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MATHEMATICS Unit Further Pure 3 Thursday 11 June 2009



MFP3



9.00 am to 10.30 am



For this paper you must have: * a 12-page answer book * the blue AQA booklet of formulae and statistical tables. You may use a graphics calculator.



Time allowed: 1 hour 30 minutes Instructions Use black ink or black ball-point pen. Pencil should only be used for drawing. Write the information required on the front of your answer book. The Examining Body for this paper is AQA. The Paper Reference is MFP3. Answer all questions. Show all necessary working; otherwise marks for method may be lost. * *



* *



Information The maximum mark for this paper is 75. The marks for questions are shown in brackets. * *



Advice Unless stated otherwise, you may quote formulae, without proof, from the booklet. *
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Answer all questions.



1 The function yðxÞ satisfies the differential equation dy ¼ f ðx, yÞ dx where



f ðx, yÞ ¼



pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ x2 þ y þ 1



yð3Þ ¼ 2



and (a) Use the Euler formula



yrþ1 ¼ yr þ h f ðxr , yr Þ with h ¼ 0:1 , to obtain an approximation to yð3:1Þ , giving your answer to four decimal places. (3 marks) (b) Use the formula yrþ1 ¼ yr1 þ 2h f ðxr , yr Þ with your answer to part (a), to obtain an approximation to yð3:2Þ , giving your answer to three decimal places. (3 marks)



2 By using an integrating factor, find the solution of the differential equation dy  y tan x ¼ 2 sin x dx given that y ¼ 2 when x ¼ 0 .
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(9 marks)
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3 The diagram shows a sketch of a circle which passes through the origin O. y A



O



x



The equation of the circle is ðx  3Þ2 þ ðy  4Þ2 ¼ 25 and OA is a diameter. (a) Find the cartesian coordinates of the point A.



(2 marks)



(b) Using O as the pole and the positive x-axis as the initial line, the polar coordinates of A are ðk, aÞ . (i) Find the value of k and the value of tan a .



(2 marks)



(ii) Find the polar equation of the circle ðx  3Þ2 þ ðy  4Þ2 ¼ 25 , giving your answer in the form r ¼ p cos y þ q sin y . (4 marks)



4 Evaluate the improper integral ð 1 1



 1 4  dx x 4x þ 1



showing the limiting process used and giving your answer in the form ln k , where k is a constant to be found. (5 marks)



5 It is given that y satisfies the differential equation d2 y dy þ 2 þ 5y ¼ 8 sin x þ 4 cos x 2 dx dx (a) Find the value of the constant k for which y ¼ k sin x is a particular integral of the given differential equation. (3 marks) (b) Solve the differential equation, expressing y in terms of x, given that y ¼ 1 and dy ¼ 4 when x ¼ 0 . (8 marks) dx
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6 The function f is defined by 1 2



f ðxÞ ¼ ð9 þ tan xÞ (a)



(i) Find f 0 0 ðxÞ .



(4 marks)



(ii) By using Maclaurin’s theorem, show that, for small values of x, 1 2



x x2 ð9 þ tan xÞ  3 þ  6 216



(3 marks)



  lim f ðxÞ  3 x!0 sin 3x



(3 marks)



(b) Find



7 The diagram shows the curve C1 with polar equation r ¼ 1 þ 6e



 py



O



, 0 4 y 4 2p



Initial line



(a) Find, in terms of p and e, the area of the shaded region bounded by C1 and the initial line. (5 marks) (b) The polar equation of a curve C2 is y p



r ¼ e , 0 4 y 4 2p Sketch the curve C2 and state the polar coordinates of the end-points of this curve. (4 marks) (c) The curves C1 and C2 intersect at the point P. Find the polar coordinates of P. (5 marks)
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(a) Given that x ¼ t 2 , where t 5 0 , and that y is a function of x, show that: pﬃﬃﬃ dy dy (i) 2 x ¼ ; dx dt



(3 marks)



d2 y dy d2 y (ii) 4x 2 þ 2 ¼ 2 . dx dx dt



(3 marks)



(b) Hence show that the substitution x ¼ t 2 , where t 5 0 , transforms the differential equation 4x



pﬃﬃﬃ dy d2 y þ 2ð1 þ 2 xÞ  3y ¼ 0 dx 2 dx



into d2 y dy þ 2  3y ¼ 0 dt 2 dt



(2 marks)



(c) Hence find the general solution of the differential equation pﬃﬃﬃ dy d2 y 4x 2 þ 2ð1 þ 2 xÞ  3y ¼ 0 dx dx giving your answer in the form y ¼ gðxÞ .



