 σ1            C C C    0 0 0 ε2  σ2      12 12 11            ε3  C11 − C12 σ3   0 0 (2.7) = 0 0 0   γ23  2 τ23        C − C     11 12   γ31    τ31    0 0 0 0 0           2   γ12 τ12 C11 − C12 0 0 0 0 0 2 Equation (2.7) indicates that an isotropic material is defined by only 2 inde-
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pendent constants. Since any arbitrary plane is a symmetry plane, the choice of the coordinate system does not change the values of the stiffness constants, nor the number of non-zero elements of the stiffness matrix. The generalized Hooke’s law can also be written in terms of compliances, relating the strains to the stresses as {ε} = [S]{σ} with [S] = [C]−1



(2.8)



The matrix [S] is called the compliance matrix. It can be shown that the compliance matrix has the same structure as the stiffness matrix [53]. The compliance matrices of triclinic, monoclinic, orthotropic, and isotropic materials can thus be obtained by replacing Cij with Sij in equations (2.2) and (2.5–2.7). To conclude, it must be emphasised that the number of independent constants is a very important quantity from an identification point of view, since it determines the number of parameters that will have to be identified in order to fully describe the constitutive behaviour of the material. Also note that the behaviour of a material is controlled by the number of non-zero coefficients and not as much by the number of independent constants. For example: an on-axis orthotropic material and an isotropic material will qualitatively behave the same, since both materials have 12 non-zero stiffness coefficients. Table 2.1 summarizes the properties of the different material classes.



Table 2.1: Summary of the material symmetries [53]. Symmetry type Triclinic Monoclinic Orthotropic Isotropic



Independent constants 21 13 9 2



2.2.



Orthotropic Materials



2.2.1.



Engineering Constants



Non-zero constants On-axis Off-axis 36 36 20 36 12 36 12 12



In practice, elastic material properties are usually characterized with a set of engineering constants like generalized Young’s moduli, shear moduli and Poisson’s ratios. For an orthotropic material, there are twelve engineering constants. The Young’s modulus in the i-direction is defined as Ei =



σi , εi



i = 1, 2, 3



(2.9)



considering a stress state where σi is the only non-zero stress component.
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The shear modulus in the ij-plane is defined as Gij =



τij , γij



ij = 12, 23, 31



(2.10)



considering a stress state where τij is the only non-zero stress component. The Poisson’s ratio for transverse strain in the j-direction when the material is stressed in the i-direction is defined as νij = −



εj , εi



ij = 12, 13, 21, 23, 31, 32



(2.11)



considering a stress state where σi is the only non-zero stress component. The definitions of the engineering constants originate from the traditional test methods used to characterise the elastic behaviour of materials such as uni-axial tension or pure shear tests [52]. These traditional tests are usually performed with a controlled strain or displacement, while the required force is measured. This obviously explains the choice of uni-axial stress conditions in the definitions of the engineering constants. Since the engineering constants are defined for uni-axial stress conditions, it is much easier to express them in terms of compliances than in terms of stiffnesses. The combination of the definitions in (2.9–2.11) with the strain-stress relations of an orthotropic material result in the expressions of (2.12–2.14), which relate the engineering constants to the compliances. Remember that the compliance matrix of an orthotropic material has the same structure as the stiffness matrix of (2.6). 1 1 1 E1 = E2 = E3 = (2.12) S11 S22 S33 1 1 1 G23 = G31 = G12 = (2.13) S44 S55 S66 S23 S13 S12 ν23 = − ν31 = − ν12 = − S11 S22 S33 (2.14) S12 S23 S13 ν21 = − ν32 = − ν13 = − S22 S33 S11 The expressions of equation (2.14) show that νji νij = Sjj Sii



(2.15)



which means that there are only three independent Poisson’s ratios. In terms of engineering constants, the Poisson’s ratios are related as follows νji νij = Ei Ej 2.2.2.



(2.16)



Elastic Properties for an Arbitrary Orientation



The properties discussed in the previous section are defined in the directions of the principal material axes. These on-axis properties describe the behaviour of the material when subjected to a stress field that is aligned with the principal
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material axes. But as already mentioned, the behaviour of a material can vary with the orientation of the considered load. The off-axis properties describe the material behaviour when subjected to a stress field with an arbitrary orientation. The goal of this section is to establish the link between the on- and off-axis properties. Consider a load with an arbitrary orientation and a local axis system x-y-z which is aligned to the principal directions of this load. In this local axis system, the stress-strain relation can be expressed as {ε} = [S]{σ}



