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MATHEMATICS Unit Further Pure 1 Monday 16 June 2008



MFP1



1.30 pm to 3.00 pm



For this paper you must have: * an 8-page answer book * the blue AQA booklet of formulae and statistical tables * an insert for use in Questions 4 and 8 (enclosed). You may use a graphics calculator.



Time allowed: 1 hour 30 minutes Instructions Use black ink or black ball-point pen. Pencil should only be used for drawing. Write the information required on the front of your answer book. The Examining Body for this paper is AQA. The Paper Reference is MFP1. Answer all questions. Show all necessary working; otherwise marks for method may be lost. Fill in the boxes at the top of the insert. * *



* * *



Information The maximum mark for this paper is 75. The marks for questions are shown in brackets. * *



Advice Unless stated otherwise, you may quote formulae, without proof, from the booklet. *
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Answer all questions.



1 The equation x2 þ x þ 5 ¼ 0 has roots a and b . (a) Write down the values of a þ b and ab .



(2 marks)



(b) Find the value of a 2 þ b 2 .



(2 marks)



(c) Show that



a b 9 þ ¼ . b a 5



(2 marks)



(d) Find a quadratic equation, with integer coefficients, which has roots



a b and . b a (2 marks)



2 It is given that z ¼ x þ iy , where x and y are real numbers. (a) Find, in terms of x and y, the real and imaginary parts of 3iz þ 2z* where z* is the complex conjugate of z.



(3 marks)



(b) Find the complex number z such that 3iz þ 2z* ¼ 7 þ 8i



(3 marks)



3 For each of the following improper integrals, find the value of the integral or explain briefly why it does not have a value: ð1 1 pﬃﬃﬃ dx ; (a) (3 marks) x 9 ð1 (b)



1 pﬃﬃﬃ dx . 9 x x
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(4 marks)



3



4 [Figure 1 and Figure 2, printed on the insert, are provided for use in this question.] The variables x and y are related by an equation of the form y ¼ ax þ



b xþ2



where a and b are constants. (a) The variables X and Y are defined by X ¼ xðx þ 2Þ , Y ¼ yðx þ 2Þ . Show that Y ¼ aX þ b .



(2 marks)



(b) The following approximate values of x and y have been found:



5



x



1



2



3



4



y



0.40



1.43



2.40



3.35



(i) Complete the table in Figure 1, showing values of X and Y .



(2 marks)



(ii) Draw on Figure 2 a linear graph relating X and Y .



(2 marks)



(iii) Estimate the values of a and b.



(3 marks)



(a) Find, in radians, the general solution of the equation cos



x 2



þ



p 1 ¼ pﬃﬃﬃ 3 2



giving your answer in terms of p .



(5 marks)



(b) Hence find the smallest positive value of x which satisfies this equation.



6 The matrices A and B are given by  0 A¼ 2 (a) Calculate the matrix AB.



 2 , 0







2 B¼ 0



0 2



(2 marks)







(2 marks)



(b) Show that A2 is of the form kI, where k is an integer and I is the 2  2 identity matrix. (2 marks) (c) Show that ðABÞ2 6¼ A2 B2 .



(3 marks)
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7 A curve C has equation y¼7þ



1 xþ1



(a) Define the translation which transforms the curve with equation y ¼ curve C. (b)



1 onto the x (2 marks)



(i) Write down the equations of the two asymptotes of C.



(2 marks)



(ii) Find the coordinates of the points where the curve C intersects the coordinate axes. (3 marks) (c) Sketch the curve C and its two asymptotes.



(3 marks)



8 [Figure 3, printed on the insert, is provided for use in this question.] The diagram shows two triangles, T1 and T2 . y



~



7– 6– 5– 4– 3– 2– T1



1–



–



–



–



–



–



–



1



2



3



4



5



6



7



~



–



O



T2



x



(a) Find the matrix of the stretch which maps T1 to T2 .