END OF QUESTIONS
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(4 marks)



MFP3 - AQA GCE Mark Scheme 2009 June series



Key to mark scheme and abbreviations used in marking M m or dM A B E or ft or F CAO CSO AWFW AWRT ACF AG SC OE A2,1 –x EE NMS PI SCA



mark is for method mark is dependent on one or more M marks and is for method mark is dependent on M or m marks and is for accuracy mark is independent of M or m marks and is for method and accuracy mark is for explanation follow through from previous incorrect result correct answer only correct solution only anything which falls within anything which rounds to any correct form answer given special case or equivalent 2 or 1 (or 0) accuracy marks deduct x marks for each error no method shown possibly implied substantially correct approach



MC MR RA FW ISW FIW BOD WR FB NOS G c sf dp



mis-copy mis-read required accuracy further work ignore subsequent work from incorrect work given benefit of doubt work replaced by candidate formulae book not on scheme graph candidate significant figure(s) decimal place(s)



No Method Shown Where the question specifically requires a particular method to be used, we must usually see evidence of use of this method for any marks to be awarded. However, there are situations in some units where part marks would be appropriate, particularly when similar techniques are involved. Your Principal Examiner will alert you to these and details will be provided on the mark scheme. Where the answer can be reasonably obtained without showing working and it is very unlikely that the correct answer can be obtained by using an incorrect method, we must award full marks. However, the obvious penalty to candidates showing no working is that incorrect answers, however close, earn no marks. Where a question asks the candidate to state or write down a result, no method need be shown for full marks. Where the permitted calculator has functions which reasonably allow the solution of the question directly, the correct answer without working earns full marks, unless it is given to less than the degree of accuracy accepted in the mark scheme, when it gains no marks. Otherwise we require evidence of a correct method for any marks to be awarded.
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MFP3 Q



Solution 1(a) y(3.1) = y(3) + 0.1 32 + 2 +1



Marks



Comments



M1A1



= 2 + 0.1× 12 = 2.3464(10..) = 2.3464 (b) y(3.2) = y(3) + 2(0.1)[f(3.1, y(3.1))]



A1



3



Condone > 4dp if correct



M1



…. = 2 + 2(0.1)[ (3.12 + 2.3464 +1) ]



A1F



…. = 2 + 0.2×3.599499.. = 2.719(89..) = 2.720



A1



Total 2



Total



ft on candidate’s answer to (a)



3



CAO Must be 2.720



6



IF is e ∫ = eln(cos x ) (+c ) = (k) cos x dy cos x − y tan x cos x = 2sin x cos x dx d ( y cos x ) = 2sin x cos x dx



M1 A1 A1F



Award even if negative sign missing OE Condone missing c ft earlier sign error



M1



LHS as



y cos x = ∫ 2sin x cos x dx dx



A1F



ft on c’s IF provided no exp or logs



y cos x = ∫ sin 2 x dx



m1



Double angle or substitution OE for integrating 2sin x cos x



A1



ACF



m1



Boundary condition used to find c



− tan x dx



1 y cos x = − cos 2 x ( + c ) 2 1 2=– + c 2 5 c= 2 1 5 y cos x = − cos 2 x + 2 2



A1 Total



9 9



4



d (y × IF) dx



PI



ACF eg y cos x − 2 + sin 2 x Apply ISW after ACF
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MFP3 (cont) Q Solution Centre of circle is M(3, 4) 3(a)



Marks B1



Total



A(6, 8)



