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2. Modeling: parametric and non-parametric, MA, AR and ARMA models



◮



Modeling ? for what ?



◮



Deterministic / Probalistic modeling



◮



Parametric / Non Parametric



◮



Moving Average (MA)



◮



Autoregressive (AR)



◮



Autoregressive Moving Average (ARMA)



◮



Classical methods for parameter estimation (LS, WLS)
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3. Deconvolution and Parameter estimation



◮



Signal Deconvolution and Image Restoration



◮



Least Squares method (LS)



◮



Limitations of LS methods



◮



Regularization methods



◮



Parametric modeling Examples:



◮



◮ ◮ ◮



Sinusoids in the noise (MUSIC) Antenna Array Processing Mixture models (Gaussian and Cauchy)
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4. Inverse problems and Bayesian estimation



◮



Inverse problems? Why need for Bayesian approach?



◮



Probability ?



◮



Discrete and Continuous variables



◮



Bayes rule and Bayesian inference



◮



Maximum Likelihood method (ML) and its limitations



◮



Bayesian estimation theory



◮



Bayesian inference for inverse problems in signal and image processing



◮



Prior modeling



◮



Bayesian computation (Laplace approximation, MCMC, BVA)
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5. Kalman Filtering and smoothing



◮ ◮



Dynamical systems and state space modeling State space modeling examples ◮ ◮



Electrical circuit example Radar tracking of object



◮



Kalman filtering basics



◮



Kalman Filtering as recursive Bayesian estimation



◮



Kalman Filtering extensions: Adaptive signal processing



◮



Kalman Filtering extensions: Fast Kalman filtering



◮



Kalman Filtering for signal deconvolution
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6. Case study: Signal deconvolution



◮



Convolution, Identification and Deconvolution



◮



Forward and Inverse problems: Well-posedness and Ill-posedness



◮



Naˆıve methods of Deconvolution



◮



Classical methods: Wiener filtering



◮



Bayesian approach to deconvolution



◮



Simple and Blind Deconvolution



◮



Deterministic and probabilistic methods



◮



Joint source and canal estimation
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7. Case study: Image restoration



◮



Image restoration



◮



Classical methods: Wiener filtering in 2D



◮



Bayesian approach to deconvolution



◮



Simple and Blind Deconvolution



◮



Practical issues and computational costs
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8. Case study: Image reconstruction and Computed Tomography



◮



X ray Computed Tomography, Radon transform



◮



Analytical inversion methods



◮



Discretization and algebraic methods



◮



Bayesian approach to CT



◮



Gauss-Markov-Potts model for images



◮



3D CT



◮



Practical issues and computational costs
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Representation of signals and images ◮



Signal: f (t), f (x), f (ν) ◮



◮



◮



◮



Image: f (x, y ), f (x, t), f (ν, t), f (ν1 , ν2 ) ◮



◮ ◮



◮



f (t) Variation of temperature in a given position as a function of time t f (x) Variation of temperature as a function of the position x on a line f (ν) Variation of temperature as a function of the frequency ν f (x, y ) Distribution of temperature as a function of the position (x, y ) f (x, t) Variation of temperature as a function of x and t ...



3D, 3D+t, 3D+ν, ... signals: f (x, y , z), f (x, y , t), f (x, y , z, t) ◮



◮



◮



f (x, y , z) Distribution of temperature as a function of the position (x, y , z) f (x, y , z, t) Variation of temperature as a function of (x, y , z) and t ...
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Representation of signals
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Linear Transformations g (s) =



Z



f (r) h(r, s) dr D



f (r) −→ h(r, s) −→ g (s) ◮



1–D : g (t) = g (x) =



Z



Z



f (t ′ ) h(t, t ′ ) dt ′



D



f (x ′ ) h(x, x ′ ) dx ′



D



◮



2–D : g (x, y ) =



ZZ



g (r , φ) =



f (x ′ , y ′ ) h(x, y ; x ′ , y ′ ) dx ′ dy ′ D



ZZ



f (x, y ) h(x, y ; r φ) dx dy D
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Linear and Invariant systems: convolution h(r, r′ ) = h(r − r′ ) f (r) −→ h(r) −→ g (r) = h(r) ∗ f (r) ◮



1–D : g (t) = g (x) =



◮



2–D : g (x, y ) =



ZZ



D



Z



Z



D



f (t ′ ) h(t − t ′ ) dt ′



D



f (x ′ ) h(x − x ′ ) dx ′



f (x, y ) h(x − x ′ , y − y ′ ) dx ′ dy ′



◮



h(t) impulse response



◮



h(x, y ) Point Spread Function
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Linear Transformations: Separable systems g (s) =



Z



f (r) h(r, s) dr D



h(r, s) =



Y



hj (rj , sj )



j



Examples: ◮ 2D Fourier Transform ZZ g (ωx , ωy ) = f (x, y ) exp {−j(ωx x + ωy y )} dx dy h(x, y , ωx , ωy ) = h1 (ωx x) h2 (ωy y ) exp {−j(ωx x + ωy y )} = exp {−j(ωx x)} exp {−j(ωy y )} ◮



nD Fourier Transform g (ω) =



Z



 f (x) exp −jω ′ x) dx
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Fourier Transform [Joseph Fourier, French Mathematicien (1768-1830)] ◮ 1D Fourier: F1 Z    g (ω) = f (t) exp {−jωt} dt Z   f (t) = 1 g (ω) exp {+jωt} dω 2π ◮



◮



2D Fourier: F2 ZZ    g (ωx , ωy ) = f (x, y ) exp {−j(ωx x + ωy y } dx dy ZZ  1 2  f (x, y ) g (ωx , ωy ) exp {+j(ωx x + ωy y } dωx dωy = ( 2π ) nD Fourier: Fn Z     g (ω) = f (x) exp −jω ′ x dx Z   1 n  f (x) = ( ) g (ω) exp +jω ′ x dω 2π
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1D Fourier Transform F1



◮ ◮



Z    g (ω) = f (t) exp {−jωt} dt Z   f (t) = 1 g (ω) exp {+jωt} dω 2π



|g (ω)|2 is called the spectrum of the signal f (t) For real valued signals f (t), |g (ω)| is symetric



Examples:



g (ω) f (t) exp {−jω0 t} δ(ω − ω0 ) sin(ω0 t) ? cos(ω ?  0 t) 2 ? exp −t  exp − 21 (t − m)2 /σ 2 ? exp {−t/τ } , t > 0 ? ? 1 if |t| < T /2 A. Mohammad-Djafari, Advanced Signal and Image Processing
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2D Fourier Transform: F2



ZZ    g (ωx , ωy ) = f (x, y ) exp {−j(ωx x + ωy y } dx dy ZZ  1 2  f (x, y ) g (ωx , ωy ) exp {+j(ωx x + ωy y } dωx dωy = ( 2π )



|g (ωx , ωy )|2 is called the spectrum of the image f (x, y ) ◮ For real valued image f (x, y ), |g (ωx , ωy )| is symetric with respect of the two axis ωx and ωy . Examples: ◮



f (x, y ) g (ωx , ωy ) exp {−j(ω δ(ωx − ωx0 )δ(ωy − ωy 0 )  x02x + ω2y 0 y )} exp −(x + y ) ?  ? exp − 12 [(x − mx )2 /σx2 + (y − my )2 /σy2 ] exp {−(|x| + |y |)} ? 1 if |x| < Tx /2 & |y | < Ty /2 ? 2 2 ? 1 if (x + y ) < a A. Mohammad-Djafari, Advanced Signal and Image Processing
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nD Fourier Transform: Fn



Z     g (ω) = f (x) exp −jω ′ x dx Z    f (x) = ( 1 )n g (ω) exp +jω ′ x dω 2π



|g (ω)|2 is called the spectrum of f (x) ◮ For real valued image f (x), |g (ω)| is symetric with respect of all the axis ωj . Examples: ◮



f (x) g (ω) exp {−j(ω ′0 x)} δ(ω − ω 0 )  ′ 2 ′ 2 exp {−x x} = exp −kxk exp {−ω ω} = exp −kωk 2 ?  1 exp −kDxk exp − 2 [(x − m)′ Σ−1 (x − m) ? 2 1 if kxk < R ? ? 1 if |xj | < R A. Mohammad-Djafari, Advanced Signal and Image Processing
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1D Fourier Transform: Classical definition and properties Classical Definition for Integrable 1–D signals Z +∞ |f (t)| dt < ∞ f (t) ∈ L1 , F (ω) =



Z



−∞



+∞



−∞



f (t) exp {−jωt} dt



Some important properties : ◮ FT is additive: f + g ↔ F (ω) + G (ω) ◮ FT is homogenious: cf (t) ↔ cF (ω) ◮ The spectral amplitude is bounded: Z +∞ |f (t)| dt |F (ω)| ≤ −∞



◮ ◮



F (ω) is uniformly continuous on [−∞, ∞] Rieman–Lebesgue lemma: lim |F (ω)| = 0



|ω|→∞
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Convolution If f (t), g (t) ∈ L1 h(t) =



Z



+∞



−∞



◮



f (t − τ ) g (τ ) dτ = f ∗ g



The convolution integral [f ∗ g ](t) exists almost everywhere for t ∈ [−∞, ∞] and, furthermore, f ∗ g ∈ L1 .



◮



Z



+∞



−∞



◮ ◮ ◮



|[f ∗ g ](t)| dt ≤



f ∗g =g ∗f



Z



+∞ −∞



|f (t)| dt



Z



+∞ −∞



|g (t)| dt



(commutativity)



(f ∗ g ) ∗ r = f ∗ (g ∗ r ) (associativity) Convolution and FT:



f (t) ∗ g (t) ↔ F (ω)G (ω)
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FT and Convolution properties ◮



if f ∈ L1 ∩ L2 , then F (ω) ∈ L2 and Z +∞ Z +∞ 1 2 |F (ω)|2 dω < ∞ |f (t)| dt = 2π −∞ −∞



Lets note by I[−n,n] (t) = 1, t ∈ [−n, n] and 0 elsewhere Planchrel Theorem: Let f ∈ L2 , fn (t) = f (t)I[−n,n] (t) and Fn (ω) the FT of fn (t). Then : ◮



There exists a function F (ω) ∈ L2 such that Fn (ω) converges to F (ω) in the L2 norm, i.e., Z +∞ |F (ω) − Fn (ω)|2 dω = 0 lim n→∞



−∞
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FT and Convolution properties ◮



For any F (ω) ∈ L2 , there exists a unique f (t) ∈ L2 such that f (t) ↔ F (ω), where the double arrow denotes the L2 Fourier transform.



◮



If f ∈ L1 ∩ L2 , then F (ω) = lim Fn (ω) n→∞



pointwise, and F (ω) agrees with definition of the FT for L1 functions. ◮



For any f ∈ L2 , the Parseval identity holds, i.e., Z +∞ Z +∞ 1 |f (t)|2 dt |F (ω)|2 dω < ∞. = 2π −∞ −∞
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FT and Convolution properties ◮



If F (ω) ∈ L2 and we note by F[Ω] (ω) = F (ω)I[−Ω,Ω] (ω), then F[Ω](ω) ∈ L1 ∩ L2 and we can define f[Ω] (t) = F −1 F[Ω] (ω), and show that f[Ω] (t) converges to f (t) in the L2 norm, i.e., Z +∞ f (t) − f[Ω] (t) 2 dt = 0 lim Ω→∞ −∞



Note the following



Fn (ω) =



Z



n



−n



1 f[Ω](t) = 2π



Z



f (t) exp {−jωt} dt Ω



−Ω



F (ω) exp {jωt} dω
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FT and Convolution properties



If f , g ∈ L2 h(t) =



◮



Z



+∞ −∞



f (t − x)g (x) dx = f ∗ g



h(t) is bounded, continuous, and converges to zero as t goes to infinity.
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Convolution for 2D signals F (ωx , ωy ) =



Z



+∞ Z +∞



−∞



◮



−∞



f (x, y ) exp {−j (ωx x + ωy y )} dx dy



Rieman–Lebesgue lemma: lim



|ωx2 +ωy2 |→∞



f (x, y ) =



Z



+∞ Z +∞



−∞



If f , g ∈ L1 h(x, y ) =



−∞



Z



|F (ωx , ωy )| = 0



F (ωx , ωy ) exp {−j (ωx x + ωy y )} dωx dωy



+∞ −∞



f (x − u, y − v ) g (u, v ) du dv = f ∗ g
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Sine and Cosine Transforms Sine Transform: For un odd function f (−t) = −f (t) Z ∞ f (t) sin (ωt) dt S(ω) = 2 0



f (t) =



1 π



Z



∞



S(ω) sin (ωt) dω



0



1 S(ω) = [F (ω) − F (−ω)] j Cosine Transform: For un even function f (−t) = f (t) Z ∞ f (t) cos (ωt) dt C (ω) = 2 0



f (t) =



1 π



Z



∞



C (ω) cos (ωt) dω 0



C (ω) = F (ω) + F (−ω) A. Mohammad-Djafari, Advanced Signal and Image Processing
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Laplace Transforms: L



[Pierre-Simon Laplace, French Mathematicien (1749-1827)] Let f (t) be a signal with support in [0, ∞) such that exp {−kt} f (t) ∈ L1 for some real number k. Z ∞ f (t) exp {−s t} dt F (s) = 0



◮



◮



◮



F (s) is defined at least in the right half of the complex plane defined by Real (s) > k. When the inversion conditions for the FT hold, we also have an inversion for the LT given by Z a+j∞ 1 f (t) = F (s) exp {+st} ds, ∀t > 0 j2π a−j∞



where a > k is a real number such that exp {−kt} f (t) ∈ L1 Suppose f (t) and g (t) have support in [0, ∞), exp {−k1 t} f (t) and exp {−k2 t} g (t) are in L1 , f ↔ F , and g ↔ G . Then Z t
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Laplace Transform: few examples



f (t) g (s) t 1/s 1/(t − a) exp {as} sin ωt ω/(t 2 + ω 2 )
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Bilateral Laplace Transform ◮



Definition: L(s) =



Z



+∞



−∞



◮



f (t) exp {−s t} dt



Whereas the LT integral converges in half–planes Real (s) > k, the bilateral LT integral converges in infinite strips k1 < Real (s) < k2 f (t) =



1 j2π



Z



a+j∞ a−j∞



L(s) exp {+st} ds



where a is a real number k1 > a > k2 , and k1 , k2 are such that exp {−k1 t} f (t) ∈ L1 and exp {−k2 t} f (t) ∈ L1 .
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Mellin Transform (MT) [Hjalmar Melin, Finnish mathematicien (1854-1933)] ◮



Definition: If t Real(s)−1 f (t) ∈ L1 on (0, ∞), Z ∞ f (t) t s−1 dt g (s) = 0



f (t) =



1 j2π



Z



a+j∞



g (s) t −s ds



a−j∞



where s1 < a < s2 . ◮



Convolution for MT involves a product–type kernel and is given by Z t f (x) g (t/x) x −1 dx, t > 0 h(t) = 0



H(s) = F (s) G (s) A. Mohammad-Djafari, Advanced Signal and Image Processing
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Abel Transform (AT) [Niels Henrik Abel, Norwegian mathematician (1802-1829)] ◮



Definition: If f (t) ∈ L1 ,



f (r ) = Generalizations



1 A (x) = Γ(α) α



◮



∞



f (r ) r dr 2 − s2 r s Z ∞ −1 dg (s)/ ds ds π r s2 − r 2



g (s) = 2



◮



Z



Z



x a



f (t) (x − t)α−1 dt



For α = n, a non negative integer, we have Z xn−1 Z x Z x1 n f (xn ) dxn · · · dx1 ··· A (x) = a



a
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Abel Transform (AT)