(2 marks)



(b) The triangle T2 is reflected in the line y ¼ x to give a third triangle, T3 . On Figure 3, draw the triangle T3 . (c) Find the matrix of the transformation which maps T1 to T3 .
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(2 marks) (3 marks)



5



9 The diagram shows the parabola y 2 ¼ 4x and the point A with coordinates (3, 4) . y



Að3, 4Þ



x



O



(a) Find an equation of the straight line having gradient m and passing through the point A(3, 4) . (2 marks) (b) Show that, if this straight line intersects the parabola, then the y-coordinates of the points of intersection satisfy the equation my 2  4y þ ð16  12mÞ ¼ 0



(3 marks)



(c) By considering the discriminant of the equation in part (b), find the equations of the two tangents to the parabola which pass through A. (No credit will be given for solutions based on differentiation.)



(5 marks)



(d) Find the coordinates of the points at which these tangents touch the parabola. (4 marks)
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Insert Insert for use in Questions 4 and 8. Fill in the boxes at the top of this page. Fasten this insert securely to your answer book.



Turn over for Figure 1
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Figure 1 (for use in Question 4) x



1



2



3



4



y



0.40



1.43



2.40



3.35



X



3



Y



1.20



Figure 2 (for use in Question 4) Y~ 30 –



20 –



10 –



10



20



30



~



–
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–



O



X



3



Figure 3 (for use in Question 8) y



~



7– 6– 5– 4– 3– 2– T1



1–



–



–



–



–



–



1



2



3



4



5



6



7



~



–
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Solution 1(a) α + β = −1, αβ = 5



Marks B1B1



Total 2



(b) α2 + β2 = (α + β)2 − 2αβ ... = 1 − 10 = −9



M1 A1F



2



with numbers substituted ft sign error(s) in (a)



α β α2 + β2 + = β α αβ



M1



... = − 9 5



A1



2



AG: A0 if α + β = 1 used



(c)



(d) Product of new roots is 1 Eqn is 5x2 + 9x + 5 = 0



B1 B1F Total



2(a) Use of z* = x − iy Use of i2 = −1 3iz + 2z* = (2x − 3y) + i (3x − 2y)



M1 M1 A1



(b) Equating R and I parts 2x − 3y = 7, 3x − 2y = 8 z=2−i



M1 m1 A1 Total



3(a)



∫x



−1



2



1



E1



1



∫x x ∞



−1



∫x 9



−3



2



−3



2



dx = −2 x



−1



2



A1 Total



(b)(i) X = 8, 15, 24 in table Y = 5.72, 12, 20.1 in table



PI by constant term 1 or 5 ft wrong value for product



Condone inclusion of i in I part with attempt to solve Allow x = 2, y = −1



M1 for correct power in integral 3 M1 for correct power in integral



E1



dx = −2(0 − 1 ) = 2 3 3



4(a) Multiplication by x + 2 Y = aX + b convincingly shown



3 6



M1A1



(+c)



→ 0 as x → ∞ 2



3



M1A1



dx = 2 x 2 ( + c )



x 2 → ∞ as x → ∞, so no value (b)



2 8



Comments



PI



4



Allow A1 for correct answer even if not fully explained



7



M1 A1



2



applied to all 3 terms AG



B1 B1



2



Allow correct to 2SF



4
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Solution



Marks



Total



B1F B1F



2



Comments



4(b)(ii)



Four points plotted Reasonable line drawn (iii) Method for gradient a = gradient ≈ 0.9 b = Y-intercept ≈ −1.5



M1 A1 B1F Total



5(a)



cos π = 1 stated or used 4 2 Appropriate use of ± Introduction of 2nπ Subtraction of π and multiplication by 2 3 x = − 2π ± π + 4nπ 3 2



5(b) n = 1 gives min pos x = 17π 6



(b)



⎡0 − 4⎤ AB = ⎢ ⎥ ⎣4 0 ⎦



B1 B1 M1



Degrees or decimals penalised in 5th mark only OE OE



m1



All terms multiplied by 2



A1



5



OE



M1A1



2



NMS 1/2 provided (a) correct



7



M1A1



⎡4 0⎤ A2 = ⎢ ⎥ ⎣0 4⎦ ... = 4I



or algebraic method for a or b Allow from 0.88 to 0.93 incl Allow from −2 to −1 inclusive; ft incorrect points/line NMS B1 for a, B1 for b