B1



2



(b)(i) k = OA =10 y 4 tan α = A = xA 3



B1 B1



(b)(ii) x2 + y2 − 6x − 8y + 25 = 25



Comments



PI



2



B1



SC “ r = 10 and tan θ =



8 ” = B1 only 6



If polar form before expansion award the B1 for correct expansions of both



( r cosθ – m ) and ( r sin θ – n ) ( m, n ) = ( 3, 4 ) or ( m, n ) = ( 4,3) 2



r2 − 6r cos θ − 8r sin θ = 0



M1M1



2



where



1st M1 for use of any one of x2 + y2 = r2, x = r cos θ , y = r sin θ 2nd M1 for use of these to convert the form x 2 + y 2 + ax + by = 0 correctly to the form r 2 + ar cos θ + br sin θ = 0



{r = 0, origin} Circle: r = 6cosθ + 8sinθ ALTn Circle has eqn r = OA cos(α − θ ) r = OAcosα cosθ +OAsinα sinθ Circle: r = 6cosθ + 8sinθ



A1



4



(M2) (m1) (A1) Total



OE



8



5



NMS Mark as 4 or 0
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MFP3 (cont) Q Solution 4 4 ⎞ ⎛1 ∫ ⎜⎝ x – 4 x +1 ⎟⎠ dx = ln x – ln ( 4 x +1){+ c} a ⎛1 lim 4 ⎞ I= − ⎜ ⎟ dx ∫ 1 a→∞ ⎝ x 4 x +1 ⎠ lim a = [ln x − ln(4 x +1)]1 a→∞



=



=



Marks



lim ⎡ ⎛ a ⎞ 1⎤ ln ⎜ − ln ⎥ ⎟ ⎢ a → ∞ ⎣ ⎝ 4a + 1 ⎠ 5⎦ lim ⎡ ⎛ 1 ⎞ 1⎤ ln ⎜ − ln ⎥ ⎢ ⎟ 1 a→∞ 5⎥ ⎢ ⎜ 4+ ⎟ a⎠ ⎣ ⎝ ⎦



k=2 (b) Auxl eqn m2 + 2m + 5 = 0 −2 ± 4 − 20 m= 2 m = −1 ± 2 i CF: { yC } = e− x ( A sin 2 x + B cos 2 x) GS {y} = e − x ( A sin 2 x + B cos 2 x) + k sin x When x = 0, y = 1 ⇒ B = 1 dy = − e − x ( A sin 2 x + B cos 2 x) dx + e− x (2 A cos 2 x − 2 B sin 2 x) + k cos x



When x = 0,



OE



M1



∞ replaced by a (OE) and



m1



⎛ a ⎞ ln a – ln ( 4a + 1) = ln ⎜ ⎟ ⎝ 4a + 1 ⎠ and previous M1 scored



A1



Total −k sin x + 2k cos x + 5k sin x = 8sin x + 4cos x



Comments



B1



lim a→∞



⎛ a ⎞ ⎛ 1 ⎞ ln ⎜ ⎟ = ln ⎜ ⎟ and ⎝ 4a + 1 ⎠ ⎜ 4+ 1 ⎟ a⎠ ⎝ previous M1m1 scored



m1



1 1 5 = ln − ln = ln 4 5 4 5(a)



Total



5



CSO



5



M1 A1 A1



Differentiation and subst. into DE 3



M1



Formula or completing sq. PI



A1 A1F



ft provided m is not real



B1F B1F



ft on CF + PI; must have 2 arb consts



M1



Product rule



A1



PI



dy = 4 ⇒ 4 = −B +2A+k dx



3 2 ⎛3 ⎞ y = e − x ⎜ sin 2 x + cos 2 x ⎟ + 2sin x 2 ⎝ ⎠ ⇒ A=



A1 Total



8 11



6



CSO



MFP3 - AQA GCE Mark Scheme 2009 June series



MFP3 (cont) Q 6(a)(i)



Solution



f ( x) = ( 9 + tan x )



Marks



Total



Comments



1 2 1



− 1 ( 9 + tan x ) 2 sec2 x 2



so f ′(x) =



M1 A1



Chain rule



M1



Product rule, OE



3



− 1 2 f ″(x)= − ( 9 + tan x ) sec4 x 4



1



− 1 2 + ( 9 + tan x ) (2sec2 x tan x) 2



(a)(ii) f(0) = 3



A1 B1



4



ACF



1



1 −2 1 f ′(0) = ( 9 ) = ; 2 6 3 1 − 1 f ″(0) = − (9) 2 = − 4 108 1 2 f(x) ≈ f(0)+x f ′(0)+ x f ″(0) 2