◮



For Real (α) > 0 and Real (β) > 0   Aα Aβ (f ) = Aα+β (f ) 1



A (f ) = ◮



If f is continuous



Z



x



f (t) dt 0



A0 (f ) = f
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Hilbert Transform: H [David Hilbert, German mathematicien (1862-1943)] ◮



Definition: If f ∈ L2 on (−∞, ∞), Z 1 +∞ f (t) g (x) = dt π −∞ t − x −1 f (t) = π



Z



+∞ −∞



g (x) dx x −t



The integrals are interpreted in the Cauchy principal value(CPV) sense at t = x. ◮



Alternate expression useful in signal processing: Z ∞ 1 f (t + τ ) − f (t − τ ) g (t) = lim dτ π ǫ7→0 ǫ τ
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Hilbert Transform: H ◮



If f ∈ L2 ◮ ◮



H (H(f )) = f f and H(f ) are orthogonal, i.e., Z r lim [f H(f )](u) du = 0 r →∞



◮ ◮



−r



The Hilbert transform of a constant is zero. Hilbert and Fourier Transforms H(f ) = f ∗



−1 πt



−→ F {H(f )} = jsgn(ω)F (ω)
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Radon Transform (RT): R ◮



Definition: This transform is defined for the functions in 2 or more dimensions. Here we give the relations only in the 2–D case. Z f (x, y ) dl R(r , φ) = L



ZZ r,φ = f (x, y ) δ(r − x cos(φ) − y sin(φ)) dx dy



◮



◮



The Radon transform maps the spatial domain (x, y ) ∈ R 2 to the domain (r , φ) ∈ R × [0, π]. Each point in the (r , φ) space corresponds to a line in the spatial domain (x, y ). Note that (r , φ) are not the polar coordinates of (x, y ). In fact if we note the polar coordinates corresponding to the (x, y ) point (ρ, θ), then we have x = ρ cos θ,



y = ρ sin θ,
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X ray Tomography



S•



y 6



r







f (x, y ) φ



-



x



•D  p(r , φ)   X  I = I0 exp {−µx} −→ I = I0 exp − µ j xj ,   j   Z Z I I = I0 exp − f (x) dx . −→ − ln = f (x, y ) dl , I0 L L ZZ Z f (x, y )δ(r − x cos φ − y sin φ) dx dy p(r , φ) = f (x, y ) dl = L



f (x, y ) −→ Radon Transform −→ p(r , φ)



p(r , φ) −→ Image Reconstruction −→ f (x, y )
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X ray Tomography: Radon Transform ◮



Deux dimensions : s



y 6



r



I



ξ



⊥



I



f (x, y ) D



φ



ξ











Lr ,φ -



x



ξ = [cos φ, sin φ]′ , x = [x, y ]′ = [ρ cos θ, ρ sin θ],



ξ ⊥ = [− sin φ, cos φ]′ Lr ,φ : r = x cos φ + y sin φ = ξ ′ · x



A. Mohammad-Djafari, Advanced Signal and Image Processing



Huazhong & Wuhan Universities, September 2012,



40/344



X ray Tomography: Radon Transform g (r , φ) =



Z



f (x, y ) dl =



ZZL



ZZ



D



f (x, y )δ(r − x cos φ − y sin φ) dx dy



f (x, y ) δ(r − ξ ′ · x) dx dy Z ∞ Z 2π  f (ρ, θ)δ r − ρ cos(φ − θ) ρ dρ dθ g (r , φ) = g (r , ξ) =



0



0



n-D case:



x = [x1 , x2 , . . . , xn ]′ ,



ξ = [ξ1 , ξ2 , . . . , ξn ]′



avec |ξ| = 1



r = ξ ′ · x = ξ 1 x1 + ξ 2 x2 + . . . + ξ n xn Z f (x) δ(r − ξ ′ · x) dx g (r , ξ) =



dx = dx1 dx2 . . . dxn ,



Rn
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Radon Transform: Some properties [Johann K.A. Radon, Austrian mathematician (1887-1956)] ◮



Definition in cartezian coordinate system: ZZ R f (x, y ) =−→ g (r , φ) = f (x, y )δ(r −x cos(φ)−y sin(φ)) dx dy



◮



Definition in polar coordinate system: Z ∞ Z 2π R f (ρ, θ) −→ g (r , φ) = f (ρ, θ)δ(r −ρ cos(φ−θ)ρ dρ dθ 0



◮



0



Inversion 1 f (x, y ) = 2π



Z



π 0



Z



∞ 0



∂g (r , φ)/∂r dr dφ r − x cos(φ) − y sin(φ)
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Radon Transform: Some properties ◮



◮



◮



◮



◮



◮



◮



Linearity: a f1 (x, y ) + b f2 (x, y ) −→ a g1 (r , φ) + b g2 (r , φ) Symetry: f (x, y ) −→ g (r , φ) = g (−r , φ ± π) Periodicity: f (x, y ) −→ g (r , φ) = g (r , φ ± 2kπ), k integer Shift: f (x − x0 , y − y0 ) −→ g (r − x0 cos(φ) − y0 sin(φ), φ) Rotation: f (ρ, θ + θ0 ) −→ g (r , φ + θ0 ) Scaling: 1 f (a x, a y ) −→ g (ar , φ), a 6= 0 |a| Mass ZZ conservation: Z Z π



∞



M=



−∞



f (x, y ) dxdy −→ M =
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g (r , φ) dr dφ



0
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Radon Transform: Inversion Direct Inverse Radon Transform g (r ,φ)



−→



Hilbert Transform ge(r ,φ) Back–projection f (x,y ) Differentiate −→ −→ −→ 1 B H 2π D



Convolution Back–projection method g (r ,φ)



−→



1–D Filter |Ω|



Back–projection B



e(r ,φ) g



−→



f (x,y )



−→



Filter Back–projection method g (r ,φ)



−→



FT F1



−→



Filter Ω



−→



IFT F1−1
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−→
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Unitary Transforms: 1D case F (u) = f (x) =



Z



Z



f (x) h(u, x) dx F (u) h∗ (x, u) du



hf1 (x), f2 (x)i = hF1 (u), F2 (u)i =



Z



Z



f1 (x) f2∗ (x) dx F1 (u) F2∗ (u) du



F (u) = hf (x), hu∗ (x)i



f (x) = hF (u), hx (u)i



  F (u) = Z hf (x), hu∗ (x)i F (u) hu∗ (x) du  f (x) =
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Unitary Transforms: 2D case F (u, v ) = f (x, y ) =



Z



Z



f (x, y ) h(u, v ; x, y ) dx dy F (u, v ) h∗ (x, y ; u, v ) du dv



hf1 (x, y ), f2 (x, y )i = hF1 (u, v ), F2 (u, v )i = F (u, v ) =



ZZ



ZZ



f1 (x, y ) f2∗ (x, y ) dx dy F1 (u, v ) F2∗ (u, v ) du dv 



 ∗ f (x, y ), hu,v (x, y )



f (x, y ) = hF (u, v ), hx,y (u, v )i   



∗  F (u, v ) = ZZf (x, y ), hu,v (x, y ) F (u, v ) hu,v (x, y ) dx dy  f (x, y ) =
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Discrete signals and images Sampling theory



◮



Relation between a signal P f (t), its samples fn = f (n∆) and sampled signal fs (t) = n fn δ(t − n∆) X X fs (t) = f (t) δ(t − n∆) −→ Fs (ω) = F (ω) ∗ δ(ω − n/∆) n



◮



n



Sampling theorem: An Ω band limited signal can be exactly reconstructed from its samples if the sampling interval ∆ ≤ 1/(2Ω).
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Discrete systems ◮



1–D : g (k) =



N−1 X



h(k, m) f (m),



m=0 ◮



0≤k ≤N −1



2–D : N−1 X X h(k, l ; m, n) f (m, n), g (k, l ) = m,n=0



0 ≤ k, l ≤ N − 1



⋄ Translation Invariance ◮ 1–D : g (k) =



N−1 X



m=0 ◮



2–D :



h(k−m) f (m) = h∗f −→ f (m) −→ h(m) −→ g (m)



g (k, l ) =



N−1 X X m,n=0



h(k − m, l − n) f (m, n) = h ∗ f



−→ f (m, n) −→ h(m, n) −→ g (m, n) A. Mohammad-Djafari, Advanced Signal and Image Processing
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Discrete systems: Z transform ◮



1–D :



∞ X



U(z) =



u(m) z −m



m=−∞



1 u(m) = j2π ◮



2–D : U(z1 , z2 ) =



I



U(z) z m−1 dz



∞ X



∞ X



u(m, n) z1−m z2−n



m=−∞ n=−∞



1 u(m, n) = (j2π)2 g =h∗f h H



I I



U(z1 , z2 ) z1m−1 z2n−1 dz1 dz2



TZ



−→



G = H.F



Impulse response Transfert function



A. Mohammad-Djafari, Advanced Signal and Image Processing



Huazhong & Wuhan Universities, September 2012,



49/344



Unitary Transforms: Vector-Matrix representation v = Au −→ v (k) = ◮



N−1 X



0≤k ≤N −1



Unitary transform: A−1 = A∗t ∗t



u = A v −→ u(m) =



hx, yi = ◮



ak (m) u(m),



m=0



Basis vector:



N X k=1



N−1 X



∗ v (k) am (k),



k=0



∗



x(k) y (k) −→



a∗k = {ak∗ (m)}







0≤m ≤N −1



v (k) = hu, a∗k i P ∗ u= N k=1 v (k) ak



column of the matrix A∗t
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Unitary Transforms: Vector-Matrix representation ◮



Orthonormal Basis: hak , ak ′ i =



N−1 X



m=0



ak (m) ak∗ ′ (m) = δ(k − k ′ )



N−1 X X △ P−1 ∗ 2 |u(m)−uP (m)|2 uP (m) = v (k)ak (m) minimise σǫ = m=0



k=0



◮



Complete Basis:



N−1 X k=0



σǫ2 =



N−1 X



m=0



ak (m)ak∗ (m′ ) = δ(m − m′ )



|u(m) − uP (m)|2 = 0 if
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Unitary Transforms in 2D v (k, l ) =



N−1 X X



0 ≤ k, l ≤ N − 1



ak,l (m, n) u(m, n),



m,n=0



◮



Unitary transforms: u(m, n) =



N−1 X X



∗ v (k, l ) am,n (k, l ),



k,l=0



◮



◮



Basis Images:



Scalar product:



0 ≤ m, n ≤ N − 1



∗ (m, n)} A∗k,l = {ak,l



hF, Gi =



N−1 X X



f (m, n) g ∗ (m, n)



m,n=0 



 v (k, l ) = U, A∗k,l ,



U=
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N−1 X X



v (k, l )A∗k,l



k,l=0



Huazhong & Wuhan Universities, September 2012,



52/344



Unitary Transforms in 2D



◮



Complete Basis: N−1 X X



∗ (m′ , n′ ) = δ(m − m′ , n − n′ ) ak,l (m, n) ak,l



N−1 X X



|u(m, m) − uP,Q (m, n)|2 = 0 if P = Q = N



k,l=0



σǫ2



=



m,n=0
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Separable Unitary transforms △ ak,l (m, n) = ak (m) bl (n) = a(k, m) b(l , n) {ak (m), k = 0, . . . , N − 1},



{bl (n), l = 0, . . . , N − 1}



Two orthonormal and complete basis AA∗t = A∗t A = I, v (k, l ) =



N−1 X X



BB∗t = B∗t B = I,



a(k, m)u(m, n)b(l , n) =⇒ V = AUBt



m,n=0



u(m, n) =



N−1 X X



a∗ (k, m)v (k, l )b ∗ (l , n) =⇒ U = A∗t VB∗



k,l=0



⋄ In general, we choose A = B :



 t V = AUAt = A[AU]t  t U = A∗t VA∗ = A[AV]∗t
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Unitary transforms: Computational cost



◮



General case: U=



N−1 X X



v (k, l )A∗k,l



k,l=0



◮



Separable case: ∗ U = A∗t 1 VA2



◮



=⇒ N 2 × N 2 = N 4



If A1 and A2 are separables



=⇒ 2N 3



=⇒ log2 N × N 2
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Discrete Fourier Transform (DFT) ◮



Definition:



N−1 1 X u(m) WNkm , v (k) = √ N m=0



k = 0, · · · , N − 1



−→



v = Fu



N−1 1 X v (k) WN−km , u(m) = √ N k=0



m = 0, · · · , N−1



−→



u = F−1 v



with



WNkm = exp {−j2πkm/N}



◮



When N is a number power of 2, DFT becomes Fast Fourier Transform (FFT).



◮



In Matlab notation: v=fft(u) and u=ifft(v)
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Link between DFT and FT △ ue (n) = Ue (ω) =



∞ X



n=−∞







u(n) n = 0, . . . , N − 1 0 ailleurs



ue (n) exp {−jωn} =



N−1 X n=0



ue (n) exp {−jωn}



DFT of u(n) : v (k) =



N−1 X n=0



u(n) exp {−j2πkn/N} ⇓



v (k) = Ue (2πk/N)
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Discrete Fourier Transform properties ◮



Symetry : F−1 = F∗



◮



Periodic Extension: u(k) and v (k) are periodic u(k + N) = u(k),



◮ ◮



v (k + N) = v (k)



FFT when N power of 2 : =⇒ N log2 N operations Real valued signals: v ∗ (N − k) = v (k) −→ |v (N/2 − k)| = |v (N/2 + k)|



◮ ◮



F is a circulant matrice. For any Circulent Matrice H: FHF∗ = Λ = diag [λk , k = 0, . . . , N − 1] and λ = Fh = DFT of the first ligne of H
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Discrete Fourier Transform and Circular Convolution



◮



Circulent Convolution: y (n) =



N−1 X k=0



hc (n − k)x(k),



n = 0, . . . , N − 1



hc (n) = h(n modulo N) DFT{y (n)}N = DFT{h(n)}N DFT{x(n)}N
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Discrete Fourier Transform and Circular Convolution ◮



Linear Convolution: {h(n), n = 0, . . . , Nh − 1},



{x(n), n = 0, . . . , Nx − 1},



y (n) = h(n) ∗ x(n)



{y (n), n = 0, . . . , Nh + Nx − 2} 1. Zero padding: M ≥ Nh + Nx − 2,  h(n) for n = 0, . . . , Nh − 1 e h(n) = 0 n = Nh , . . . , M  h(n) for n = 0, . . . , Nh − 1 e x (n) = 0 n = Nh , . . . , M 2. DFT computation :



DFT{e y (n)}M = DFT{e h(n)}M DFT{e x (n)}M



3. Inverse DFT computation: y (n) = ye(n),



n = 0, . . . , Nx + Nh − 2
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Some References: Signal and image processing 1. V. Smidl, A. Quinn ”The Variational Bayes Method in Signal Processing”, Springer, ISBN-10 3-540-28819-8 Springer Berlin Heidelberg New York 2. A. K. Jain, “Fundamentals of Digital Image Processing,” Prentice Hall, Englewood Cliffs, NJ 07632, (1989). 3. E. R. Dougherty and Ch. R. Giardina “Image ProcessingContinuous to Discrete,” Prentice Hall, Englewood Cliffs, NJ 07632, Vol. I and II, (1989). 4. R. C. Gonzalez and P. Wintz “Digital Image Processing,” Addison–Wesley Publ. Co., (1987). 5. G. Herman, “Image Reconstruction from Projections,” 6. D. E. Dudgeon, R.M. Mersereau, “Multidimensional Digital Signal Processing,”
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Some references: Signal and image processing 1. G. E. P. Box, G. C. Tiao, “Bayesian Inference in Statistical Analysis,” 2. A. Blake, A. Zisserman, “Visual Reconstruction,” 3. S. R. Deans “The Radon Transform and some of its Applications,” 4. A.C. Kak, M. Slaney, “Principles of Computerized Tomographic Imaging,” IEEE Press, , 1988. 5. A. Tarantola, “Inverse Problem Theory,” Elsevier Science Publishers, 1987, Second impression(1988).
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Some references: Main Journals ◮



IEEE transactions on : ◮ ◮ ◮ ◮ ◮



Signal Processing (SI) Image Processing (SI) Acoustics, Speech and Signal Processing (ASSP) Medical Imaging (MI) Pattern Analysis and Machine Intelligency (PAMI)



◮



Proceedings of IEEE



◮



Computer Vision, Graphics, and Image Processing
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Content 1. Introduction: Signals and Images, Linear transformations (Convolution, Fourier, Laplace, Hilbert, Radon, ..., Discrete convolution, Z transform, DFT, FFT, ...) 2. Modeling: parametric and non-parametric, MA, AR and ARMA models, Linear prediction 3. Deconvolution and Parameter Estimation: Deterministic (LS, Regularization) and Probabilistic methods (Wiener Filtering) 4. Inverse problems, Regularization and Bayesian estimation 5. Kalman Filtering 6. Case study: Signal deconvolution 7. Case study: Image restoration 8. Case study: Image reconstruction and Computed Tomography
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2. Modeling: parametric and non-parametric, MA, AR and ARMA models



◮



Modeling ? for what ?



