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MATHEMATICS Unit Further Pure 3 Friday 25 January 2008



MFP3



1.30 pm to 3.00 pm



For this paper you must have: * an 8-page answer book * the blue AQA booklet of formulae and statistical tables. You may use a graphics calculator.



Time allowed: 1 hour 30 minutes Instructions Use blue or black ink or ball-point pen. Pencil should only be used for drawing. Write the information required on the front of your answer book. The Examining Body for this paper is AQA. The Paper Reference is MFP3. Answer all questions. Show all necessary working; otherwise marks for method may be lost. * *



* *



Information The maximum mark for this paper is 75. The marks for questions are shown in brackets. * *



Advice Unless stated otherwise, you may quote formulae, without proof, from the booklet. *
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Answer all questions.



1 The function yðxÞ satisfies the differential equation dy ¼ f ðx, yÞ dx where



f ðx, yÞ ¼ x 2  y 2 yð2Þ ¼ 1



and (a) Use the Euler formula



yrþ1 ¼ yr þ hf ðxr , yr Þ with h ¼ 0:1 , to obtain an approximation to yð2:1Þ .



(3 marks)



(b) Use the formula yrþ1 ¼ yr1 þ 2hf ðxr , yr Þ with your answer to part (a), to obtain an approximation to yð2:2Þ .
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(3 marks)
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2 The diagram shows a sketch of part of the curve C whose polar equation is r ¼ 1 þ tan y . The point O is the pole. C Q



O



P



Initial line



The points P and Q on the curve are given by y ¼ 0 and y ¼



p respectively. 3



(a) Show that the area of the region bounded by the curve C and the lines OP and OQ is 1 pﬃﬃﬃ 3 þ ln 2 2



(6 marks)



(b) Hence find the area of the shaded region bounded by the line PQ and the arc PQ of C. (3 marks)
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(a) Find the general solution of the differential equation d2 y dy þ 5y ¼ 5 þ 4 dx 2 dx (b) Hence express y in terms of x, given that y ¼ 2 and



ð1 4



(a) Explain why



(6 marks) dy ¼ 3 when x ¼ 0 . dx



xe 3x dx is an improper integral.



(4 marks)



(1 mark)



1



ð (b) Find



xe 3x dx .



(3 marks)



ð1 (c) Hence evaluate



xe 3x dx , showing the limiting process used.



(3 marks)



1
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5 By using an integrating factor, find the solution of the differential equation dy 4x þ 2 y¼x dx x þ 1 given that y ¼ 1 when x ¼ 0 . Give your answer in the form y ¼ f ðxÞ .



(9 marks)



6 A curve C has polar equation r 2 sin 2y ¼ 8 (a) Find the cartesian equation of C in the form y ¼ f ðxÞ . (b) Sketch the curve C.



(3 marks) (1 mark)



(c) The line with polar equation r ¼ 2 sec y intersects C at the point A. Find the polar coordinates of A. (4 marks)
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(a)



(i) Write down the expansion of lnð1 þ 2xÞ in ascending powers of x up to and (2 marks) including the term in x 3 . (ii) State the range of values of x for which this expansion is valid.



(b)



(i) Given that y ¼ ln cos x , find



(ii) Find the value of



dy d2 y d3 y , and . dx dx 2 dx 3



d4 y when x ¼ 0 . dx 4



(1 mark) (4 marks)



(3 marks)



(iii) Hence, by using Maclaurin’s theorem, show that the first two non-zero terms in the expansion, in ascending powers of x, of ln cos x are 



x2 x4  2 12



(2 marks)



(c) Find 



x lnð1 þ 2xÞ x ! 0 x 2  ln cos x lim
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 (3 marks)
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(a) Given that x ¼ et and that y is a function of x, show that: (i) x



dy dy ¼ ; dx dt



(ii) x 2



(3 marks)



d2 y d2 y dy ¼  . dx 2 dt 2 dt



(3 marks)



(b) Hence find the general solution of the differential equation x2



d2 y dy  6x þ 6y ¼ 0 2 dx dx



END OF QUESTIONS
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No Method Shown Where the question specifically requires a particular method to be used, we must usually see evidence of use of this method for any marks to be awarded. However, there are situations in some units where part marks would be appropriate, particularly when similar techniques are involved. Your Principal Examiner will alert you to these and details will be provided on the mark scheme. Where the answer can be reasonably obtained without showing working and it is very unlikely that the correct answer can be obtained by using an incorrect method, we must award full marks. However, the obvious penalty to candidates showing no working is that incorrect answers, however close, earn no marks. Where a question asks the candidate to state or write down a result, no method need be shown for full marks. Where the permitted calculator has functions which reasonably allow the solution of the question directly, the correct answer without working earns full marks, unless it is given to less than the degree of accuracy accepted in the mark scheme, when it gains no marks. Otherwise we require evidence of a correct method for any marks to be awarded.
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Solution 1(a) y(2.1) = y(2) + 0.1[22 − 12] = 1+0.1×3 = 1.3



Marks M1A1 A1



(b) y(2.2) = y(2) + 2(0.1)[f(2.1, y(2.1))]



A1 Total



…. =



=



3



A1



…. = 1+0.2×2.72 = 1.544



Area =



Comments



M1



…. = 1+2(0.1)[2.12 − 1.32]



2(a)