( 9 + tan x ) (b)



1 2



M1



x x2 ≈ 3+ − 6 216



A1



x x2 ... − f ( x) − 3 ≈ 6 2163 (3x) sin 3 x 3x − ... 3! 1 x − ... 6 216 ≈ 3 − ... lim ⎡ f ( x) − 3 ⎤ 1 = ⎢ ⎥ x → 0 ⎣ sin 3 x ⎦ 18



Both attempted and at least one correct ft on c’s f ′(x) and f ″(x)



3



CSO AG



M1



Using series expns.



m1



Dividing numerator and denominator by x to get constant term in each



A1 Total



3 10
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MFP3 (cont) Q 7(a)



Solution



Marks



θ − ⎞ 1 ⎛ π + 1 6e ⎜ ⎟ dθ 2∫ ⎝ ⎠ θ 2θ − − ⎞ 1 2π ⎛ = ∫ ⎜1+12e π + 36e π ⎟ dθ 0 2 ⎝ ⎠



Comments



=



0 1



End-points (1, 0) and (e2, 2π)



−



m1



Correct integration of at least two of the



A1



(b)



5



−



θ π



, qe



−



2θ π



ACF



B1



Going the correct way round the pole



B1



Increasing in distance from the pole



B2,1,0



4



Correct end-points B1 for each pair or for 1 and e 2 shown on graph in correct positions



θ π



2



B1



three terms 1, p e



= π (16 − 6e−2 − 9e−4)



θ



1 2 r dθ 2∫



θ − ⎞ ⎛ Correct expansion of ⎜ 1+ 6e π ⎟ ⎝ ⎠ Correct limits



B1



θ 2θ 2π − − ⎤ 1⎡ π π − − θ 12π e 18π e ⎢ ⎥ 2⎣ ⎦0



e π = 1+ 6 e



Use of



M1



Area =



(c)



Total



2



6 ] r



M1



Elimination of r or θ [r = 1 +



m1



Forming quadratic in e π or in e or in r . [r2 − r − 6 = 0]



m1



OE



e π > 0 so e π = 3



E1



Rejection of negative ‘solution’ PI [r = 3]



Polar coordinates of P are (3, π ln 3)



A1



θ



2



θ ⎛ θπ ⎞ π e e − −6 = 0 ⎜⎜ ⎟⎟ ⎝ ⎠ ⎛ θπ ⎞⎛ θπ ⎞ − e 3 ⎜ ⎟⎜ e + 2 ⎟ = 0 ⎝ ⎠⎝ ⎠ θ



−



θ π



θ



Total



5 14
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MFP3 (cont) Q 8(a)(i) dx = 2t dt d x dy dy = dt dx dt



2t



(a)(ii)



dy dy = dx dt



Solution



Marks



B1



so 2 x



dy dy = dx dt



A1



d ⎛ dy ⎞ d ⎛ dy ⎞ dt d ⎛ dy ⎞ ⎜2 x ⎟= ⎜ ⎟ = ⎜ ⎟ dx ⎝ dx ⎠ dx ⎝ dt ⎠ dx dt ⎝ dt ⎠



d 2 y − 12 dy 1 d 2 y +x = dx 2 dx 2t dt 2 1 − d2 y dy d 2 y 4t x 2 + 2tx 2 = dx dx dt 2 d2 y dy d 2 y ⇒ 4x 2 + 2 = dx dx dt 2



(c)



Comments dt 1 – 12 PI or for = x dx 2



OE Chain rule



M1



2 x



(b)



Total



3



dy dy = ... or = ... dx dt



AG d dt d (f (t )) = (f (t )) OE dx dx dt d dx d eg (g( x)) = (g( x)) dt dt dx



M1



M1



Product rule OE



A1



3



AG Completion



d2 y dy + 2(1+ 2 x ) − 3 y = 0 2 dx dx 2 d y dy dy (4 x 2 + 2 ) + 2(2 x ) − 3 y = 0 dx dx dx d2 y dy + 2 −3y = 0 dt 2 dt