◮



Deterministic / Probalistic modeling



◮



Parametric / Non Parametric



◮



Moving Average (MA)



◮



Autoregressive (AR)



◮



Autoregressive Moving Average (ARMA)



◮



Classical methods for parameter estimation (LS, WLS)
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Modeling ? What for ? 1D signals g(t)
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1D signals: ◮ ◮ ◮



◮



Is it periodic? What is the period? Is there any structure? Has something changed before, during and after some traitement Can we compress it? How? How much?
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Modeling ? What for ? 2D signals (Images) 50 100 150 200 250 300 350 400 450 50



◮



100



150



200



250



300



Images: ◮ ◮ ◮



Is there any structure? Contours? Regions? Can we compress it? How? How much?
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Modeling ? What for ? multi dimensional time series before 800
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Modeling ? What for ? multi dimensional time series 4
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Multi Dimentionsional signals g1 (t), · · · , gn (t) ◮



◮ ◮



◮



◮



Dependancy: Are they all independent? If not, which ones are related? Dimensionality reduction: Can we reduce the dimensionality? Principal Components Analysis (PCA): What are the principal components? Independent Components Analysis (ICA): What are the independent components? Factor Analysis (FA): What are the principal factors?
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Deterministic / Probalistic modeling ◮



Deterministic: ◮



◮



◮



◮



◮



The signal is a sinusoid f (t) = a sin(ωt + φ). We need just to determine the three parameters a, ω, φ. The signal PKis a periodic f (t) = k=1 ak cos(kω0 t) + bk sin(kω0 t). If we know ω0 , then, we need just to determine the parameters (ak , bk ), k = 1, · · · , K . P The signal represents a spectra f (t) = K k=1 ak N (mk , vk ). We need just to determine the parameters (ak , mk , vk ), k = 1, · · · , K . In the last two cases, one great difficulty is determining K



Probabilistic: ◮ ◮ ◮ ◮



The shape of the signal is more sophisticated. 1 Sinusoid + noise f (t) = a sin(ωt + φ) + ǫ(t) PK K Sinusoids + noise f (t) = k=1 ak sin(ωk t + φk ) + ǫ(t) No specific shapes: MA, AR, ARMA, ...
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Deterministic and probabilistic modeling of signals ◮



Deterministe: f (t) = sin(ωt), the value of f at time t is always the same. 1.5
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f1 (t) = sin(2ωt) + .4 sin(3ωt), ω = π/12 Random f (t) = sin(ωt) + ǫ(t), the value of f at time t is not always the same. For a random signal f (t) for the value of f we can define a probability law, mean, variance, ... 4
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Determinist/Probabilist 1
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f (t) = a sin(ωt + φ), a = 1, ω = 2π, φ = 0 4
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Stationary/Non Stationary



f (t) ∼ N (0, 1), 5



∀t −→ E {f (t)} = 0, Var {f (t)} = 1, ∀t
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f3 (t) = a1 sin(2ωt) + a2 ∼ (3ωt), ω = π/12, a1 , a2 ∼ U (0, 1) A. Mohammad-Djafari, Advanced Signal and Image Processing
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Parametric / Non Parametric ◮



Parametric ◮



◮



◮



◮



PK K Sinusoids + noise f (t) = k=1 ak sin(ωk t + φk ) + ǫ(t). The parameters are (ak , ωk , φk ), k = 1, · · · , K K Complex PK exponentials + noise f (t) = k=1 ck exp {−jωk t} + ǫ(t). The parameters are (ck , ωk ), k = 1, · · · , K PK Sum of K Gaussian shapes: f (t) = k=1 ak N (mk , vk ). The parameters are (ak , mk , vk ), k = 1, · · · , K .



Non-Parametric ◮ ◮



◮



The shape of the signal is more sophisticated. The shape is composed of as much as the number of data of Complex + noise Pexponentials N f (t) = n=1 cn exp {−jnω0 t} + ǫ(t). If we know ω0 , then, the parameters are cn , n = 1, · · · , N PK Sum of the Gaussian shapes: f (t) = k=1 an N (mn , vn ). The parameters are (an , mn , vn ), n = 1, · · · , N.
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Moving Average (MA) f (t) = b(t) ∗ ǫ(t) = f (n) =



q X k=0



Z



b(τ )ǫ(t − τ ) dτ



b(k)ǫ(n − k),



ǫ(n)−→ B(z) =



q X k=0



∀n



b(k)z −k −→f (n)
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Autoregressive (AR) f (t) =



p X k=1



a(k) f (t−k∆t)+ǫ(t) −→ f (n) = E {ǫ(n)} = 0,



4



a(k) f (n−k)+ǫ(n),



k=1



∀n



 E |ǫ(n)|2 = β 2 ,



E {ǫ(n) f (m)} = 0,



ǫ(n)−→ H(z) =



p X



m 6= n



1 1 Pp −→f (n) = A(z) 1 + k=1 a(k) z −k
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Autoregressive Moving Average (ARMA) f (n) =



p X k=1



a(k) f (n − k) +



q X l=0



b(l ) ǫ(n − l )



Pq −k B(z) k=0 b(k)z P −→f (n) ǫ(n)−→ H(z) = = p A(z) 1 + k=1 a(k) z −k ǫ(n)−→ Bq (z) −→



1 −→f (n) Ap (z)
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ARMA(1,2), q = 1, v = 1, b1 = 1, a1 = 1, a2 = .8
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Linear prediction and AR modeling ◮



◮ ◮



◮



{f (1), · · · , f (n − 1)} observed samples of a signal. Predict f (n) Prediction or innovation Erreur: ǫ(n) = f (n) − b f (n) Mean Square P Errors (MSE): P MSE = n |ǫ(n)|2 = n |f (n) − b f (n)|2



Least Mean Squares (LMS) Error Linear Estimation b f (n) = LMSELE{f (n)|f (1), . . . , f (n − 1)} = arg min {MSE} f (n)



◮



The linear predictor:



b f (n) =



p X k=1



a(k) f (n − k),



∀n



minimizes MSE.
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Linear prediction and AR modeling ◮



◮



{f (n)} is a Markov chain of order p b f (n) = LMSELE{f (n)|f (n−k), . . . , f (n−1)} =



p X



a(k) f (n−k)



k=1



Wihtening Filter



f (n)−→ Ap (z) −→ǫ(n) E {ǫ(n)ǫ(m)} = β 2 δ(n − m) ◮



Link with AR model f (n) =



N−1 X k=0



ǫ(n)−→ H(z) =



a(k) f (n − k) + ǫ(n),



∀n



1 1 Pp = −→f (n) A(z) 1 + k=1 a(k) z −k
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Minimum Variance Estimation ◮ ◮



f (n), An n sample of a signal AR model: N−1 X b a(k) f (n − k) f (n) = k=0



◮



◮



Modeling errror Criterium



ǫ(n) = f (n) − b f (n)



n o  β 2 = min E |ǫ(n)|2 = min E [f (n) − b f (n)]2



Orthogonality Condition ) ( N−1 X a(k) f (n − k)] f (n − k) = β 2 δ(k), k = 1, . . . , p E [f (n) − ◮



k=0



r (k) −



N−1 X k=0



a(k) r (n − k) = β 2 δ(k)
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Minimum Variance Estimation ◮



Correlation matrix   r (0) r (1) r (2) · · · · · · r (p − 1) .. .. .. ..   . . .  r (1) .    . . . . .   .. .. .. .. ..  r (2)  R=  . . . . .  .. .. .. .. .. r (2)      . . . .  .. .. .. .. r (1)  r (p − 1) · · · · · · r (2) r (1) r (0) r = [r (1), . . . r (p)]t ,



◮



a = [a(1), . . . , a(p)]t ,



Normal equations Ra = r r (0) − at r = β 2
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Causal ou Non-Causal AR models ◮



Causal : f (n) =



q X k=1



A(z) = 1 − ◮



q X k=1



a(k) f (n − k) + ǫ(n),



a(k) z −k −→ ǫ(n)−→ H(z) =



∀n 1 −→f (n) A(z)



Non–causal :



f (n) =



+q X



k=−p



a(k) f (n − k) + ǫ(n),



∀n



k6=0



A(z) = 1 −



+q X



k=−p



a(k) z −k −→ ǫ(n)−→ H(z) =



1 −→f (n) A(z)



k6=0
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2D AR Models



A(z1 , z2 ) = 1 − f (m, n) =



XX



(k,l) ∈S ◮



◮



◮



XX



a(k, l )z1−k z2−k



(k,l) ∈S



a(k, l ) f (m − k, n − l ) + ǫ(m, n)



Non–causal S = {l ≥ 1, ∀k} ∪ {l = 0, k 6= 0} Semi–ausal S = {l ≥ 1, ∀k} ∪ {l = 0, k ≥ 1} Causal S = {(k, l ) 6= (0, 0)}
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2D AR Models ◮



Causal ◮ ◮ ◮ ◮



◮



Semi–causal ◮ ◮ ◮



◮



◮



S = {l ≥ 1, ∀k} ∪ {l = 0, k 6= 0} Recursive Filtre Finite Differential Equations with initial conditions Hyperbolic Partial Differential Equations S = {l ≥ 1, ∀k} ∪ {l = 0, k ≥ 1} Semi–recursif Filters Finite Differential Equations with initial conditions in one dimention and limit conditions in other dimension Parabolic Partial Differential Equations



Non–causal ◮ ◮ ◮



◮



S = {(k, l) 6= (0, 0)} Non-recursive Filtre Finite Differential Equations with limit conditions in both dimensions Elliptic Partial Differential Equations
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Causal/Non-Causal Prediction



◮



◮



Causal :



Non-Causal :



b f (n) = b f (n) =



N−1 X



a(k) f (n − k)



+q X



a(k) f (n − k)



k=0



k=−p



k6=0
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2D AR models and 2D prediction



A(z1 , z2 ) = 1 − f (m, n) =



XX



(k,l) ∈S ◮



Non–causal



◮



Semi–ausal



◮



Causal



XX



a(k, l )z1−k z2−k



(k,l) ∈S



a(k, l ) f (m − k, n − l ) + ǫ(m, n)
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2D AR models and 2D prediction ◮



Causal ◮ ◮ ◮ ◮



◮



Semi–causal ◮ ◮ ◮



◮



◮



S = {l ≥ 1, ∀k} ∪ {l = 0, k 6= 0} Recursive Filtering Finite Difference Equation (FDE) with initial conditions Partial Differential Equations (Hyperbolic) S = {l ≥ 1, ∀k} ∪ {l = 0, k ≥ 1} Filtre semi–r´ecursif FDE with initial conditions in one direction and limit conditions in other direction. Partial Differential Equations (Parabolic)



Non–causal ◮ ◮ ◮ ◮



S = {(k, l) 6= (0, 0)} Non-Recursive Filtering FDE with limit conditions in both directions Partial Differential Equations (Elliptic)
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3. Deconvolution and Parameter estimation



◮



Signal Deconvolution and Image Restoration



◮



Least Squares method (LS)



◮



Limitations of LS methods



◮



Regularization methods



◮



Parametric modeling Examples:



◮



◮ ◮ ◮



Sinusoids in the noise (MUSIC) Antenna Array Processing Mixture models (Gaussian and Cauchy)
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Convolution in signal processing ǫ(t) f (t) -



? - + - g (t)



h(t)



0.8



0.6



0.4



0.2



0



−0.2



0



10



20



30



40



50



60



t



g (t) =



◮



Z



f (t ′ )h(t − t ′ ) dt ′ + b(t) =



Z



h(t ′ )f (t − t ′ ) dt ′ + b(t)



f (t), g (t) and h(t) are discretized with ∆T = 1.
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Convolution in signal processing: general case ◮



h(t) = 0, ∀t < −q∆T , et ∀t > p∆T .



g (m) =



p X



h(k) f (m−k)+b(m),



k=−q



m = 0, · · · , M −→ g = Hf+ǫ



g = [g (0), g (1), · · · , g (M)]′ , f = [f (−p), · · · , f (0), f (1), · · · , f (M), · · · , f (M + q)]′



 h(p) · · · ..  .  0  .  .  .  .  ..   .  ..   .  .. 0 ···



h(0)



··· .. .



h(−q)



h(p)



···



0 .. .



···



h(0) · · ·



···



h(−q)



..



···



···



0



. h(p) · · ·
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Convolution in signal processing: Causal systems Causal system q = 0: 



  h(p) · · · g (0)  g (1)      0  .   .  ..   .    .  ..   .  .  =  ..     ..   .  .   ..     ..   .  .   .. g (M) 0 ···



h(0)



0



h(p) · · ·



···



···



···



···



h(0)



···
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Convolution: Causal systems and causal input Causal system and causal input signal    g (0) h(0)  g (1)   ..    .  .   h(1)  ..   ..     ..   .  .  = h(p) · · · h(0)     ..   . ..  .   0     ..   ..  .   . g (M)



0



···



if p = M: 



  g (0) h(0)  g (1)   h(1)     ..  =  ..  .   . g (M)



h(M)







..



.



0 h(p) · · ·



h(0) ..



···
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 f (0)   f (1)     .    ..      ..   .      ..   .      ..   . 



h(0)



f (M)







 f (0)   f (1)      ..   . 



. h(1) h(0)



f (M)
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Convolution in signal processing: Circulante case















g (0) h(0)  g (1)   ..    .  .   h(1)  ..   ..     ..   .  .  = h(p) · · ·     ..   ..  .   0 .     ..   ..  .   . 0 ··· g (M)



h(p) · · · .. . h(0) ..



.