9



Total 6(a)



3



ft incorrect values in table ft incorrect points



2



M1A0 if 3 entries correct



B1



(c) (AB)2 = −16I B2 = 4I so A2 B2 = 16I (hence result)



B1



2



B1 B1 B1



3



Total



7



5



PI Condone absence of conclusion
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MFP1 (cont) Q Solution 7(a) Curve translated 7 in y direction ... and 1 in negative x direction (b)(i) Asymptotes x = −1 and y = 7 (ii) Intersections at (0, 8) ... ... and ( − 8 , 0) 7



Marks B1 B1



Total



B1B1



2



B1 M1A1



3



Allow AWRT –1.14; NMS 1/2



3



of correct shape translation of y = 1/x in roughly correct positions



2



Comments or answer in vector form



(c)



At least one branch Complete graph All correct including asymptotes



B1 B1 B1 Total



⎡3 0⎤ ⎥ ⎣0 1 ⎦



8(a) Matrix is ⎢



10 M1A1



2



M1 if zeros in correct positions; allow NMS



M1A1



2



M1A0 if one point wrong



(b)



Third triangle shown correctly



6
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Solution ⎡0 1⎤ 8(c) Matrix of reflection is ⎢ ⎥ ⎣1 0 ⎦ Multiplication of above matrices



Marks



⎡0 1 ⎤ ⎥ ⎣3 0⎦



Answer is ⎢



(b) Elimination of x 4y − 16 = m(y2 − 12) Hence result (c) Discriminant equated to zero (3m − 1)(m − 1) = 0 Tangents y = x + 1, y = 1 x + 3 3 (d)



Alt: calculating matrix from the coordinates: M1 A2,1



M1



in correct order



A1F



3



ft wrong answer to (a); NMS 1/3



M1A1



7 2



OE; M1A0 if one small error



M1 A1 A1



3



OE (no fractions) convincingly shown (AG)



5



OE; m1 for attempt at solving OE



M1 m1A1 A1A1



m = 1 ⇒ y2 − 4 y + 4 = 0 so point of contact is (1, 2) m = 1 ⇒ 1 y 2 − 4 y + 12 = 0 3 3 so point of contact is (9, 6)



Comments



B1



Total 9(a) Equation is y − 4 = m(x − 3)



Total



M1 A1 M1 A1



Total TOTAL



7



OE; m = 1 needed for this OE; m = 1 needed for this 3 4 14 75



Further pure 1 - AQA - June 2008 Question 1:



x2 + x + 5 = 0 has roots α and β a ) α + β −1 = and αβ 5 =



The great majority of candidates showed a confident grasp of the algebra needed to deal with the sum of the squares of the roots of a quadratic equation, and answered all parts of this question efficiently. The only widespread loss of credit came in the very last part, where many candidates failed to give integer coefficients or else found a quadratic expression but without the necessary ‘= 0’ to make it an equation.



b) α 2 + β 2 =(α + β ) 2 − 2αβ =(−1) 2 − 2 × 5 =1 − 10 = −9



α β α 2 + β 2 −9 = + = 5 β α αβ α β −9 α β αβ d) + = and × = = 1 β α 5 β α αβ α β 9 and is x 2 + x + 1 = 0 so an equation with roots β α 5



c)



5x2 + 9 x + 5 = 0 Question 2:



z= x + iy a ) 3iz + 2 z* = 3i ( x + iy ) + 2( x − iy ) = 3ix − 3 y + 2 x − 2iy = (2 x − 3 y ) + i (3 x − 2 y ) Re(3iz + 2 z*) = 2x − 3y Im(3iz + 2 z*) = 3x − 2 y