M1 A1



2



Use of either (a)(i) or (a)(ii) AG Completion



d2 y dy + 2 − 3 y = 0 (*) 2 dt dt Auxl. Eqn. m2 +2m − 3 = 0 (m +3)(m − 1) = 0 m = − 3 and 1 GS of (*) {y} = Ae−3t + Bet



M1 A1 M1



⇒ y = Ae − 3 x + Be



A1



4x



x



Total TOTAL



PI PI Ae – 3x + Be x scores M0 here 4 12 75
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AQA – Further pure 3 – Jun 2009 – Answers Question 1:



dy a) = dx



Exam report



x 2 + y + 1 and y (3)= 2



y1 = 2 + 0.1 32 + 2 + 1 = 2.3464 to 4 d . p. b) y= y0 + 2hf ( x1 , y1 ) 2 = 2 + 2 × 0.1× 3.12 + 2.3464 + 1 = 2.720 to 3d . p.



Numerical solutions of first order differential equations continue to be a good source of marks for all candidates. Although it was the best answered question on the paper, more candidates than usual mixed up the x and y values in applying the given formulae, or incorrectly used f(3,2) instead of f(3.1, y(3.1)) in the given formula in part (b). There were very few candidates who lost the final accuracy mark for failing to give their answer correct to three decimal places.



Question 2:



Exam report



dy − yTan( x) = 2 Sin( x) dx ln(cos x ) = An integrating factor is I e ∫ = e= cos( x) − tan( x ) dx



Most candidates were able to show that they knew how to find and use an integrating factor to solve a first order differential equation. However, a significant number failed to find the correct integrating factor because they missed the



The equation becomes dy Cos ( x) − Sin( x) y = 2 Sin( x)Cos ( x) dx d ( Cos( x) y ) = Sin(2 x) dx 1 − Cos (2 x) + c Cos ( x) y = ∫ Sin(2 x)dx = 2 −Cos (2 x) c = + y 2Cos ( x) Cos ( x) 1 5 When x = 0, y =2 gives 2 =− + c so c = 2 2 5 − Cos (2 x) y= 2Cos ( x)



negative sign and used e ∫ . Candidates should be aware that, unless told otherwise in the question, it is acceptable to leave the solution in a form other than y = f(x). Some candidates lost the final accuracy mark because either they had attempted to divide throughout by cos(x) but forgot to divide the + c as well before substituting in the boundary condition, or had made the arithmetical error “ tan( x ) dx



1 3 2 =− + c ⇒ c = ”. 2 2



Question 3:



Exam report



a ) The centre of te circle (3,4) is the midpoint of O(0,0) and A This gives A(6,8). b) i ) k =



62 + 82 = 10 8 4 Tan α= = 6 3 2 ii ) ( x − 3) + ( y − 4) 2 = 25 x 2 − 6 x + 9 + y 2 − 8 y + 16 = 25 x2 + y 2 − 6 x − 8 y = 0 r 2 − 6rCosθ − 8rSinθ = 0 r 6Cosθ + 8Sinθ =



This question, which tested the relationship between cartesian and polar coordinates, caused candidates more problems than anticipated. In part (a), it was not uncommon to see solutions which assumed incorrectly that the angle between OA and the x-axis was 45 , which led to the incorrect coordinates 50, 50 for A. In part (b)(i), a common wrong value for k o



(



)



was 5 but the value of tanα was usually stated correctly. Many candidates gave the correct polar equation for the circle in part (b)(ii).



Question 4:



∫



N



1



Exam report



N 4  1  −  dx =ln x − ln ( 4 x + 1) 1  x 4x +1  N



  x   N  1 ln    − ln   ln =  4N +1  5   4 x + 1  1 N 1 1 When N → ∞, = → 4N +1 4 + 1 4 N  N  1 so ln   → ln    4N +1  4 ∞ 1 4  ∫1  x − 4 x + 1  dx exists ∞ 1 4  5 1 1 ln   − ln   = ln   and ∫  −  dx = 1 4  x 4x + 1  4 5