0 h(p) · · ·
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Modeling imaging systems General observation model: f (x,y )



−→



Linear System



h(x, y ; x ′ , y ′ )



w (x,y )



−→



Non linearity



NL(·)



z(x,yL ) g (x,y )



−→ −→ ↑



If we neglect the Non Linearity, then ZZ g (x, y ) = f (x ′ , y ′ ) h(x, y ; x ′ , y ′ ) dx ′ dy ′ + ǫ(x, y )
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Modeling imaging systems f (x, y ) - h(x, y ) g (x, y ) = System



ZZ



ǫ(x, y ) ? - + -g (x, y )



f (x ′ , y ′ ) h(x − x ′ , y − y ′ ) dx ′ dy ′ + b(x, y )



Point Spread function h(x, y)



Transfert Function H(u, v)



Diffraction+ Coherent source (Rectangular)



ab sinc(ax)sinc(by)



u v rectf , a b



Diffraction+ Incoherent Source (Rectangular)



sinc (ax)sinc (by)



u v trif , a b



Atmosphoric Turbulance



n o 2 2 2 exp −πa (x + y )



a2



Horizontal movement



frac1arectf



CCD interaction



2



X1X



2



x a



−



1 2



δ(y)



αk,l δ(x − k∆, y − l ∆)



k,l =−1
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1



exp



(



−π(u 2 + v 2 ) a2



)



exp {−jπua} sinc(ua) X1X



αk,l exp {−j2π∆(ux + vy)}



k,l =−1
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2D Convolution for image restoration ǫ(x, y ) f (x, y ) - h(x, y )



g (x, y ) =



ZZ



D



g (m∆x, n∆y ) =



f (x ′ , y ′ ) h(x − x ′ , y − y ′ ) dx ′ dy ′ + b(x, y ) +I X +J X



i =−I j=−J







? - + -g (x, y )



h(i ∆x, j∆y )f ((m − i )∆x, (n − j)∆y )



m = 1, . . . , M n = 1, . . . , N



g (m, n) =



+J +I X X



i =−I j=−J







∆x = ∆y = 1



h(i , j) f (m − i , n − j)
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2D Convolution for image restoration Two caracteristics: +J +I X X



g (m, n) =



i =−I j=−J



h(i , j) f (m − i , n − j)



g (m, n) depends on f (k, l ) for (k, l ) ∈ N (k, l ) where N (k, l ) means the neigborhood pixels around the pixel ′ (k, l ) −→ No Causality ◮ The boarding effects cannot be neglected as easily as in the 1D case. Vectorial Forme: ◮



g (m, n) =



+J +I X X



i =−I j=−J



g (m, n)







m = 1, . . . , M n = 1, . . . , N







f (k, l)



h(i , j) f (m − i , n − j) 



k = 1, . . . , K l = 1, . . . , L







h(i, j)







i = 1, . . . , I j = 1, . . . , J







g = Hf A. Mohammad-Djafari, Advanced Signal and Image Processing
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2D Convolution for image restoration g=[



f =[



g(1,1) , . . . , g (M, 1), g(1,2) , . . . , g(M,2), . . . , g(1,N) , . . . , g(M,N)]t − − −1 − −− − − −2 − −− − − −N − −−



f(1,1) , . . . , f(K ,1) , f(1,2) , . . . , f (K , 2), . . . , f(1,L) , . . . , f(K ,L) ]t − − −1 − −− − − −2 − −− − − −L − −−



The structure of the matrix H depends on the domaines Dh , Df and Dg . Matrix Form H : ◮



Image > Object



◮



Image=Object



◮



Image < Object
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2D Convolution for image restoration: Image > Object J



N Domaine



de l'image



I



Domaine



du noyau



L



M



g (m, n) g=[ f =[



Domaine



de l'objet f (k , l )



K







m = 1, . . . , M n = 1, . . . , N



Dg > Df







f (k, l)











k = 1, . . . , K l = 1, . . . , L



 M =K +I −1 N =L+J −1







h(i, j)







i = 1, . . . , I j = 1, . . . , J



g(1,1) , . . . , g (M, 1), g(1,2) , . . . , g(M,2), . . . , g(1,N) , . . . , g(M,N)]t − − −1 − −− − − −2 − −− − − −N − −−







f(1,1) , . . . , f(K ,1) , f(1,2) , . . . , f (K , 2), . . . , f(1,L) , . . . , f(K ,L) ]t − − −1 − −− − − −2 − −− − − −L − −−
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2D Convolution for image restoration: Image > Object 



HI  .  .  .    .  .  .   .   .  .  H H= 1  ·   .  .  .    .  .  .   .  .  . ·



·



··· .



HI



.



···



···



. .



.



. .



.



. HI H1 .



.



.



H1 ..



. .



···



···



.



. ···



·



  · h(i , J)  . .   . .    .   .    . .   . .   . .     . .    .   . .   .   ·  h(i , 1)  Hi =  HI   ·    . .   . .   . .      .   . .   .  . .     . .   . .   . . 



H1



·



·



··· .



h(i , J)



.



···



···



. .



.



. . . . h(i , J)



h(i , 1) .



.



.



h(i , 1) ..



···



.



···



. . . ···



·



 · .  .  .    .  .  .   .   .  .   ·   h(i , J)  .  .  .    .  .  .   .  .  .  h(i , 1)



Toeplitz-Bloc-Toeplitz
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2D Convolution for image restoration: Image < Object J



N Domaine



de l'objet



I



Domaine



du noyau



L Domaine



de l'image M



g (m, n)



Dg < Df



K







g=[ f =[



m = 1, . . . , M n = 1, . . . , N







f (k, l)











k = 1, . . . , K l = 1, . . . , L



 M =K −I −1 N =L−J +1







h(i, j)







i = 1, . . . , I j = 1, . . . , J







g(1,1) , . . . , g(M,1) , g(1,2) , . . . , g(M,2), . . . , g(1,N) , . . . , g(M,N)]t − − −1 − −− − − −2 − −− − − −N − −− f(1,1) , . . . , f(K ,1) , f(1,2) , . . . , f(K ,2) , . . . , f(1,L) , . . . , f(K ,L) ]t − − −1 − −− − − −2 − −− − − −L − −−
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2D Convolution for image restoration: Image < Object  H1   ·   H =  ...   .  .. ·



with 



    Hi =    



h(i, 1) h(i, 2) · .. . .. . ·



···



H2 H1 .. .



H1



···



·



·



HI



HI



···



HI H1



H2



h(i, J)



h(i, 1) .. . h(i, 1) ···



··· .. .



·



· h(i, J)



h(i, 1)
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h(i, 2)



 · ..  .   ·  ..  . HI ··· .. .



· .. .



h(i, J)



· .. . h(i, J)
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2D Convolution for image restoration: Image=Object Domaine



du noyau



Domaine



de l'objet



Dg = Df



Domaine



de l'image



g (m, n)







g=[ f =[



m = 1, . . . , M n = 1, . . . , N







f (k, l)







k = 1, . . . , K l = 1, . . . , L











M=K N =L



h(i, j)











i = 1, . . . , I j = 1, . . . , J







g(1,1) , . . . , g(M,1) , g(1,2) , . . . , g(M,2), . . . , g(1,N) , . . . , g(M,N)]t − − −1 − −− − − −2 − −− − − −N − −− f(1,1) , . . . , f(K ,1) , f(1,2) , . . . , f(K ,2) , . . . , f(1,L) , . . . , f(K ,L) ]t − − −1 − −− − − −2 − −− − − −L − −−
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2D Convolution for image restoration: Circulante forme g (m, n)







m = 1, . . . , M n = 1, . . . , N







f (k, l)











k = 1, . . . , K l = 1, . . . , L







h(i, j)







i = 1, . . . , I j = 1, . . . , J



 P = K +I −1 Q =L+J −1   .. f ((m, n)) . 0   ˜ f˜(m, n) =  ··· ······  dim(f ) = [P, Q]  ······ .. . 0 0   .. 0  g (k, l ) . g ) = [P, Q] · · · · · · · · · · · · ··· g˜ (k, l ) =   dim(˜  .. . 0 0   .. . 0   h(i , j) ˜ , j) = · · · · · · · · · · · · · · ·  dim(h) ˜ = [P, Q] h(i   .. 0 and Image. Processing0 Huazhong & Wuhan Universities, September 2012, A. Mohammad-Djafari, Advanced Signal
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2D Convolution for image restoration: Circulante forme 



H1 HP   .. H=  .  ..  . HP 



H2 ··· H1 H2 .. .. . . .. .. . . HP−1 · · ·



··· ···



···



··· ···



···



 HP HP−1   ..  .   ..  .  H1



h(i, 1) h(i, 2) ··· ··· h(i, P) h(i, 1) h(i, 2) ···   .. .. .. . . Hi =   .  .. .. ..  . . . h(i, P) h(i, P − 1) h(i, P − 2) · · ·



··· ···



···



Circulante-Bloc-Circulante
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bloc-circulante



 h(i, P) h(i, P)  ..  .   ..  .  h(i, 1)



circulante
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Classification of the signal and image restoration methods ◮



Analytical methods f (t) −→ f (x, y ) −→ H



H



−→ g (t) = H[f (t)]



H



−→ g (x, y ) = H[f (x, y )]



G



−→ b f (t) = H−1 [f (t)]



Linear Operator g (t) −→ g (x, y ) −→



G



−→ b f (x, y ) = H−1 [f (x, y )]



Linear Operator approximating H−1



G ◮



Inverse Filtring



◮



Pseudo–inverse Filtering



◮



Wiener Filtering
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Classification of the signal and image restoration methods ◮



Algebraic methods g (t) = H[f (t)] −→ Discretization −→ g = Hf g (x, y ) = H[f (x, y )] −→ Discretization −→ g = Hf



Ideal case : H invertible −→ bf = H−1 g More general case : H is not invertible ◮ ◮ ◮ ◮



◮



Pseudo-inverse Generalized Inversion Least Squares (LS) and Minimum norm LS Regularization



Probabilistic methods ◮ ◮ ◮



Wiener Filtering Kalman Filtering General Bayesian approach
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Analytical methods: Inverse Filtering f (t) −→



◮



h(t)



−→ g (t) = h(t) ∗ f (t)



f (x, y ) −→



h(x, y )



−→ g (x, y ) = h(x, y ) ∗ f (x, y )



F (u, v ) −→



H(u, v )



−→ G (u, v ) = H(u, v ) · F (u, v )



Inverse Filtering H −1 (u, v ) =



G (u, v ) −→ ◮



1 H(u, v )



1 H(u, v )



−→ F (u, v )



Difficulties: ◮



What to do when H(u, v ) = 0 for sme values of (u, v )?
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Analytical methods: Inverse Filtering



◮



Noise Amplification b b (u, v ) = G (u, v ) F H(u, v )



◮



(H(u, v ) F (u, v ) + N(u, v )) H(u, v ) N(u, v ) = F (u, v ) + H(u, v )



=



Pseudo–inverse Filtering H −1 (u, v ) =



 



1 , H 6= 0 H(u, v )  0, H=0
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Analytical methods: Wiener Filtering



ǫ(t) ↓ L −→ −→ g (t)



f (t) −→ h(t) ZZ g (t) = f (t ′ ) h(t − t ′ ) dt ′ + ǫ(t) ◮



f (t), g (t) and ǫ(t) are modelled as Gaussian random signal ǫ(x, y ) ↓ L f (x, y ) −→ h(x, y ) −→ −→ g (x, y ) ZZ g (x, y ) = f (x ′ , y ′ ) h(x − x ′ , y − y ′ ) dx ′ dy ′ + ǫ(x, y )



◮



f (x, y ), g (x, y ) and ǫ(x, y ) are modelled as homogeneous and Gaussian random fields
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Wiener Filtering ǫ(t) f (t) -



H(ω)



? - + - g (t)



g (t) = h(t) ∗ f (t) + ǫ(t)(t) E {g (t)} ,



E {ǫ(t)}



and



E {f (t)}



Rgg (τ ) = E {g (t) g (t + τ )} Rff (τ ) = E {f (t) f (t + τ )} Rbf (τ ) = Rfb (−τ ) = E {ǫ(t) f (t + τ )} Rgf (τ ) = Rfg (−τ ) = E {g (t) f (t + τ )}
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Wiener Filtering ǫ(t) f (t) -



H(ω)



? - + - g (t)



E {g (t)} = h(t) ∗ E {f (t)} + E {ǫ(t)}



Rgg (τ ) = h(t) ∗ h(t) ∗ Rff (τ ) + Rǫǫ(τ ) Rgf (τ ) = h(t) ∗ Rff (τ )



Sgg (ω) = |H(ω)|2 Sff (ω) + Rǫǫ (ω) Sgf (ω) = H(ω)Sff (ω)



Sfg (ω) = H ∗ (ω)Sff (ω) g (t) -



W (ω)



-b f (t)



b f (t) = w (t) ∗ g (t)
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Wiener Filtering n o  EQM = E [f (t) − b f (t)]2 = E [f (t) − w (t) ∗ g (t)]2 ∂EQM = −2E {[f (t) − w (t) ∗ g (t)] ∗ g (t + τ )} = 0 ∂f E {[f (t) − w (t) ∗ g (t)] g (t + τ )} = 0 ∀t, τ −→ Rfg (τ ) = w (t) ∗ Rgg (τ )



W (ω) =



W (ω) =



Sfg (ω) H ∗ (ω) Sff (ω) = Sgg (ω) |H(ω)|2 Sff (ω) + Sǫǫ(ω)



H ∗ (ω)Sff (ω) |H(ω)|2 1 = 2 |H(ω)| Sff (ω) + Sǫǫ(ω) H(ω) |H(ω)|2 + Sǫǫ (ω) Sff (ω)
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Analytical methods: Wiener Filtering ◮



Linear Estimation: b f (x, y ) is such that: ◮



◮



◮



b f (x, y ) depends on g (x, y ) in a linear way: ZZ b f (x, y ) = g (x ′ , y ′ ) w (x − x ′ , y − y ′ ) dx ′ dy ′ w (x, y ) is the impulse filtre o n response of the Wiener 2 b minimizes MSE: E |f (x, y ) − f (x, y )|



Orthogonality condition:



(f (x, y )−b f (x, y ))⊥g (x ′ , y ′ )



−→



n o E (f (x, y ) − b f (x, y )) g (x ′ , y ′ ) = 0



b f = g ∗w −→ E {(f (x, y ) − g (x, y ) ∗ w (x, y )) g (x + α1 , y + α2 )} = 0



Rfg (α1 , α2 ) = (Rgg ∗w )(α1 , α2 ) −→ TF −→ Sfg (u, v ) = Sgg (u, v )W (u, v ) ⇓ W (u, v ) = A. Mohammad-Djafari, Advanced Signal and Image Processing
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Wiener filtering



Signal Sfg (ω) W (ω) = Sgg (ω)



Image Sfg (u, v ) W (u, v ) = Sgg (u, v )



Particular Case: f (x, y ) and b(x, y ) are assumed to be centered and non correlated Sfg (u, v ) = H ′ (u, v ) Sff (u, v ) Sgg (u, v ) = |H(u, v )|2 Sff (u, v ) + Sǫǫ(u, v ) W (u, v ) =



H ′ (u, v )Sff (u, v ) |H(u, v )|2 Sff (u, v ) + Sǫǫ (u, v )



Signal W (ω) =



Image



|H(ω)|2 1 H(ω) |H(ω)|2 + Sǫǫ (ω)



W (u, v ) =



Sff (ω)



A. Mohammad-Djafari, Advanced Signal and Image Processing



|H(u, v )|2 1 H(u, v ) |H(u, v )|2 + Sǫǫ (u,v ) Sff (u,v )
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Wiener Filtering: Implementation ◮ ◮ ◮



No noise −→ W (u, v ) = 1/H(u, v ) Sǫǫ (u, v )/Sff (u, v ) have to be given. No blur case: h(x, y ) = δ(x, y ) (denoising): 1 W (u, v ) = Sǫǫ (u,v ) 1 + Sff (u,v )



Numerical implementation: ◮



Direct Implentation by convolution W (u, v ) = W (u,v )