(2.17)



where the overline indicates that the quantities are expressed in local coordinates. The transformed compliance matrix [S] contains the off-axis properties. The local coordinate system can be obtained from the global system, i.e. the 1-2-3 system, by applying three successive rotations. These rotations are mathematically represented by the transformation matrix " [T ] =



T11 | T12



# (2.18)



T21 | T22



where  a211 a212 a213 [T11 ] =  a221 a222 a223  a231 a232 a233   2a11 a12 2a12 a13 2a13 a11 [T12 ] =  2a21 a22 2a22 a23 2a23 a21  2a31 a32 2a32 a33 2a33 a31   a11 a21 a12 a22 a13 a23 [T21 ] =  a21 a31 a22 a32 a23 a33  a31 a11 a32 a12 a33 a13  a11 a22 + a12 a21 a12 a23 + a13 a22 [T22 ] =  a21 a32 + a22 a31 a22 a33 + a23 a32 a31 a12 + a32 a11 a32 a13 + a33 a12 



 a13 a21 + a11 a23 a23 a31 + a21 a33  a33 a11 + a31 a13



in which aij represents the cosine of the angle between the final position of the i-axis, and the initial position of the j-axis. The on- and off-axis stress vectors are thus related as     σx  σ1               σ σ2     y          σz σ3 = [T ] (2.19) τyz  τ23              τzx  τ31              τxy τ12 or in contracted notation
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{σ} = [T ]{σ} The on-axis and off-axis strains are related as     εx  ε1              εy  ε2             εz     ε3  1 1 = [T ] 2 γyz  2 γ23            1 1        2 γzx     2 γ31      1   1 2 γxy 2 γ12



(2.20)



(2.21)



In order to express this relation in terms of ‘classical’ strain vectors as in (2.2), Reuter [54] introduced a weighting matrix [R].   1 0 0 0 0 0 0 1 0 0 0 0   0 0 1 0 0 0  (2.22) [R] =  0 0 0 2 0 0   0 0 0 0 2 0 0 0 0 0 0 2 By using the Reuter matrix, the strain relation (2.21) can be contracted as {ε} = [R][T ][R]−1 {ε}



(2.23)



In the global axis system, the strain and stress vectors are related as (2.8). {ε} = [S]{σ}



(2.24)



This on-axis strain-stress relation can be expressed in term of off-axis strain and stress components by means of the transformation expressions (2.20) and (2.23). {ε} = [R][T ][R]−1 [S][T ]−1 {σ}



(2.25)



Equation (2.25) expresses the off-axis strain-stress relation (2.17). The on- and off-axis compliances are thus related as [S] = [R][T ][R]−1 [S][T ]−1



(2.26)



Note that the elaboration of the right-hand side of (2.26) will show that the off-axis compliance matrix is symmetrical.



2.3.



Isotropic Materials



In case of isotropic material behaviour, the engineering constants are related to the compliances as E1 =



E2 =



E3 =



1 S11



(2.27)
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G13 =



1 2(S11 − S12 )



G12 =



G23 =



ν12 =



ν23 =



ν31 = −



ν21 =



ν32 =



ν13



(2.28)



S12 S11 S12 =− S11



(2.29)



or simplified E=



1 , S11



G=



1 , 2(S11 − S12 )



ν=−



S12 S11



(2.30)



Elimination of the compliances S11 and S12 from the equations of (2.30) provides the following relation between the three engineering constants of an isotropic material G=



E 2(1 + ν)



(2.31)



Note that for isotropic materials, every plane is a plane of symmetry. Therefore, the properties of isotropic materials cannot vary in function of the material orientation.



2.4.



Two-Dimensional Stress Analysis



For plate-like structures, the stress analysis is usually carried out under the Kirchhoff assumptions1. For a structure parallel to the 12-plane, the Kirchhoff assumptions result in plane stress state where σ3 = 0,



τ23 = 0,



τ31 = 0



(2.32)



Furthermore, in the case of plate-like objects, the normal strain in the transverse direction, ε3 , is sufficiently small so that it can be ignored. 2.4.1.