7 2 x − 3 y = b) 3iz + 2 z* =+ 7 8i means  − 2y 8 3 x = −1 and x = y= 2 The solution is 2 − i Question 3:



a) ∫



1 = dx x



∫



−



x= dx 2 x + c



This integral has no value. b) ∫



x x



−5 5 y =  − 3y 7 2 x =



1 2



2 x  →∞ x →∞ 1



21 6 x − 9 y =  − 4 y 16 6 x =



Here again most candidates answered confidently and accurately. In part (a) many failed to state clearly which was the real part and which the imaginary part, though they recovered ground by using the correct expressions in part (b). As already stated, the solution of the simultaneous equations was often attempted by a substitution method. Whichever method was used, numerical and sign errors were fairly common, but most candidates obtained the correct values for x and y. Two faults which were condoned this time were, in part (a), the retention of the factor ‘ i ’ in the imaginary part, and, in part (b) following correct values of x and y, a failure to give the final value of z correctly



−



3 2



dx =∫ x dx =−2 x



−



1 2



−2 +c = +c x



−2  →0 x →∞ x ∞ −2 2 1 = so ∫ dx= 0 − 9 x x 9 3



There were many all-correct solutions to this question from the stronger candidates. Others were unsure of themselves when dealing with the behaviour of powers of x as x tended to infinity. Many others did not reach the stage of making that decision: either they failed to convert the integrands correctly into powers of x, or they integrated their powers of x incorrectly. A reasonable grasp of AS Pure Core Mathematics is essential for candidates taking this paper.



Question 4:



In part (a) most candidates simply wrote down the given equation, multiplied through by (x + 2), and converted the result into X and Y notation. This was all that was required for the award of the two marks, but some candidates thought that more was needed and presented some rather heavy algebra. Some candidates lost credit because of a confusion between the upper- and lower-case letters.



b a ) y = ax + (×( x + 2)) x+2 y ( x + 2)= ax( x + 2) + b = Y aX + b x y b) X Y



1 2 3 4 0.40 1.43 2.40 3.35 3 8 15 24 1.20 5.72 12 20.1



20.1 − 1.20 24 − 3 b =Y − aX =1.20 − 0.9 × 3 =−1.5



iii ) The gradient is : a ≈



a ≈ 0.9 b ≈ −1.5



Question 5:



x π 1 π Cos ( + ) = = Cos ( ) 2 3 4 2 x π π so + = + k 2π or 2 3 4 x π = − + k 2π or 2 12



x π π + = − + k 2π 2 3 4 x 7π = − + k 2π 2 12 π 7π x= − + k 4π or x= − + k 4π 6 6 π 23π 7π 17π + 4π + 4π b) − = and − = 6 6 6 6 17π The smallest value of x is 6 Question 6:



0 2 2 0  A= and B    2 0  0 −2   0 −4  a ) AB =   4 0  4 0 = b) A =  4I 0 4 2



 0 −4   0 −4   −16 0  c) ( AB) 2 =  × =  = −16 I  4 0   4 0   0 −16  4 0 A2 B 2 = 4 I ×  so ( AB) 2 ≠ A2 B 2  = 16 I 0 4  



Parts (b)(i) and (b)(ii) were usually answered correctly on the insert, after which most candidates knew how to find estimates for a and b, occasionally losing a mark through a loss of accuracy after a poor choice of coordinates to use in the calculation of the gradient. Another way of losing a mark was to write down the estimate for a without showing any working.



As usual in MFP1, many candidates made a poor effort at finding the general solution of a trigonometric equation. In this case the solution π was almost always found in part x=



4



(a), but the second solution



x= −



π (or 4



alternative) was relatively rarely seen. Many candidates were aware that when dealing with a cosine they needed to put a plus or minus symbol somewhere but were not sure where exactly it should go. The general term 2nπ usually appeared, but often in the wrong place. In part (b) only the strongest candidates, and not even all of these, were able to obtain any credit here.



This question was very well answered by the majority of candidates, who showed confidence and accuracy in manipulating these simple matrices.