−→



Sampling N ×N



g (m, n) −→



|H(u, v )|2 1 H(u, v ) |H(u, v )|2 + Sǫǫ (u,v ) Sff (u,v )



W (k,l)



−→



IDFT N×N



Convolution w (m, n)
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w (m,n)c



−→



Truncation



w (m,n)



−→



Restored Image b f (m, n) −→
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Wiener Filtering: Implementation ◮



Fourier domaine Implentation W (u, v ) −→



Blurred & Noisy Image



g (m, n)



Sampling N ×N



z(m, n) ↓ N −→ −→



W (k, l) ↓ N −→ −→



Zero Filling



N ×N



Inverse DFT N ×N
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−→ W (k, l )



−→



DFT N ×N



−→



−→ b f (m, n)
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Algebraic Approches Signal



f (t) −→



h(t)



Image −→ g (t)



f (x, y ) −→



h(x, y )



−→ g (x, y )



Discretization ⇓ g = Hf



◮ ◮



Ideal case: H invertible −→ bf = H−1 g M > N Least Squares: g = Hf + ǫ



e = kg − Hfk2 = [g − Hf]′ [g − Hbf] bf = arg min {e} f ′ ∇e = −2H [g − Hf] = 0 −→ H′ Hf = H′ g ◮



If H′ H is invertible bf = (H′ H)−1 H′ g
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Algebraic Approches: Generalized Inversion bf = Wg



W is such that: e = kg − Hfk2 = [g − Hf]′ [g − Hf] is minimum. The solution may not be unique. Generalized Inversion bf = H+ g H+ is such that:



e = [g − H+ f]′ [g − H+ f] = kg − H+ fk2



is minimum and that kfk2 minimum too. ◮



◮



bf = H+ g also minimizes o n  e = [f − bf]′ [f − bf] = Tr [f − bf][f − bf]′ = Tr ff ′ [I − H+ H]′ Estimation is perfect if H+ H = I .
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Algebraic Approches: Generalized Inversion General case of [M, N] matrix H: ◮



if M = N and rang {H} = N



then H+ = H−1



◮



if M > N and rang {H} = N



then H+ = (H′ H)−1 H′



◮



if M < N and rang {H} = M



then H+ = H′ (HH′ )−1



◮



if rang {H} = K < inf M, N



then



◮



Singular Value Decomposition (SVD)



◮



Iterative methods



◮



Recursive methods
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Generalized inversion by Singular Value Decomposition (SVD) g = Hf H′ H vj = λ2j vj , j = 1, . . . , n HH′ ui = λ2i uk , i = 1, . . . , m



vi Eigen Vectors of H′ H uj Eigen Vectors of HH′



H λj uj , j = 1, . . . , n H′ ui = λi vi , i = 1, . . . , m h i U = u1 , ..., u2 , ..., · · · , ◮



Truncation order r



H=



r X



m=1



H = U Λ V′ h i V = v1 , ..., v2 , ..., · · · ,



λm vm u′m −→ H+ =



Λ = diag(λ1 , λ2 , · · · )



r r X X 1 v′m g vm u′m −→ f + = um λm λm



m=1
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Generalized inversion: Iterative Algorithms ◮



◮



◮



Bialy Algorithm If M = N  f0 = 0 f n+1 = f n + α(g − Hf n ),



with 0 < α < 2/kHk



Landweber Algorithm  f0 = 0 f n+1 = f n + αH′ (g − Hf n ),



with 0 < α < 2/kH′ Hk



Van–Cittert Algorithm  f0 = 0 f n+1 = f n + αH′ (g − HTf n ),



with 0 < α < 2/kT′ H′ HTk



where T is a truncation operator fn = α



n X k=0



′



n filters [I − αH HT]



[I − αH′ HT]k H′ g
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Generalized inversion: Iterative Algorithms ◮



Kaczmarz Algorithm ◮ ◮



uses the data one by one as they arrived is based on the more general Projection On Convex Sets (POCS) P



◮



g = H f −→ yi = [Hf] =



◮



each data is considered as a constraint in Compted Tomography, it is called Algebraic Reconstruction Technics (ART)



◮



j



Hij fj =< hi , f >



 f =0   0 f n+1 = C (g, f n ) = cm (· · · c2 (c1 (f)) · · · )   ci (f k+1 ) = f k+1 + gi −hf , hi i hi i = 1, 2, . . . , M hh, hi i



where hi is the i th line of the matrix H. C is a set of other constraints such as positivity A. Mohammad-Djafari, Advanced Signal and Image Processing
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Kaczmarz or ART Algorithms



g2 = a21 f1 + a22 f2 g1 = a11 f1 + a12 f2



f2 6



f1 f2 f0
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Regularization Regularization of an ill-posed inverse problem is its transformation to a well-posed problem, i.e.defining a unique solution for any possible data and insure that this solution is stable with respect to errors in those data. A regularizer of g = H f is a family of of operators {Rα ; α ∈ Λ ⊂ R+ } such that: ◮ ∀f ∈ F, limα→0 kRα Hf − fk2 = 0 ◮ ∀α ∈ Λ, Rα is a continuous operator of G to F



⇓



Approximate Solution f ǫ = Rα g ǫ , kf ǫ − H



−1



with −1



gǫ = Hf + ǫ



gk ≤ kRα g − H gk + regularization error
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kRα (gǫ − g)k error due to the noise
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Regularization by Truncated SV Decomposition ′



H H vj = H H′ ui =



λ2j vj , λ2i uk ,



g = Hf j = 1, . . . , n {ui } eigen values of H′ H i = 1, . . . , m {vj } eigen values of HH′



H vj = λj uj , j = 1, . . . , n H′ ui = λi vi , i = 1, . . . , m h



i



U = u1 , ..., u2 , ..., · · · , ◮



H = UΛV′ h i V = v1 , ..., v2 , ..., · · · ,



Truncation order k  1  αi = λi + Λ = {αi },  αi = 0



Λ = diag(λ1 , λ2 , · · · )



si λi 6= 0(significatif)



si λi ≃ 0(non–significatif)   λmax 2 ||δgk ||δfk ≤ g + δg = H(f + δf) −→ kf|| λmin kg||



A. Mohammad-Djafari, Advanced Signal and Image Processing



Huazhong & Wuhan Universities, September 2012,



127/344



Regularization ◮



Stopping rule in Iterative method ◮



Establish a stopping rule based on the residual error k kHbf − gǫ k > δ pour i < k



◮



◮



1 k



k kHbf − gǫ k < δ pour i > k



plays the role of the regularization parameter



Introduction of additional constraints: C f = Cf



iff f satisfait la contrainte



Example : Positivity Cf =







f if f > 0 0 sinon



g = H f −→ g = HCf At each iteration replace H by HC A. Mohammad-Djafari, Advanced Signal and Image Processing
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Regularization for Continuous / Discretized problems ◮



Tikhonov (Regularization for continuous problems)



◮



Philipps and Twomey (Regularization for discretized problems)



Continuous case: Jα (f ) = kHf − g k2Y + αΩ(f ) α > 0 Z X wi (t)[f (i ) (t)]2 dt Ω(f ) = i



where f (i ) (t) is the i th derivative of f (t) and wi (t) postive, continuous and derivable functions. Example : i = 1: first derivative Z 2 Jα (f ) = kHf − g kY + α |f ′ (t)|2 dt A. Mohammad-Djafari, Advanced Signal and Image Processing



Huazhong & Wuhan Universities, September 2012,



129/344



Regularization for Continuous / Discretized problems Discrete case: Jα (f) = [Hf  1 0  −1 1    DCb =  0 −1   0   0



− g]′ [Hf − g] + α[Df]′ [Df] = kHf   1 ··· ··· 0  ..  .. −2 . .     . .. ..   . 1  or D =  1   ..   . −1 1     0 0 −1 1



− gk2 + αkDfk2



 0 ..  1 .  ..  .. . . −2 1   ..  . 1 −2 1   1 −2 1 0



··· .. .



···



∇Jα = 2H′ [Hf − g]′ + 2αD′ Df = 0



[H′ H + αD′ D]bf = H′ g −→ bf = [H′ H + αD′ D]−1 H′ g A. Mohammad-Djafari, Advanced Signal and Image Processing
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Regularization Algorithmes minimize J(f) = Q(f) + λΩ(f) with Q(f) = kg − Hfk2 = [g − Hf]′ [g − Hf]



= minimize Ω(f) subj. to the constraint e = kg − Hfk2 = [g − Hf]′ [g − Hf] < ǫ A priori Information: ◮



Smoothnesse Ω(f) = [Df]′ [Df] = kDfk2



◮



bf = [H′ H + λD′ D]−1 H′ g



Positivity: Ω(f) = a nonquadratique function of f No explicite solution
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Regularization Algorithmes: 3 main approaches bf = [H′ H + λD′ D]−1 H′ g



Computation of bf = [H′ H + λD′ D]−1 H′ g ◮



Circulante matrix approximation: when H and D are Toeplitz, they can be approximated by the circulant matrices



◮



Iterative methods:



◮



 bf = arg min kJ(f) = kg − Hfk2 + λDfk2 f



Recursive methods: bf at iteration k is computed as a function of bf at previous iteration with one less data.
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Regularization algorithms: Circulant approximation 1D Deconvolution: g = Hf +ǫ H Toeplitz matrix bf = arg min {f} J(f) = Q(f) + λΩ(f) f



Q(f) = kg−Hfk2 = [g−Hf]′ [g−Hf] and Ω(f) = kCfk2 = [Cf]′ [Cf] C a convolution matrix with the following impulse response h1 = [1, −2, 1] Ω(f) =



N X j=1



Solution :



−→



x(i ) = x(i + 1) − 2x(i ) + x(i − 1)



(x(i + 1) − 2x(i ) + x(i − 1))2 = kCfk2 = f ′ C′ Cf bf = [H′ H + λC′ C]−1 H ′ g
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Regularization algorithms: Circulant approximation Main Idea : expand the vectors f, h and g by the zeros to obtain ge = He f e with He a circulante matrix  x(i ) i = 1, . . . , Nx f e (i ) = 0 i = Nx + 1, . . . , P ≥ Nx + Nh − 1 ye (i ) = he (i ) = ye (k) =



Nh−1 X i =0











y (i ) i = 1, . . . , Ny 0 i = Ny + 1, . . . , P h(i ) i = 1, . . . , Nh 0 i = Nh + 1, . . . , P



xe (k − i )he (i )



−→



ge = He f e



with He a circulante matrix whcich can diagonalized by FFT A. Mohammad-Djafari, Advanced Signal and Image Processing
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Regularization algorithms: Circulant approximation −1



He = FΛF



  kl with F[k, l ] = exp j2π P



F



−1



  kl 1 [k, l ] = exp −j2π P P



Λ = diag[λ1 , . . . , λP ] and [λ1 , . . . , λP ] = TFD [h1 , . . . , hNh , 0, . . . , 0]  c(i ) i = 1, . . . , 3 c = [1, −2, 1] ce (i ) = 0 i = 4, . . . , P bf = [H′ H + λC′ C]−1 H′ g −→ Fbf e = [Λ′ Λh + λΛ′ Λc ]−1 Λ′ Fg h c h TFD {f e } = [Λ′h Λh + λΛ′c Λc ]−1 Λ′h TFD {g} bf(ω) =



1 |H(ω)|2 y (ω) H(ω) |H(ω)|2 + λ|C (ω)|2



Link with Wiener filter:



C (ω) = N(ω)/X (ω)
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Image Restoration C Convolution matrix with the following impulse response:   0 1 0 H1 = 1 −4 1 0 1 0 PP Ω(f) = (f (i + 1, j) + f (i − 1, j) +f (i + 1, j + 1) + f (i − 1, j + 1) − 4f (i , j))2  x(k, l ) k = 1, . . . , K l = 1, . . . , L xe (k, l ) = 0 k = K + 1, . . . , P l = L + 1, . . . , P
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Regularization: Iterative methods: Gradient based bf = arg min {J(f) = Q(f) + λΩ(f)} f   k k Let note : g = ∇J f gradient, Hk = ∇2 J f k Hessien. First order gradient methods



◮



fixed step: f (k+1) = f (k) + αg(k)



◮



α



fixe



Optimal or steepest descente step: f (k+1) = f (k) + α(k) g(k) α(k) = −



||gk k2 g(k)t g(k) = kgk k2H g(k)t Hk g(k)
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Regularization: Iterative methods: Conjugate Gradient ◮



◮



Conjugate Gradient (CG) f (k+1) = f (k) + α(k) d(k)



α(k) = −



d(k+1) = d(k) + β (k) g(k)



β (k) = −



d(k)t g(k) d(k)t Hk d(k)



g(k)t g(k) g(k−1)t g(k−1)



Newton method f (k+1) = f (k) + (H(k) )−1 g(k)



◮



Advantages :



Ω(f) can be any convexe function



◮



Limitations :



Computational cost
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Regularization: Recursive algorithms bf = [H′ H + λD]−1 H′ g



Main idea: Express f i +1 as a function of f i



f i +1 = (H′i +1 Hi +1 + αD)−1 H′i +1 gi +1 f i = (Hti Hi + αD)−1 Hti gi



f i +1 = Noting:



(Hti Hi



+



hi +1 h′i +1



⇓



+ αD)−1 (Hti gi − hi +1 gi + 1)



Pi = (Hti Hi + αD)−1 and Pti+1 = Pti + hi +1 h′i +1



⇓



f i +1 = f i + Pi +1 hi +1 (gi +1 − h′i +1 f i )



Pi +1 = Pi − Pi hi +1 (h′i +1 Pi Hi +1 + α)−1 h′i +1 Pi A. Mohammad-Djafari, Advanced Signal and Image Processing
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Regularization: Wiener Filtering with FIR g (m, n) =



XNX i ,j=−N



b f (m, n) =



h(i , j) f (m − i , n − j) + b(m, n)



XMX i ,j=−M



w (i , j) f (m − i , n − j)



o n EQM = E (b f (m, n) − f (m, n))2



Orthogonality condition: n o E (b f (m, n) − f (m, n)) g (m − k, n − l ) = 0,



∀k, l = −M, . . . , M



(2M + 1)2 linear equations Rfg (k, l )−



XMX i ,j=−M



w (i , j) Rff (k −i , l −j) = 0,
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Regularization: Wiener Filtering Linearity and white Gaussian noise variance σb2 : Rgg (k, l ) = Rff (k, l ) ∗ a(k, l ) + σb2 δ(k, l ) X∞X △ h(i , j) h(i + k, j + k) a(k, l ) = h(k, l ) ⋆ h(k, l ) = i ,j=−∞



Rfg (k, l ) = h(k, l ) ⋆ Rff (k, l ) =



X∞X



h(i , j)Rff (i + k, j + k)



i ,j=−∞



△ Rff (k, l ) Rff (k, l ) r0 (k, l ) = = Rff (0, 0) σf2 



r0 (−k, −l ) = r0 (k, l )  σb2 δ(k, l ) + r (k, l ) ⋆ a(k, l ) ∗w (k, l ) = h(k, l )∗r0 (k, l ), ∀k, l = −M, . . . , M 0 σf2 A. Mohammad-Djafari, Advanced Signal and Image Processing
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Regularization: Wiener Filtering ◮



Equation  2  σb δ(k, l ) + r (k, l ) ⋆ a(k, l ) ∗ w (k, l ) = h(k, l ) ∗ r0 (k, l ) 0 σf2



◮



Matrix-Vector form: 



◮



◮



 σb2 I+R g =r σf2



R is a Bloc–Toeplitz of (2M + 1) × (2M + 1) blocs, each bloc has the dimensions (2M + 1) × (2M + 1). g and r are two vectors of dimensions (2M + 1)2 × 1 containing g (k, l ) and h(k, l ) ∗ r0 (k, l ).
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A more direct presentation g (m, n) =