This question on improper integrals and limiting processes, which lacked the structure given in many previous papers, was the worse answered question on the paper. Examiners expected to see the infinite upper limit replaced by, for example, a, the integration then carried out and then consideration of the limiting process as a → ∞ . Most, although not all, reached ‘lnx−ln(4x+1)’ for 1 mark, but many of the weaker candidates just stated that lnx−ln(4x+1)=0 when x → ∞ and gave the wrong value ‘ ln 5 ’ as their answer. Better candidates scored 3 marks for reaching ‘as  5a  =ln  5  ’ but only those who inserted the a → ∞, ln      4a + 1  4 extra step to get, for example, ‘as a → ∞, ln(



5 ) =ln   ’ 4 4+ 5



1



a were in line for full marks.



Question 5:



a ) y = kSinx dy = kCos ( x) dx d2y = −kSin( x) dx 2 d2y dy + 2 + 5 y= 8Sinx + 4Cosx 2 dx dx −kSinx + 2kCosx + 5kSinx = 8Sinx + 4Cosx 4kSinx + 2kCosx = 8Sinx + 4Cosx so k = 2 A particular integral is y = 2 Sinx



b) The auxiliary equation is λ 2 + 2λ + 5 = 0 The discriminant is 22 − 4 ×1× 5 =−16 −2 + 4i λ1 = =−1 + 2i and λ2 =−1 − 2i 2 The complementary = function is y e − x ( A cos(2 x) + BCos (2 x)) The genral solution is y = 2 Sinx + e − x ( ACos (2 x) + BSin(2 x)) when x = 0, y = 1 this gives 1 = 0 + A so A = 1 dy = 2Cos ( x) + e − x (−Cos (2 x) − BSin(2 x) − 2 Sin(2 x) + 2 BCos (2 x)) dx dy 3 = 4 = 2 + (−1 + 0 − 0 + 2 B) so B = dx 2 3 The particular solution is y = 2 Sin( x) + e − x (Cos (2 x) + Sin(2 x)) 2



Exam report



In part (a), many candidates decided to ignore the given form of the particular integral and worked with acosx+bsinx. Such an approach was not penalised by examiners provided the candidate showed that both a = 0 and b = 2. The vast majority of candidates showed that they knew the methods required to solve the second order differential equation, but arithmetical errors in 2 solving the auxiliary equation m + 2m + 5 = 0 or in applying the boundary condition dy = 4 when x = dx 0 or the wrong differentiation of cos2x were sources of loss of marks as well as the more serious error of applying the boundary conditions to the complementary function before adding on the particular integral.



Question 6:



Exam report



( 9 + Tanx )



f ( x= )



1 2



1 − 1 1 a ) f '( x) = × × (9 + Tanx) 2 2 2 Cos x 1 3 − 1 −2 × − Sinx 1 1 1 − f ''( x)= × ×− × × ( 9 + Tanx ) 2 (9 + Tanx) 2 + 3 2 2 Cos x 2 2Cos x 2 Cos x Sinx 1 f ''( x) − 3 Cos 3 x 9 + Tanx 4Cos 4 x ( 9 + Tanx ) 2 1



2 ii ) f (0) = 9= 3 1 1 1 f '(0) = ×1× = 2 9 6 1 1 f ''(0) = 0 − = − 3 108 4 × 92 1 1 1 x2 The Maclaurin's series is (9 + Tanx) 2 =3 + x − × + ... 6 108 2 1 x x2 + ... (9 + Tanx) 2 = 3+ − 6 216 x b) f ( x) − 3 = + ... and Sin(3 x) = 3 x + ... 6 x + ... 1 f ( x) − 3 6  f ( x) − 3  1 = = + ... so lim  So = → x 0 Sin(3 x) 3 x + .. 18  Sin3 x  18



Most candidates were able to find f′(x) correctly although some weaker candidates failed to apply the chain rule and were heavily penalised. The vast majority of the other candidates used the product rule 2 (or quotient rule) but errors in differentiating sec x were common. The majority of candidates showed good knowledge of Maclaurin’s theorem but only those who had made no errors in earlier differentiations could score all 3 marks for showing the printed result in part (a)(i). Many weaker candidates failed to realise that the series expansion for sin 3x was required in part (b) and just stated the incorrect answer 0 for the limit. A significant minority of other candidates who used the expansion for sin 3x did not explicitly reach the stage of a constant term in both the numerator and denominator before taking the limit as x → 0 .