Orthotropic Materials



Accepting the Kirchhoff assumptions, the general strain-stress relation for orthotropic materials reduces to the following in-plane strain-stress relation      S11 S12 0  σ1   ε1  ε2 =  S12 S22 0  σ2 (2.33)     γ12 0 0 S66 τ12 The in-plane stress-strain relation (2.34) is obtained by inverting the reduced strain-stress relation (2.33)      Q11 Q12 0  ε1   σ1  σ2 =  Q12 Q22 0  ε2 (2.34)     τ12 0 0 Q66 γ12 1 More



information on the Kirchhoff assumptions can be found in chapter 5.
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The reduced stiffness coefficients Qij are related to the compliances as follows S22 2 , S11 S22 − S12 S11 = 2 , S11 S22 − S12



S12 2 , S11 S22 − S12 1 = S66



Q11 =



Q12 = −



Q22



S66



(2.35)



or to the engineering constants as E1 , 1 − ν12 ν21 E2 = , 1 − ν12 ν21



ν12 E2 , 1 − ν12 ν21



Q11 =



Q12 =



Q22



Q66 = G12



(2.36)



Remember that, according to equation (2.16) ν12 ν21 = E1 E2



(2.37)



which implies that, under the Kirchhoff assumptions, the elastic behaviour of an orthotropic material can be fully described by four instead of nine independent engineering constants, i.e. E1 , E2 , G12 and ν12 . The off-axis properties are still obtained with (2.26), but the rotation matrix (2.18) and Reuter matrix (2.22) reduce to



 cos2 θ sin2 θ −2 sin θ cos θ [T ] =  sin2 θ cos2 θ 2 sin θ cos θ , sin θ cos θ − sin θ cos θ cos2 θ − sin2 θ 







 1 0 0 [R] =  0 1 0  0 0 2



(2.38)



where θ is the angle between the x- and 1-axis, as shown in figure 2.1.



y 2 1 θ x



Figure 2.1: The definition of the orientation angle θ.



Elaboration of the right-hand side of (2.26) after the introduction of the two expressions of (2.38) yields the following relations between the on- and off-axis in-plane compliances.
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S 11 = S11 cos4 θ + (2S12 + S66 ) sin2 θ cos2 θ + S22 sin4 θ  S 12 = S12 sin4 θ + cos4 θ + (S11 + S22 − S66 ) sin2 θ cos2 θ S 22 = S11 sin4 θ + (2S12 + S66 ) sin2 θ cos2 θ + S22 cos4 θ S 16 = (2S11 − 2S12 − S66 ) sin θ cos3 θ − (2S22 − 2S12 − S66 ) sin3 θ cos θ



(2.39)



S 26 = (2S11 − 2S12 − S66 ) sin3 θ cos θ − (2S22 − 2S12 − S66 ) sin θ cos3 θ  S 66 = 2 (2S11 + 2S22 − 4S12 − S66 ) sin2 θ cos2 θ + S66 sin4 θ + cos4 θ Since the transformed compliance matrix is symmetrical, the six coefficients of (2.39) are sufficient to construct the complete [S] matrix. Note that, for an arbitrary value of the orientation angle θ, the transformed compliance matrix has nine non-zero elements. However, the elastic behaviour is still fully characterised by only four independent material constants. By considering the relations of (2.12–2.14), the on- and off-axis compliance relations can be transformed into the following relations between the engineering constants [52]   1 1 1 2ν12 1 = cos4 θ + − sin2 θ cos2 θ + sin4 θ Ex E 1 G12 E1 E2   1 1 1 2ν12 1 = sin4 θ + − cos4 θ sin2 θ cos2 θ + Ey E 1 G12 E1 E2    1 2 2 4ν12 1 1 sin4 θ + cos4 θ =2 + + − sin2 θ cos2 θ + Gxy E1 E2 E1 G12 G12      1 ν12 1 1 νxy = Ex sin4 θ + cos4 θ − + − sin2 θ cos2 θ E1 E1 E2 G12



(2.40) (2.41) (2.42) (2.43)



The constants Ex , Ey , Gxy , and νxy are the apparent elastic properties and represent the values of the engineering constants in the directions defined by the local axis system. Unlike the principal engineering constants E1 , E2 , G12 , and ν12 , the apparent properties are not independent and do not, therefore, provide enough information to fully describe the material behaviour. The description of the material behaviour in the local axis system also requires the values of the two coefficients of mutual influence. The coefficient of mutual influence of the first kind characterises the stretching in the i-direction caused by a shear deformation in the ij-plane. The coefficient of mutual influence of the second kind characterises the shearing in the ij-plane caused by a normal deformation in the i-direction. Both coefficients of mutual influence are zero in the on-axis directions. More details about these coefficients can be found in [55]. The equations (2.40–2.43) allow to plot the apparent elastic properties in function of the material orientation. To illustrate this, consider a unidirectionally reinforced carbon-epoxy material with the following elastic properties: E1 = 100 GPa, E2 = 10 GPa, G12 = 5 GPa, and ν12 = 0.25. Figure 2.2 presents the orientational variation of the elastic properties. These plots illustrate that orthotropic materials have two orthogonal symmetry axes in the 12-plane. One quarter of the plots of figure 2.2 provides all the available information. The vari-
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Figure 2.2: The variation of the elastic properties in function of the orientation in a polar coordinate system of the considered carbon-epoxy.
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ation of the material properties can therefore be fully represented by plotting the properties for the range [0◦ , 90◦ ]. Figure 2.3 shows the elastic properties in this range using a Cartesian coordinate system. The relations between the principal and apparent elastic properties (2.40–2.43) and the Cartesian representation of the variation of the apparent properties will be extensively used in the identification routines that are developed in chapter 6.
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Figure 2.3: The variation of the elastic properties in function of the orientation in a Cartesian coordinate system.