XNX i ,j=−N



b f (m, n) = EQM = E



h(i , j) f (m − i , n − j) + ǫ(m, n) −→ g = Hf + ǫ



XMX i ,j=−M



 XMX 



Orthogonality:



i ,j=−M



w (i , j) f (m − i , n − j) −→ bf = Wf



(b f (m, n) − f (m, n))2



  



n o = E [bf − f]′ [bf − f]



o n E [bf − f]g′ = 0   W = E fg′ [E gg′ ]−1 = Rff H′ [HRff H′ + Rǫǫ ]−1    Rff = E ff ′ , Rǫǫ = E ǫǫ′ Rf ǫ = E fǫ′ = 0
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◮



Matrix Inversion Lemma: −1 −1 ′ −1 W = Rff H′ [HRff H′ + Rǫǫ ]−1 = [H′ R−1 ǫǫ H + Rff ] H Rǫǫ



◮



Rǫǫ = σ 2 I −1 ′ W = Rff H′ [HRff H + σb2 I]−1 = [HH′ + σb2 R−1 ff ] H



◮



Particular Case: σb2 = 0 ( [H′ H]−1 H′ −→ [bf = H′ H]−1 H′ g W= Rff H′ [HRff H′ ]−1 −→ −→ bf = Rff H′ [HRff H′ ]−1 g
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Generalized Wiener filter using unitary transforms −1 ′ W = [H′ H + σb2 R−1 ff ] H



△ −1 P = [H′ H + σb2 R−1 ff ] Consider a unitary transform F, i.e. F′ F = FF′ = I △ bf = F′ [FPF′ ]FH′ g = F′ Pz ¯ △ ¯ = [FPF′ ], P



△ z = FH′ g



¯ = [FPF′ ] −→ b z −→ F′ −→ bf g −→ H′ −→ F −→ z −→ P



¯ becomes an almost For an appropriate unitary transforms P diagonal matrix ¯ b z = Pz



=⇒



b z (k, l ) ≃ p¯(k, l ) z(k, l )
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Generalized Wiener filter using unitary transforms



If H corresponds to convolution matrix h(m, n), H′ is also a convolution matrix with h(−m, −n)



g (m,n)



−→



Convolution h(−m, −n) −→



−→



Unitary Transf. F



Inverse Unitary Transf. F′
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Content 1. Introduction: Signals and Images, Linear transformations (Convolution, Fourier, Laplace, Hilbert, Radon, ..., Discrete convolution, Z transform, DFT, FFT, ...) 2. Modeling: parametric and non-parametric, MA, AR and ARMA models, Linear prediction 3. Deconvolution and Parameter Estimation: Deterministic (LS, Regularization) and Probabilistic methods (Wiener Filtering) 4. Inverse problems, Regularization and Bayesian estimation 5. Kalman Filtering 6. Case study: Signal deconvolution 7. Case study: Image restoration 8. Case study: Image reconstruction and Computed Tomography
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4. Inverse problems and Bayesian estimation



◮



Inverse problems? Why need for Bayesian approach?



◮



Probability ?



◮



Discrete and Continuous variables



◮



Bayes rule and Bayesian inference



◮



Maximum Likelihood method (ML) and its limitations



◮



Bayesian estimation theory



◮



Bayesian inference for inverse problems in signal and image processing



◮



Prior modeling



◮



Bayesian computation (Laplace approximation, MCMC, BVA)
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Inverse problems : 3 main examples ◮



Example 1: Measuring variation of temperature with a therometer ◮ ◮



◮



Example 2: Making an image with a camera, a microscope or a telescope ◮ ◮



◮



f (t) variation of temperature over time g (t) variation of length of the liquid in thermometer



f (x, y ) real scene g (x, y ) observed image



Example 3: Making an image of the interior of a body ◮ ◮



f (x, y ) a section of a real 3D body f (x, y , z) gφ (r ) a line of observed radiographe gφ (r , z)



◮



Example 1: Deconvolution



◮



Example 2: Image restoration



◮



Example 3: Image reconstruction
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Measuring variation of temperature with a therometer ◮



f (t) variation of temperature over time



◮



g (t) variation of length of the liquid in thermometer



◮



Forward model: Convolution Z g (t) = f (t ′ ) h(t − t ′ ) dt ′ + ǫ(t) h(t): impulse response of the measurement system



◮



Inverse problem: Deconvolution Given the forward model H (impulse response h(t))) and a set of data g (ti ), i = 1, · · · , M find f (t)
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Measuring variation of temperature with a therometer Forward model: Convolution Z g (t) = f (t ′ ) h(t − t ′ ) dt ′ + ǫ(t) 0.8



0.8



Thermometer f (t)−→ h(t) −→



0.6



0.4



0.2



0



−0.2



0.6



g (t)



0.4



0.2



0



0



10



20



30



40



50



−0.2



60



0



10



20



t



30



40



50



60



t



Inversion: Deconvolution 0.8



f (t)



g (t)
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t
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Making an image with a camera, a microscope or a telescope ◮



f (x, y ) real scene



◮



g (x, y ) observed image



◮



Forward model: Convolution ZZ g (x, y ) = f (x ′ , y ′ ) h(x − x ′ , y − y ′ ) dx ′ dy ′ + ǫ(x, y ) h(x, y ): Point Spread Function (PSF) of the imaging system



◮



Inverse problem: Image restoration Given the forward model H (PSF h(x, y ))) and a set of data g (xi , yi ), i = 1, · · · , M find f (x, y )
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Making an image with an unfocused camera Forward model: 2D Convolution ZZ g (x, y ) = f (x ′ , y ′ ) h(x − x ′ , y − y ′ ) dx ′ dy ′ + ǫ(x, y ) ǫ(x, y )



? - + -g (x, y )



f (x, y ) - h(x, y )



Inversion: Deconvolution ? ⇐=
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Making an image of the interior of a body Different imaging systems: Incident wave



6 Y  object -



object



-



Active Imaging Measurement



Incident wave object Transmission



R



Passive Imaging Measurement Incident wave -



object



Reflection



Forward problem: Knowing the object predict the data Inverse problem: From measured data find the object A. Mohammad-Djafari, Advanced Signal and Image Processing
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Making an image of the interior of a body ◮



f (x, y ) a section of a real 3D body f (x, y , z)



◮



gφ (r ) a line of observed radiographe gφ (r , z)



◮



Forward model: Line integrals or Radon Transform Z gφ (r ) = f (x, y ) dl + ǫφ (r ) L



ZZ r,φ f (x, y ) δ(r − x cos φ − y sin φ) dx dy + ǫφ (r ) =



◮



Inverse problem: Image reconstruction Given the forward model H (Radon Transform) and a set of data gφi (r ), i = 1, · · · , M find f (x, y )
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2D and 3D Computed Tomography 3D



2D Projections



80



60 f(x,y)



y 40



20



0 x −20



−40



−60



−80 −80



gφ (r1 , r2 ) =



Z



f (x, y , z) dl Lr1 ,r2 ,φ



−60



gφ (r ) =



−40



Z



−20



0



20



40



60



80



f (x, y ) dl Lr,φ



Forward probelm: f (x, y ) or f (x, y , z) −→ gφ (r ) or gφ (r1 , r2 ) Inverse problem: gφ (r ) or gφ (r1 , r2 ) −→ f (x, y ) or f (x, y , z) A. Mohammad-Djafari, Advanced Signal and Image Processing
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Microwave or ultrasound imaging Measurs: diffracted wave by the object g (ri ) Unknown quantity: f (r) = k02 (n2 (r) − 1) Intermediate quantity : φ(r)



y



Object



ZZ



r'



Gm (ri , r′ )φ(r′ ) f (r′ ) dr′ , ri ∈ S D ZZ Go (r, r′ )φ(r′ ) f (r′ ) dr′ , r ∈ D φ(r) = φ0 (r) + g (ri ) =



Measurement



plane



Incident



plane Wave



D



Born approximation (φ(r′ ) ≃ φ0 (r′ )) ): ZZ Gm (ri , r′ )φ0 (r′ ) f (r′ ) dr′ , ri ∈ S g (ri ) = D



x



z



-



φ0 Discretization :   g = H(f) g = Gm Fφ −→ with F = diag(f) φ= φ0 + Go Fφ  H(f) = Gm F(I − Go F)−1 φ0 A. Mohammad-Djafari, Advanced Signal and Image Processing
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Fourier Synthesis in X rayZZ Tomography



f (x, y ) δ(r − x cos φ − y sin φ) dx dy



g (r , φ) =



G (Ω, φ) = F (ωx , ωy ) = F (ωx , ωy ) = G (Ω, φ) y 6 s I



Z



ZZ



g (r , φ) exp {−jΩr } dr f (x, y ) exp {−jωx x, ωy y } dx dy



for



ωx = Ω cos φ and I



f (x, y ) φ



ωy 6



α



r







-



ωy = Ω sin φ



F (ωx , ωy )



x



φ



Ω







-



ωx



p(r , φ)–FT–P(Ω, φ)
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Fourier Synthesis in X ray tomography G (ωx , ωy ) =



ZZ



f (x, y ) exp {−j (ωx x + ωy y )} dx dy



v 50 100



u



? =⇒



150 200 250 300 350 400 450 50



100



150



200



250



300



Forward problem: Given f (x, y ) compute G (ωx , ωy ) Inverse problem: Given G (ωx , ωy ) on those lines estimate f (x, y ) A. Mohammad-Djafari, Advanced Signal and Image Processing
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Fourier Synthesis in Diffraction tomography ωy



y ψ(r, φ)



^ f (ωx , ω y )



FT 1



2 2 1



f (x, y) 



x



-k 0



k0



ωx



Incident plane wave Diffracted wave
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Fourier Synthesis in Diffraction tomography G (ωx , ωy ) =



ZZ



f (x, y ) exp {−j (ωx x + ωy y )} dx dy



v 50



100



150



u



? =⇒



200



250



300 50



100



150



200



250



300



350



400



Forward problem: Given f (x, y ) compute G (ωx , ωy ) Inverse problem : Given G (ωx , ωy ) on those semi cercles estimate f (x, y ) A. Mohammad-Djafari, Advanced Signal and Image Processing
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Fourier Synthesis in different imaging systems G (ωx , ωy ) = v



ZZ



f (x, y ) exp {−j (ωx x + ωy y )} dx dy v



u



X ray Tomography



v



u



Diffraction



v



u



Eddy current



u



SAR & Radar



Forward problem: Given f (x, y ) compute G (ωx , ωy ) Inverse problem : Given G (ωx , ωy ) on those algebraic lines, cercles or curves, estimate f (x, y ) A. Mohammad-Djafari, Advanced Signal and Image Processing
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Invers Problems: other examples and applications ◮



X ray, Gamma ray Computed Tomography (CT)



◮



Microwave and ultrasound tomography



◮



Positron emission tomography (PET)



◮



Magnetic resonance imaging (MRI)



◮



Photoacoustic imaging



◮



Radio astronomy



◮



Geophysical imaging



◮



Non Destructive Evaluation (NDE) and Testing (NDT) techniques in industry



◮



Hyperspectral imaging



◮



Earth observation methods (Radar, SAR, IR, ...)



◮



Survey and tracking in security systems
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Computed tomography (CT) A Multislice CT Scanner Fan beam X−ray Tomography −1



−0.5



0



0.5



g (si ) = 1



Source positions



−1



−0.5



0.5



f (r) dli + ǫ(si )



Li



Detector positions



0



Z



1
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Positron emission tomography (PET)
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Magnetic resonance imaging (MRI) Nuclear magnetic resonance imaging (NMRI), Para-sagittal MRI of the head
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Radio astronomy (interferometry imaging systems) The Very Large Array in New Mexico, an example of a radio telescope.
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General formulation of inverse problems ◮



General non linear inverse problems: g (s) = [Hf (r)](s) + ǫ(s),



◮



Linear models: g (s) =



Z



r ∈ R,



s∈S



f (r) h(r, s) dr + ǫ(s)



If h(r, s) = h(r − s) −→ Convolution. ◮



◮



Discrete data: Z g (si ) = h(si , r) f (r) dr + ǫ(si ),



i = 1, · · · , m



Inversion: Given the forward model H and the data g = {g (si ), i = 1, · · · , m)} estimate f (r)



◮



Well-posed and Ill-posed problems (Hadamard): existance, uniqueness and stability



◮



Need for prior information
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General formulation of inverse problems F



G



H : F 7→ G



Im(H



f g 0



Ker (H) f1 f2



g1 g2



H ∗ : G 7→ F < H ∗ g , f >=< g , Hf > ∀f ∈ F , ∀g ∈ G
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Analytical methods (mathematical physics) g (si ) =



Z



h(si , r) f (r) dr + ǫ(si ), i = 1, · · · , m Z g (s) = h(s, r) f (r) dr Z b w (s, r) g (s) ds f (r) =



w (s, r) minimizing a criterion: 2 



2 Z 



f (r)](s) ds Q(w (s, r)) = g (s) − [H b f (r)](s) = g (s) − [H b 2 2 Z Z b = g (s) − h(s, r) f (r) dr ds 2 Z Z Z h(s, r)w (s, r) g (s) ds dr ds = g (s) −



Trivial solution:



h(s, r)w (s, r) = δ(r)δ(s)
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Analytical methods ◮



Trivial solution: w (s, r) = h−1 (s, r) Example: Fourier Transform: Z g (s) = f (r) exp {−js.r} dr h(s, r) = exp {−js.r} −→ w (s, r) = exp {+js.r} Z ˆ g (s) exp {+js.r} ds f (r) =



◮



Known classical solutions for specific expressions of h(s, r): ◮ ◮



1D cases: 1D Fourier, Hilbert, Weil, Melin, ... 2D cases: 2D Fourier, Radon, ...
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X ray Tomography   Z I = g (r , φ) = − ln f (x, y ) dl I0 Lr ,φ ZZ



150



100



y



f(x,y)



g (r , φ) =



50



D



0



x



f (x, y ) δ(r − x cos φ − y sin φ) dx dy



−50



f (x, y)
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Analytical Inversion methods S•



y 6



r







f (x, y ) φ



-



x



Radon:



ZZ



•D Z g (r , φ) = f (x, y ) dl L



f (x, y ) δ(r − x cos φ − y sin φ) dx dy   Z π Z +∞ ∂ 1 ∂r g (r , φ) f (x, y ) = − 2 dr dφ 2π 0 −∞ (r − x cos φ − y sin φ)



g (r , φ) =



D
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Filtered Backprojection method f (x, y ) =







1 − 2 2π



Z



π



0



Z



∂ ∂r g (r , φ)



+∞ −∞



(r − x cos φ − y sin φ)



dr dφ



∂g (r , φ) ∂r Z ∞ 1 g (r , φ) ′ dr Hilbert TransformH : g1 (r , φ) = π (r − r ′ ) Z π 0 1 g1 (r ′ = x cos φ + y sin φ, φ) dφ Backprojection B : f (x, y ) = 2π 0 Derivation D :



g (r , φ) =



f (x, y ) = B H D g (r , φ) = B F1−1 |Ω| F1 g (r , φ) • Backprojection of filtered projections: g (r ,φ)



−→



FT



F1



−→



Filter



|Ω|



−→



IFT



F1−1
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Limitations : Limited angle or noisy data
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◮



Limited angle or noisy data



◮



Accounting for detector size



◮



Other measurement geometries: fan beam, ...
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Limitations : Limited angle or noisy data −60
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Parametric methods ◮



◮ ◮



f (r) is described in a parametric form with a very few number b which minimizes a of parameters θ and one searches θ criterion such as: P Least Squares (LS): Q(θ) = i |gi − [H f (θ)]i |2 P Robust criteria : Q(θ) = i φ (|gi − [H f (θ)]i |) with different functions φ (L1 , Hubert, ...).