Question 7: a) A =



Exam report



1 2π  1 + 6 2 ∫0 



θ − π



2



2θ



θ − π



−  1 2π π  dθ = ∫0 1 + 36e + 12e dθ 2  2π



A=∫



2θ θ − −  1 π π A= 9 e 6 e θ π π − −   2 0



−



6e



θ



b ) C2 : r = e π



−



θ π



In polar coordinates : (1, 0)



θ



eπ Multiplying by e π gives : =



2



θ  πθ  π 0 e  −e −6 =  



 πθ   πθ  0  e − 3  e + 2  =    θ



θ



so e π = 3 or e π = −2 (no solutions )



θ π



( e 2 , 2π ) θ



θ π ln(3) ln(3 ) = θ π



then = r e= eln(3) = 3 The point of intersection is ( 3, π ln(3) )



θ



two most common errors were incorrectly squaring 6e to get −



θ 2= π , r e2 When =



1 2 r dθ , which is given in the formulae booklet, before 2



substituting for r further credit could have been awarded. The



A = π (16 − 6e −2 − 9e −4 )



r 1 θ 0,= When=



β



α



A = (π − 9π e −4 − 6π e −2 ) − ( 0 − 9π − 6π )



c) r = 1 + 6e



2



Some candidates integrated r instead of r to find the area of the shaded region. If they had first stated the formula



2θ



and integrating 12e



π



−



θ π



incorrectly to get −



12



π



−



e



π



θ π



. The quality of sketches varied significantly with some even starting at the pole. A significant minority of candidates either just gave the coordinates of one end point, missing (1, 0) or 2 gave a decimal approximation for e or gave the incorrect 2 answer ( e , 0). It was surprising to find some candidates giving the coordinates in reverse order. In part (c), most candidates formed a correct equation by equating the r terms but in general only the better candidates were then able to θ



form and solve the resulting quadratic equation in e π . Only a small number of candidates failed to reject the negative value θ



for e π before going on to get the correct coordinates for the point P. Again candidates should use exact forms and not give a decimal approximation in place of π ln 3 . A common mistake θ



seen in solving ‘ e π = 1 + 6e ‘ θ = ln1 + 6  − θ  ‘   π  π



−



θ π



’ is illustrated



Question 8:



Exam report



a ) x =t for t ≥ 0 and t = x 2



dx dt 1 1 = 2= t 2 x and = = dt dx 2 x 2t dy dy dx dy i) = × = × 2 x dt dx dt dx d 2 y d  dy  d  dy  dx = ii ) 2 =    2 x × dt dt  dt  dx  dx  dt



The bookwork in part (a) was similar to that tested in recent papers. Candidates generally answered part (a)(i) correctly but showing the printed result involving the second derivatives in part (a)(ii) proved to be more difficult. However, there were some excellent concise solutions to part (a)(ii) seen. As is the case in all questions which ask for results to be shown, sufficient detail in solutions must be provided that is fully correct. It was not uncommon to see incorrect working followed by the printed result. Candidates should realise that credit will not be given and in some cases marks can be lost for this. Candidates were generally able to use the printed results in part (a) to correctly transform the differential equation into the required form in part (b). Those candidates who attempted part (c) normally scored at least two marks. The most common −3x x error was to give the answer as y=Ae +Be instead of



 1 dy d2y  = + 2 x  × 2 x dx 2   x dx dy d2y = 2 + 4x 2 dx dx 2 d y dy dy b) 4 x 2 + 2 + 4 x − 3 y = 0 becomes dx dx dx       d2y dt 2



2



dy dt



d2y dy 0 + 2 − 3y = 2 dt dt c) The auxiliary equation is λ 2 + 2λ − 3 = 0



= y Ae −3



x



+ Be x which followed from y=Ae−3t+Bet.



0 ( λ + 3)( λ − 1) = 1 λ= −3 or λ = The general solution= is y Ae −3t + Bet but t = x



Grade Mark



= so y Ae −3



x



+ Be



x



Grade boundaries Max 75
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C 46



D 38
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