Total



1 (1 + tan θ ) 2 dθ 2



∫



1 (1 + 2 tan θ + tan 2 θ ) dθ 2



∫



1 (sec2 θ + 2 tan θ ) dθ 2



∫



Ft on cand’s answer to (a) 3 6



CAO



1 2 r dθ 2



∫



M1



Use of



B1



Correct expansion of (1+tanθ )2



M1



1 + tan 2 θ = sec2 θ used



A1 B1



Integrating psec2θ correctly Integrating qtanθ correctly



π



1 = [ tan θ + 2ln(secθ )] 3 2 0



3 1 + ln 2 = [( 3 + 2ln 2) −0]= 2 2 (b)



OP = 1; OQ = 1 + tan



A1



π 3



6



Completion. AG CSO be convinced



Both needed. Accept 2.73 for OQ



B1



Shaded area = ‘answer (a)’ −



1 ⎛π⎞ OP × OQ × sin ⎜ ⎟ 2 ⎝3⎠



M1



3 3 + ln 2 − (1 + 3) 2 4 3 3 = + ln 2 − 4 4



=



A1



Total



3



9



4



ACF. Condone 0.376… if exact ‘value’ for area of triangle seen
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MFP3 (cont) Q 3(a) ( m + 2 )2 = −1 m = −2 ± i



Solution



Marks M1



M1 A1



PI try y = p ⇒ 5p = 5 PI is y = 1



B1



(b) x=0, y = 2 ⇒ A = 1 y′(x)= – 2e–2x(Acosx+Bsinx) + + e–2x(–Asinx+Bcosx)



A1 Total



4(a) The interval of integration is infinite



1 dx = – xe–3x − 3



1



∫−3e



−3 x



E1



∞



I=



∫ xe



−3 x



1



lim dx = a→∞



A1



4



Ft on one slip



10 1



OE Reasonable attempt at parts



3



Condone absence of +c



a



∫ xe



−3 x



dx



1



1 1 lim {– ae–3a− e–3a } − a→∞ 3 9



⎡ 4 −3 ⎤ ⎢− 9 e ⎥ ⎣ ⎦



lim ae −3a = 0 a→∞



I=



Their CF + their PI with two arbitrary constants. Provided previous B1 awarded Product rule used



M1 A1



dx



1 1 = – xe–3x − e–3x {+c} 3 9 (c)
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B1 M1 A1



y′(0) = 3 ⇒ 3 = –2A+B ⇒ B = 5 y = e–2x(cosx + 5sinx) +1



−3 x



If m is real give M0 Ft on wrong a’s and b’s but roots must be complex



B1



GS y = e–2x(Acosx + Bsinx) +1



∫ xe



Comments Completing sq or formula



A1



CF is e–2x(A cos x + B sin x) {or e–xA cos(x + B) but not Ae(–1+i)x + Be(–1–i)x }



(b)



Total



4 −3 e 9



M1



F(a) – F(1) with an indication of limit ‘a → ∞’



M1



For statement with limit/limiting process shown



A1 Total



3 7
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MFP3 (cont) Q 5



Solution



IF is e



∫



Marks



4x dx x 2 +1



2



d y ( x 2 + 1) 2 = x( x 2 + 1) 2 dx



)



y ( x 2 + 1) 2 =



∫



y ( x 2 + 1) 2 =



3 1 2 x +1 + c 6



)



Ft on e



M1



LHS as d/dx(y×cand’s IF) PI and also RHS of form kx(x2+1)p



A1



(



)



M1 A1



5 6



Use of suitable substitution to find RHS or reaching k(x2+1)3 OE Condone missing c



m1



1 2 5 x +1 + 2 6 6( x + 1) 2



(



(



p ln x 2 +1



A1



x( x 2 + 1) 2 dx



y(0) = 1 ⇒ c =



y=



Comments



M1 A1



( ) = e 2 ln ( x +1) 2 = e = ( x 2 + 1) 2 ln x 2 +1



(



Total



)



A1



9



Accept other forms of f(x) ⎛ x6 2 x4 x 2 ⎞ + + 1⎟ ⎜ + 6 4 2 ⎠ y=⎝ eg



(x



Total 6(a)



2



r 2sin θ cos θ = 8 x = r cos θ y = r sin θ 4 xy = 4 , y = x (b) y O



x



(c) r = 2 secθ is x = 2 Sub x = 2 in xy = 4 ⇒ 2y = 4 In cartesian, A(2, 2) y π ⇒ tan θ = = 1 ⇒ θ = 4 x



⇒r=



x2 + y 2 =



A1



3



B1



1



)



+1



2



sin 2θ = 2sin θ cos θ used Either one stated or used 8 Either OE eg y = 2x



B1 M1



Used either tan θ =



M1



8



π ;r= 8 4 Altn2: Eliminating r to reach eqn. in cosθ π and sinθ only (M1) θ= (A1) 4 ⎛π⎞ Substitution r=2sec ⎜ ⎟ (m1) ⎝4⎠ r = 8 (A1) OE surd Total



θ=



9



M1 M1



2



A1



4



y or r = x



x2 + y 2



r must be given in surd form Altn3: rsin θ = 2 (B1) Solving rcosθ = 2 and rsin θ = 2 simultaneously (M1) tan θ = 1 or r2=22+22 (M1) π θ = ; r = 8 (A1) need both 4



8



6



MFP3 - AQA GCE Mark Scheme 2008 January series



MFP3 (cont) Q 7(a)(i)



Solution 8 ln (1 + 2 x ) = 2 x − 2 x 2 + x3 ... 3 (ii) 1 1 − 
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