◮



Likelihood :



◮



Penalized likelihood :



L(θ) = − ln p(g|θ)



L(θ) = − ln p(g|θ) + λΩ(θ)



Examples: ◮



◮



Spectrometry: f (t) modelled as a sum og gaussians P f (t) = K a N (t|µk , vk ) θ = {ak , µk , vk } k k=1



Tomography in CND: f (x, y ) is modelled as a superposition of circular or elleiptical discs θ = {ak , µk , rk }
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Non parametric methods Z g (si ) =



◮



h(si , r) f (r) dr + ǫ(si ),



i = 1, · · · , M



f (r) is assumed to be well approximated by N X f (r) ≃ fj bj (r) j=1



with {bj (r)} a basis or any other set of known functions Z N X h(si , r) bj (r) dr, i = 1, · · · , M g (si ) = gi ≃ fj j=1



g = Hf + ǫ with Hij = ◮ ◮



Z



h(si , r) bj (r) dr



H is huge dimensional LS solution : bf = arg minf {Q(f)} with P Q(f) = i |gi − [Hf]i |2 = kg − Hfk2 does not give satisfactory result.
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Algebraic methods: Discretization S•



Hij



y 6



r







f1 fj



f (x, y )



gi



φ



-



fN



x



•D g (r , φ) g (r , φ) =



Z



P f b (x, y ) j j j 1 if (x, y ) ∈ pixel j bj (x, y ) = 0 else f (x, y ) =



f (x, y ) dl



gi =



L



N X



Hij fj + ǫi



j=1



g = Hf + ǫ A. Mohammad-Djafari, Advanced Signal and Image Processing
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Inversion: Deterministic methods Data matching ◮



◮



◮



Observation model gi = hi (f) + ǫi , i = 1, . . . , M −→ g = H(f) + ǫ Misatch between data and output of the model ∆(g, H(f))



Examples:



– LS – Lp – KL



bf = arg min {∆(g, H(f))} f



∆(g, H(f)) = kg − H(f)k2 = p



∆(g, H(f)) = kg − H(f)k = ∆(g, H(f)) =



X i



◮



gi gi ln hi (f)



X i



X i



|gi − hi (f)|2 |gi − hi (f)|p ,



1 T
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Main advantages of the Bayesian approach ◮



MAP = Regularization



◮



Posterior mean ? Marginal MAP ?



◮



More information in the posterior law than only its mode or its mean



◮



Meaning and tools for estimating hyper parameters



◮



Meaning and tools for model selection



◮



More specific and specialized priors, particularly through the hidden variables More computational tools:



◮



◮



◮ ◮



◮



Expectation-Maximization for computing the maximum likelihood parameters MCMC for posterior exploration Variational Bayes for analytical computation of the posterior marginals ...
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Content 1. Introduction: Signals and Images, Linear transformations (Convolution, Fourier, Laplace, Hilbert, Radon, ..., Discrete convolution, Z transform, DFT, FFT, ...) 2. Modeling: parametric and non-parametric, MA, AR and ARMA models, Linear prediction 3. Deconvolution and Parameter Estimation: Deterministic (LS, Regularization) and Probabilistic methods (Wiener Filtering) 4. Inverse problems, Regularization and Bayesian estimation 5. Kalman Filtering 6. Case study: Signal deconvolution 7. Case study: Image restoration 8. Case study: Image reconstruction and Computed Tomography
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5. Kalman Filtering and smoothing



◮ ◮



Dynamical systems and state space modeling State space modeling examples ◮ ◮



Electrical circuit example Radar tracking of object



◮



Kalman filtering basics



◮



Kalman Filtering as recursive Bayesian estimation



◮



Kalman Filtering extensions: Adaptive signal processing



◮



Kalman Filtering extensions: Fast Kalman filtering



◮



Kalman Filtering for signal deconvolution
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State space model: Continuous case Dynamic systems: ◮



Single Input Single Output (SISO) system:  x(t) ˙ = A x(t) + B u(t) State equation y (t) = C x(t) + D v (t) Observation equation



◮



Multiple Input Multiple Output (MIMO) system:  ˙ x(t) = A x(t) + B u(t) State equation y(t) = C x(t) + D v(t) Observation equation A, B, C and D are the matrices of the system.
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State space modeling ◮ ◮



A SISO system A simple electric system — R —— — — | u(t) ↑ x(t) ↑ C | ————– — —



◮



↑ y (t)



State space model u(t) = R i (t) + vc (t) = RC v˙ c (t) + vc (t) = RC x(t) ˙ + x(t)    −1 −1 x(t) + RC u(t) x(t) ˙ = RC y (t) = x(t)



◮ RC = 1:   pX (p) + X (p) = U(p) → X (p) = x(t)= ˙ −x(t) − u(t) → LT → y (t)= x(t) y (t) = e −t ∗ u(t) = h(t) ∗ u(t) A. Mohammad-Djafari, Advanced Signal and Image Processing



1 p+1 U(p)
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State space modeling ◮



A more complex electric system example — R —— — —— R —— — — | | u(t) ↑ x2 (t) ↑ C x1 (t) ↑ C | | ————– — —————— — —



◮



State space model u(t) = RC x˙ 2 (t) + x2 (t),



◮



↑ y (t)



x2 (t) = RC x˙ 1 (t) + x1 (t)



RC = 1:         x ˙ (t) −1 1 x (t) 0  1 1  = + u(t)  x˙ 2 (t) x2 (t) 1  0 −1 1   = x1 (t)  y (t) 0
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Input-Output model ◮



Linear Systems ◮



◮



◮



Single Input Single Output (SISO) systems Z y (t) = h(t, τ ) u(τ ) dτ



Multi Input Multi Output (MIMO) systems Z y(t) = H(t, τ ) u(τ ) dτ



Linear Time Invariant System ◮



SISO Convolution y (t) = h(t) ∗ u(t) =



◮



MIMO Convolution y(t) =



◮



Z



Z



h(t − τ ) u(τ ) dτ



H(t − τ ) u(τ ) dτ 



 . . . Impulse response h(t) or H(t) =  . hij (t) .  . . .
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Link between the two modeling







˙ x(t) = A x(t) + B u(t) State equation y(t) = C x(t) + D v(t) Observation equation



◮



˙ x(t) = Ax(t)



◮



x(t + ∆t) ≃ x(t) + ∆t Ax(t) = (I + ∆t A)x(t)



◮ ◮ ◮



x(t + n∆t) ≃ (I + ∆t A)n x(t)



lim∆t 7→0 (I + ∆t A)t/∆t = exp {tA} ˙ x(t) = A x(t) with x(0) = 0 −→ x(t) = exp {tA}
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State space and input-Output modeling Transmission of a AR1 signal through a perturbed channel



u(t) −→



AR1



−→ x(t)



x(t) = a x(t − 1) + u(t) ◮



x(t) z(t) =



X k



h(t)



v(t) ? - + - z(t)



hk x(t − k) + v (t)



A FIR channel P h = [h0 , h1 , · · · , hp−1 ]′ −→ z(n) = pk=0 hk x(n − k) + v (n)



 xn + un    xn+1 = ap−1 xn+1 = F xn + Gun X →? → zn = H x n + vn h x + v  z = n n−k n  n k=0
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State space and input-Output modeling ◮



A FIR channel z(n) =



Pp



k=0



hk x(n − k) + v (n)



xn = [xn , xn−1 , · · · , xn−p+1 ]′ xn+1 = [xn+1 , xn , · · · , xn−p+2 ]′



 x  n a 0 . . . . . . 0 xn+1  xn−1     xn  1 0 . . . . . . 0       xn−2    xn−1   1 0 . . . 0     ..   . . . .  . =   . . . . .   ..   . . . .  .       ..  .. .. .. ..  ..     . . . .   .     x  . . . n−p+1 .. .. .. xn−p+1 1 0 x 











n−p+2



G = [1, 0, · · · , 0]′ −→ zn = H xn + vn H = [h0 , h1 , · · · , hn , 0]′
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State space and input-Output modeling ◮



◮



Pp



hk x(n − k) + v (n)   a 0 xn+1 = F xn + Gun 1 0 zn = H x n + vn  0 1   F =  ... ... xn = [xn , xn−1 , · · · , xn−p+1 ]′  xn+1 = [xn+1 , xn , · · · , xn−p+2 ]′  .. .. . . G = [1, 0, · · · , 0]′  .. .. H = [h0 , h1 , · · · , hn ]′ . .



A FIR channel z(n) =



k=0



 ... ... 0 . . . . . . 0  0 . . . 0   .. ..  . .   .. ..  . .  .. . 1 0



A perfect but noisy channel h(t) = h0 δ(t) −→ p = 1  xn+1 = a xn + un zn = h0 xn + vn
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State space modeling: Examples 



◮



xn+1 = a xn + un zn = h xn + vn



  un ∼ N (0, q) v ∼ N (0, r )  n x0 ∼ N (m0 , p0 )



Try to obtain xbn+1|n as a function of b xn|n recursively  b xn+1|n = a b xn|n    b xn|n = b xn|n−1 + kn (zn − h b xn|n−1 ) pn|n−1 p h 1 n|n−1   = =  kn 2 h pn|n−1 + r h pn|n−1 + r /h2   pn+1|n = a2 pn|n + q 1 pn|n−1 =  pn|n h hr2 pn|n−1+1
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State space modeling of the systems ◮



Time Varying systems:  xn+1 = f n (xn , un ) state equation zn = hn (xn , vn ) observation equation



◮



Time Variying but Linear system  xn+1 = Fn xn + Gn un zn = H n xn + v n



◮



Time Invariant and Linear system  xn+1 = F xn + G un zn = H xn + v n
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State space modeling examples ◮



One-dimensional motion Track-While-Scan (TWS) Radar  t Xn+1 ≃ Xn + T Vn Xt = ∂P ∂t −→ t V At = ∂V n+1 ≃ Vn + T An ∂t       X Xn      x=  xn = Vn V −→ u = A u = A   n     n z n = X n + vn z =X +v       1 T 0 = Fxn + Gun with F = ,G = ,H = 1 0 = Hxn + vn 0 1 T  f n (xn , un ) = F xn + G un hn (xn , vn ) = H xn + vn 







xn+1 Zn



A. Mohammad-Djafari, Advanced Signal and Image Processing



Huazhong & Wuhan Universities, September 2012,



200/344



State space modeling examples ◮



1D motion of heavy targets Track-While-Scan (TWS) Radar with dependent acceleration sequences



◮



heavy target: An+1 = ρAn + Wn ,



n = 0, 1, . . .



◮



ρ near to 0: low inertia target



◮



ρ near to 1: high inertia target.        Xn+1 1 T 0 Xn 0 Vn+1  = 0 1 T  Vn  + 0 Wn An+1 0 0 ρ An 1     Xn Zn = 1 0 0 Vn  + en An
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Kalman Filtering: Recursive Linear Filtering x(n) −→ Linear System −→ z(n) non observable observable ◮



◮



◮



◮



◮



Objective: Estimate x(n) from the observed values of {z(n), n = 1, . . . , k}. xb(n) is then a function of the data {z(n), n = 1, . . . , k} △ b x (n | z(1), z(2), . . . , z(k)) = b x (n | k)



b x (n + k|n) is called the k-th order prediction of z(n) and the estimation procedure is called prediction. b x (n|n) is the filtered value of z(n) and the estimation procedure is called filtering.



b x (n|n + l ) is the smoothed value of z(n) and the estimation procedure is called smoothing.
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State space modeling: General case  ◮ ◮ ◮ ◮ ◮



◮



xk+1 = Fk xk + Gk uk zk = Hk xk + vk



state equation, observation equation



xk N-dimensional state vector zk P-dimensional observations vector vk P-dimensional observations error vector uk M-dimensional state representation error Fk , Gk and Hk with respective dimensions of (N, N), (N, M) and (P, N) are the state transition, the state input and the observation matrices and are assumed to be known. The noise sequences {uk } and {vk } and the initial state x0 are assumed to be centered, white and jointly Gaussian.      Rk 0 0   vk   =  0 P0 0  δkl E  x0  vtl , xt0 , utl   0 0 Qk uk
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Kalman Filtering: Prediction, Filtering and Smoothing Objective: Find the best estimate b xk|l of xk from the observations z1 , z2 , . . . , zl .



◮



◮



◮



If



If



If



k >l



k =l



k p∆T . p X h(k) f (m − k) + ǫ(m), m = 0, · · · , M g (m) = k=−q
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Convolution: Discretized matrix vector forms 







 g(0) h(p)  g(1)       .   0  .    .      .    .  .   .  .    .   .    .  .    .   .    . =  .    .  .   .  .    .      .    .  .   .  .    .   .    .  .   .   .  .  0 g(M)



··· .



.



h(0)



··· .



.



h(p)



.



. .



···



..



h(0)



···



.



···



···



0



···



h(0)



···



h(−q)



.. .



···



.



. .



···



0



h(−q)



.



. h(p)



···



 f (−p)   .   .   0 .     .   f (0)   .  .   f (1)      . .    . .    . .      . .   . .   . .       . .    . .    . .      . .    . .   . .      f (M)    f (M + 1)  0     . h(−q)    .   . f (M + q) 



g = Hf + ǫ ◮ ◮ ◮ ◮



g is a (M + 1)-dimensional vector, f has dimension M + p + q + 1, h = [h(p), · · · , h(0), · · · , h(−q)] has dimension (p + q + 1) H has dimensions (M + 1) × (M + p + q + 1).
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Convolution: Discretized matrix vector form ◮







If system is causal (q = 0) we obtain 







h(p) · · · g (0)  g (1)      0  .   .  ..   .    .  ..   .  .  =  ..     ..   .  .   ..     ..   .  .   .. g (M) 0 ··· ◮ ◮ ◮ ◮



h(0)



0



···



···



h(p) · · ·



h(0)



···



h(p) · · ·



0



g is a (M + 1)-dimensional vector, f has dimension M + p + 1, h = [h(p), · · · , h(0)] has dimension (p + 1) H has dimensions (M + 1) × (M + p + 1).
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Convolution: Causal systems and causal input 







  g (0) h(0)  g (1)   ..    .  .   h(1)  ..   ..     ..   .  .  = h(p) · · ·     ..   ..  .   0 .     ..   ..  .   . g (M)



0



···



h(0) ..



.