Question 7:



y= 7 +



1 x +1



 −1 a ) Translation vector   7  b) i )"Vertical asymptote " x = −1 1 7+ y=  →7 y = 7 is asymptote to the curve x + 1 x →∞ ii ) When= x 0,= y 8 1 1 8 −1 y =0 =7 + =−7 x +1 = x =− 7 7 x +1 x +1 8 The curve crosses the axes at (0,8) and (− , 0) 7 c)



Question 8:



a ) This is a stretch in the x-direction by a factor 3 3 0 It is represented by the matrix   0 1  b) 0 1  c) The matrix of the reflection is   1 0  0 1  3 0  0 1  so The matrix which maps T1 to T3 is    × = 1 0   0 1   3 0 



Many candidates scored well on this question but, for some, marks were lost in a variety of places. In part (a) some candidates were careless in giving the two parts of the translation. In part (b) (i) the horizontal asymptote was often found to be the x-axis, which usually caused difficulty in part (c). In part (b)(ii), as in Question 4 (b)(iii), a mark was sometimes lost by a failure to show some necessary working, in this case for the intersection of the curve with the x-axis. In part (c) the sketches were sometimes wildly wrong, despite the information provided in part (a) that the curve must be a translated version of the well1 . In many cases known hyperbola y= x the curve shown was basically correct but did not appear to approach the asymptotes in a satisfactory way. Despite a generous interpretation of this on the part of the examiners, some candidates lost credit because of seriously faulty drawing.



This question was not generally well answered, except for part (b) where most candidates were able to draw the reflected triangle correctly on the insert. In part (a) many candidates seemed not to recognise the transformation as a simple one-way stretch, and even those who did were not always familiar with the corresponding matrix. They could have worked out the matrix by considering the effect of the stretch on the points (1, 0) and (0, 1), but in many cases candidates either gave up, made a wild guess, or embarked on a lengthy algebraic process involving four equations and four unknowns. In part (c) relatively few candidates saw the benefit of matrix multiplication for the composition of two transformations, and even they often multiplied the matrices the wrong way round. Again it was common to see candidates trying to find the matrix from four equations, but this method was doomed to failure if the candidate, as happened almost every time, paired off the vertices incorrectly.



Question 9:



y2 = 4x A(3, 4) a ) y − 4= m( x − 3) y = mx − 3m + 4 b) If the line intersects the curve then the coordinates of the point of intersection satisfy both equations simultaneously y 2= 4 x



x=



y2 4



y2 − 3m + 4 4 4 y = my 2 − 12m + 16



so y= m



my 2 − 4 y + 16 − 12m = 0 c) The line is a tangent when this equation has a repeated root meaning that the discriminant is 0 Discriminant = (−4) 2 − 4 × m × (16 − 12m) = 16 − 64m + 48m 2 = 0 3m 2 − 4m + 1 = 0 (3m − 1)(m − 1) = 0 1 m = or m = 1 3 1 x + 3 and y = x +1 The equation of the two tangents are y = 3 d ) If m = 1, the equation becomes y 2 − 4 y + 4 = 0 y 2= and x 1 ( y − 2) 2 = 0= 1 1 If m = , the equation becomes y 2 − 4 y + 12 = 0 3 3 y 2 − 12 y + 36 = 0 ( y − 6) 2 = 0 The tangents touch the curve at (1, 2) and (9, 6)



y = 6 and x = 9



Grade boundaries



Most candidates know that there is likely to be a question involving quadratic theory and are well equipped to answer it. In this case it was possible to answer parts (c) and (d) without having been successful in the earlier parts of the question, and this was often seen. At the same time there were many candidates who did well in parts (a) and (b) but made an error in the discriminant in part (c) leading to a significant loss of marks thereafter. In part (a) many candidates found a particular value for m rather than finding an equation that would be valid for all values of m. In part (b), as mentioned above, the elimination was not always carried out by the most efficient method, but many candidates still managed to establish the required equation. In part (c) some candidates lost all credit by failing to indicate that the discriminant must be zero for the line to be a tangent to the parabola; while others found the two gradients correctly but omitted the actual equations asked for in the question. Those who did find the correct gradients nearly always went on to gain all or most of the marks available in part (d), from a quadratic in y (the more direct way) or from a quadratic in x
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