2.4.2.



Isotropic Materials



Under the Kirchhoff assumptions, the strain-stress relation of an isotropic material becomes      S11 S12 0  ε1   σ1   σ2 ε2 0 =  S12 S11 (2.44)     γ12 0 0 2 (S11 − S12 ) τ12
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in which 1 ν S12 = − (2.45) E E The in-plane stress-strain relation (2.46) is obtained by inverting the strainstress relation (2.44)      Q11 Q12 0  ε1   σ1  σ2 =  Q12 Q22 0  ε2 (2.46)     τ12 0 0 Q66 γ12 S11 =



in which the reduced stiffnesses Qij are related to the engineering constants as Q11 =



E 1 − ν2



Q12 =



νE 1 − ν2



Q66 =



E 2 (1 + ν)



(2.47)



Unlike the case of orthotropic materials, the Kirchhoff assumptions do not reduce the number of independent parameters needed to describe the linear elastic behaviour of isotropic materials.



2.5.



Restrictions on the Engineering Constants



The elastic material parameters cannot just take any value, they are restricted by a number of physical limits [52]. In the case of material identification applications, these limits can be used to check the validity of the obtained material parameters. 2.5.1.



Orthotropic Materials



The considered restrictions are the so-called thermodynamic constraints which are based on the principle that the total work done by all the stress components must be positive in order to avoid the creation of energy [56]. The work done by a stress component is given by the product of the stress component with the corresponding strain component. The work of the stress components will only be positive, if the stiffness and compliance matrices are positive-definite [56]. Besides this mathematical approach, the restrictions on the engineering constants can also be derived in a more physical way. Consider a stress field where only the ith stress component is non-zero. The work done by the stress field now equals the square of the stress component multiplied by Sii . Since the work must be strictly positive, the diagonal elements of the compliance matrix must also be strictly positive. Under the Kirchhoff assumptions, this means that S11 , S22 , S66 > 0



(2.48)



which implies that E1 > 0



E2 > 0



G12 > 0



(2.49)



In the same way, by considering a strain field where there is only one non-zero strain component, one can prove that the diagonal elements of the reduced
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stiffness matrix are strictly positive Q11 , Q22 , Q66 > 0



(2.50)



Considering the equations of (2.36), this implies that 1 − ν12 ν21 > 0 By substituting (2.37) into (2.51), this inequality can be rewritten as r r E1 E2 or |ν21 | < |ν12 | < E2 E1 2.5.2.



(2.51)



(2.52)



Isotropic Materials



The restrictions on the isotropic material parameters can be established using the same thermodynamic considerations as in the previous section. Once again, the diagonal elements of the compliance and reduced stiffness matrix must be strictly positive. Therefore, S11 > 0



and



Q11 > 0



(2.53)



The first inequality shows that E>0



(2.54)



In combination with (2.47) and (2.54), the second inequality implies that 1 − ν2 > 0



(2.55)



|ν| < 1



(2.56)



or that



Note that the restriction of (2.56) complies with the restrictions found for orthotropic materials (2.52). However, in the case of isotropic materials the upper limit on Poisson’s ratio can be improved. Consider a brick shaped solid body, made out of an isotropic material, which is subjected to a hydrostatic pressure p. If this brick shaped body has a unit volume V0 , then the volumetric strain [57] is defined as



εvol =



V − V0 ∆V = = (1 + ε1 )(1 + ε2 )(1 + ε3 ) − 1 ≈ ε1 + ε2 + ε3 V0 V0



(2.57)



By using the three-dimensional strain-stress relations for isotropic materials, i.e. the inverse of (2.7), the expression of the volumetric strain can be rewritten as   1 2ν εvol = 3 (S11 + 2S12 ) (−p) = 3 − (−p) (2.58) E E Note that the hydrostatic pressure p induces a stress σ = −p. The hydrostatic
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pressure will compress the body, which means that the volumetric strain εvol must be negative. This implies that 1 2ν − >0 E E



(2.59)



or that 1 (2.60) 2 The Poisson’s ratio of an isotropic material is thus restricted to the range ν 
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