0 h(p) · · ·



 f (0)   f (1)     .    ..      ..   .      ..   .      ..   .  h(0) f (M)



◮



g is a (M + 1)-dimensional vector,



◮



f has dimension M + 1,



◮



h = [h(p), · · · , h(0)] has dimension (p + 1)



◮



H has dimensions (M + 1) × (M + 1).
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Convolution, Identification, Simple Deconvolution and Blind deconvolution problems Z Z g (t) =



f (t ′ ) h(t − t ′ ) dt ′ + ǫ(t) =



h(t ′ ) f (t − t ′ ) dt ′ + ǫ(t)



ǫ(t)



? f (t) - h(t) - + -g (t)



ǫ(t)



?



f (t) - h(t) - + -g (t)



ǫ



f -



H



? -+ - g



ǫ



h -



g=H f+ǫ



F



? -+ - g



g=F h+ǫ



g = Hf + ǫ = Fh+ ǫ ◮ ◮ ◮ ◮



Convolution: Given h and f compute g Identification: Given f and g estimate h Simple Deconvolution: Given h and g estimate f Blind Deconvolution: Given g estimate h and f
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Convolution: Discretization for Identification Causal systems and causal input 



   g (0) 0 . 0 f (0) . . f (0) f (1)    g (1)        h(p) ..  ..    . f (0) f (1) .  .    h(p − 1)  .     .  .   ..   .. . . . .  .     .  .  =  f (0)    f (1) f (M − p)  .     ..  .   f (1)    . . . .  .      ..     h(1)  . . .     . . .  .    h(0)  ..    . . . f (M − p) . . . f (M) g (M) g = Fh + ǫ ◮



g is a (M + 1)-dimensional vector,



◮



F has dimension (M + 1) × (p + 1),
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Identification and Deconvolution Deconvolution g = Hf +ǫ



Identification g = Fh+ ǫ



J(f) = kg − Hfk2 + λf kDf fk2 J(h) = kg − Fhk2 + λh kDh hk2 ′ ′ ∇J(f) = −2H (g − Hf) + 2λf Df Df f ∇J(h) = −2F′ (g − Fh) + 2λh D′h Dh h b bf = [H′ H + λf D′ Df ]−1 H′ g h = [F′ F + λh D′h Dh ]−1 F′ g f ∗ ∗ b b g (ω) f (ω) = |H(ω)|2H+λ(ω)|D (ω)|2 g (ω) f (ω) = |F (ω)|2|F+λ(ω) |D (ω)|2 f



b f (ω) =



f



H ∗ (ω) S (ω) |H(ω)|2 + Sǫǫ(ω)



h



g (ω)



ff



p(g|f) = N (Hf, Σǫ ) p(f) = N (0, Σf )



bf ) p(f|g) = N (bf, Σ b f = [H′ H + λf D′ Df ]−1 Σ f bf = [H′ H + λf D′ Df ]−1 H′ g f
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b f (ω) =



h



F ∗ (ω) S (ω) |F (ω)|2 + Sǫǫ (ω)



g (ω)



hh



p(g|h) = N (Fh, Σǫ ) p(h) = N (0, Σh )



b h) h, Σ p(h|g) = N (b b h = [F′ F + λh D′ Dh ]−1 Σ h b h = [F′ F + λh D′h Dh ]−1 F′ g
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Blind Deconvolution: Regularization Deconvolution g = Hf + ǫ



Identification g = Fh + ǫ



J(f) = kg − Hfk2 + λf kDf fk2 J(h) = kg − Fhk2 + λh kDh hk2 ◮



Joint Criterion J(f, h) = kg − Hfk2 + λf kDf fk2 + λh kDh hk2



◮



iterative algorithm Deconvolution ′



∇f J(f, h) = −2H (g − Hf) +



bf = [H H + ′



b f (ω) =



Identification 2λf D′f Df f



λf D′f Df ]−1 H′ g



|H(ω)|2 1 H(ω) |H(ω)|2 +λf |Df (ω)|2



∇h J(f, h) = −2F′ (g − Fh) + 2λh D′h Dh h



g (ω)
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b h = [F′ F + λh D′h Dh ]−1 F′ g



b f (ω) =



|F (ω)|2 1 F (ω) |F (ω)|2 +λh |Dh (ω)|2



g (ω)
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Blind Deconvolution: Bayesian approach Deconvolution g = Hf + ǫ



Identification g = Fh+ ǫ



p(g|f) = N (Hf, Σǫ ) p(g|h) = N (Fh, Σǫ ) p(f) = N (0, Σf ) p(h) = N (0, Σh ) bf ) b h) p(h|g) = N (b h, Σ p(f|g) = N (bf, Σ ′ ′ ′ ′ −1 b b Σf = [H H + λf Df Df ] Σh = [F F + λh Dh Dh ]−1 bf = [H′ H + λf D′ Df ]−1 H′ g b h = [F′ F + λh D′h Dh ]−1 F′ g f ◮



Joint posterior law:



p(f, h|g) ∝ p(g|f, h) p(f) p(hh) with



p(f, h|g) ∝ exp {−J(f, h)}



J(f, h) = kg − Hfk2 + λf kDf fk2 + λh kDh hk2



◮



iterative algorithm
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Blind Deconvolution: Bayesian Joint MAP criterion ◮



Joint posterior law: p(f, h|g) ∝ p(g|f, h) p(f) p(hh) p(f, h|g) ∝ exp {−J(f, h)} with J(f, h) = kg − Hfk2 + λf kDf fk2 + λh kDh hk2



◮



iterative algorithm



Deconvolution Identification p(g|f, H) = N (Hf, Σǫ ) p(g|h, F) = N (Fh, Σǫ ) p(h) = N (0, Σh ) p(f) = N (0, Σf ) b b b h) h, Σ p(f|g, H) = N (f, Σf ) p(h|g, F) = N (b ′ ′ ′ ′ b f = [H H + λf D Df ]−1 b h = [F F + λh D Dh ]−1 Σ Σ f h ′ ′ ′ ′ ′ −1 −1 ′ bf = [H H + λf D Df ] H g b = [F F + λ D D h h h h] F g f
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Blind Deconvolution: Marginalization and EM algorithm ◮ ◮



◮ ◮



Joint posterior law: Marginalization p(f, h|g) ∝ p(g|f, h) p(f) p(hh) Z p(h|g) = p(f, h|g) df n o b h) h = arg max {p(h|g)} −→ bf = arg max p(f|g, b h f Expression of p(h|g) and its maximization are complexes Expectation-Maximization Algorithm ln p(f, h|g) ∝ J(f, h) = kg − Hfk2 + λf kDf fk2 + λh kDh hk2 ◮ ◮



Iterative algorithm Expectation: Compute Q(h, hk−1 ) = Ep(f ,hk−1 |g) {J(f, h)} = hln p(f, h|g)ip(f ,hk−1 |g)



◮



Maximization:



 hk = arg max Q(h, hk−1 ) h
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Blind Deconvolution: Variational Bayesian Approximation algorithm ◮



Joint posterior law: p(f, h|g) ∝ p(g|f, h) p(f) p(hh)



◮



Approximation: p(f, h|g) by q(f, h|g) = q1 (f) q2 (h)



◮



Criterion of approximation: Kullback-Leiler Z Z q q1 q2 KL(q|p) = q ln = q1 q2 ln p p KL(q1 q2 |p) =



Z



q1 ln q1 +



Z



q2 ln q2 −



Z



q ln p



= −H(q1 ) − H(q2 ) + h− ln p((f, h|g)iq ◮



When the expression of q1 and q2 are obtained, use them.
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Variational Bayesian Approximation algorithm ◮



Kullback-Leibler criterion Z Z Z KL(q1 q2 |p) = q1 ln q1 + q2 ln q2 + q ln p



= −H(q1 ) − H(q2 ) + h− ln p((f, h|g)iq



◮



Free energy F(q1 q2 ) = − hln p((f, h|g)iq1 q2



◮



◮



Equivalence between optimization of KL(q1 q2 |p) and F(q1 q2 ) Alternate optimization:



b q1 = arg min {KL(q1 q2 |p)} = arg min {F(q1 q2 )} q1



q1



b q2 = arg min {KL(q1 q2 |p)} = arg min {F(q1 q2 )} q2
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Summary of Bayesian estimation for Deconvolution ◮



Simple Bayesian Model and Estimation for Deconvolution θ1



θ2



?



p(f|θ 2 ) Prior ◮



?



⋄ p(g|f, θ 1 ) −→



p(f|g, θ)



Likelihood



Posterior



−→ bf



Full Bayesian Model and Hyperparameter Estimation for Deconvolution ↓ α, β Hyper prior model p(θ|α, β) θ2



?



p(f|θ 2 ) Prior



θ1



?



⋄ p(g|f, θ 1 ) −→ p(f, θ|g, α, β) Likelihood



Joint Posterior
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−→ bf b −→ θ
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Summary of Bayesian estimation for Identification ◮



Simple Bayesian Model and Estimation for Identification θ1



θ2



?



p(h|θ 2 ) Prior ◮



?



⋄ p(g|h, θ 1 ) −→



p(h|g, θ)



Likelihood



Posterior



h −→ b



Full Bayesian Model and Hyperparameter Estimation for Identification ↓ α, β Hyper prior model p(θ|α, β) θ2



?



p(h|θ 2 ) Prior



θ1



?



⋄ p(g|h, θ 1 ) −→p(h, θ|g, α, β) Likelihood



Joint Posterior
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h −→ b b −→ θ
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Summary of Bayesian estimation for Blind Deconvolution Known hyperparameters θ θ2



θ3



?



p(h|θ 3 )



θ1



?



⋄



Prior on h



p(f|θ 2 ) Prior on f



?



⋄ p(g|f, h, θ 1 )−→ p(f, h|g, θ) Likelihood



Joint Posterior



Unknown hyperparameters θ



−→ bf −→ b h



↓ α, β, γ Hyper prior model p(θ|α, β, γ) θ3



θ2



?



p(h|θ 3 ) Prior on h



?



⋄



p(f|θ 2 ) Prior on f



θ1



?



⋄ p(g|f, h, θ 1 )−→ Likelihood
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p(f, h, θ|g) Joint Posterior



−→ bf h −→ b b −→ θ
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Content 1. Introduction: Signals and Images, Linear transformations (Convolution, Fourier, Laplace, Hilbert, Radon, ..., Discrete convolution, Z transform, DFT, FFT, ...) 2. Modeling: parametric and non-parametric, MA, AR and ARMA models, Linear prediction 3. Deconvolution and Parameter Estimation: Deterministic (LS, Regularization) and Probabilistic methods (Wiener Filtering) 4. Inverse problems and Bayesian estimation 5. Kalman Filtering and smoothing 6. Case study: Signal deconvolution 7. Case study: Image restoration 8. Case study: Image reconstruction and Computed Tomography
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7. Case study: Image restoration



◮



Image restoration



◮



Classical methods: Wiener filtering in 2D



◮



Bayesian approach to deconvolution



◮



Simple and Blind Deconvolution



◮



Practical issues and computational costs
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Convolution in 2D: Discretization ǫ(x, y ) f (x, y ) -



g (x, y ) = ◮



◮



Z



h(x, y )



? - + -g (x, y )



f (x ′ , y ′ ) h(x − x ′ ) dx dy + ǫ(x, y )



Images f (x, y ), g (x, y ), h(x, y ) are discretized with the same sampling period ∆x = ∆y = 1, The impulse response is finite (FIR) : h(x, y ) = 0, for |x − p∆x| < 0 and |y − p∆y | < 0. p p X X h(k, l ) f (m − k, n − l ) + ǫ(m, n) g (m, n) = k=−p l=−p
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Convolution: Discretized matrix vector forms g (m, n) =



p p X X



k=−p l=−p ◮



h(k, l ) f (m − k, n − l ) + ǫ(m, n)



Matlab notation g=conv2(h,f); g = Hf + ǫ



◮ ◮ ◮



g is a vector of dimension (M × M).



f is a vector of dimension (M + 2p + 1) × (M + 2p + 1). H is a Toeplitz-Bloc-Toeplitz matrix of dimensions (M × M) × ((M + 2p + 1) × (M + 2p + 1)).
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Convolution, Identification, Simple Deconvolution and Blind deconvolution problems Z Z



g (x, y ) =



f (x, y ) -



f (x ′ , y ′ ) h(x−x ′ , y −y ′ ) dx ′ dy ′ = ǫ(x, y )



h(x, y )



h(x ′ , y ′ ) f (x−x ′ , y −y ′ ) dx ′ dy ′ ǫ(x, y )



? - + -g (x, y ) f (x, y ) -



h(x, y )



ǫ



f -



H



? -+ - g



? - + -g (x, y )



ǫ



h -



g=H f+ǫ



F



? -+ - g



g=F h+ǫ g = Hf + ǫ = Fh+ ǫ



◮ ◮ ◮ ◮



Convolution: Given h and f compute g Identification: Given f and g estimate h Simple Deconvolution: Given h and g estimate f Blind Deconvolution: Given g estimate h and f
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Identification and Deconvolution Deconvolution g = Hf +ǫ



Identification g = Fh+ ǫ



J(f) = kg − Hfk2 + λf kDf fk2 J(h) = kg − Fhk2 + λh kDh hk2 ′ ′ ∇J(f) = −2H (g − Hf) + 2λf Df Df f ∇J(h) = −2F′ (g − Fh) + 2λh D′h Dh h b bf = [H′ H + λf D′ Df ]−1 H′ g h = [F′ F + λh D′h Dh ]−1 F′ g f ∗ (u,v ) b f (u, v ) = |H(u,v )|H2 +λ 2 g (u, v ) f |Df (u,v )| ∗ H (u,v ) b f (u, v ) = S (u,v) g (u, v )



∗ (u,v ) b f (u, v ) = |F (u,v )|F2 +λ 2 g (u, v ) h |Dh (u,v )| ∗ F (u,v ) b f (u, v ) = S (u,v) g (u, v )



bf ) p(f|g) = N (bf, Σ b f = [H′ H + λf D′ Df ]−1 Σ f bf = [H′ H + λf D′ Df ]−1 H′ g f



b h) h, Σ p(h|g) = N (b b h = [F′ F + λh D′ Dh ]−1 Σ h b h = [F′ F + λh D′h Dh ]−1 F′ g



|H(u,v )|2 + Sǫǫ(u,v) ff



p(g|f) = N (Hf, Σǫ ) p(f) = N (0, Σf )
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|F (u,v )|2 + Sǫǫ(u,v) ff



p(g|h) = N (Fh, Σǫ ) p(h) = N (0, Σh )
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Blind Deconvolution: Regularization Deconvolution g = Hf + ǫ



Identification g = Fh + ǫ



J(f) = kg − Hfk2 + λf kDf fk2 J(h) = kg − Fhk2 + λh kDh hk2 ◮



Joint Criterion J(f, h) = kg − Hfk2 + λf kDf fk2 + λh kDh hk2



◮



iterative algorithm Deconvolution ′



∇f J(f, h) = −2H (g − Hf) +



bf = [H H + ′



b f (u, v ) =



Identification 2λf D′f Df f



λf D′f Df ]−1 H′ g



H ∗ (u,v ) |H(u,v )|2 +λf |Df (u,v )|2



g (u, v )



∇h J(f, h) = −2F′ (g − Fh) + 2λh D′h Dh h



b h = [F′ F + λh D′h Dh ]−1 F′ g



b f (u, v ) =
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F ∗ (u,v ) |F (u,v )|2 +λh |Dh (u,v )|2



g (u, v )
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Blind Deconvolution: Bayesian approach Deconvolution g = Hf + ǫ



Identification g = Fh+ ǫ



p(g|f) = N (Hf, Σǫ ) p(g|h) = N (Fh, Σǫ ) p(f) = N (0, Σf ) p(h) = N (0, Σh ) bf ) b h) p(h|g) = N (b h, Σ p(f|g) = N (bf, Σ ′ ′ ′ ′ −1 b b Σf = [H H + λf Df Df ] Σh = [F F + λh Dh Dh ]−1 bf = [H′ H + λf D′ Df ]−1 H′ g b h = [F′ F + λh D′h Dh ]−1 F′ g f ◮



Joint posterior law:



p(f, h|g) ∝ p(g|f, h) p(f) p(hh) with



p(f, h|g) ∝ exp {−J(f, h)}



J(f, h) = kg − Hfk2 + λf kDf fk2 + λh kDh hk2



◮



iterative algorithm
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Blind Deconvolution: Bayesian Joint MAP criterion ◮



Joint posterior law: p(f, h|g) ∝ p(g|f, h) p(f) p(hh) p(f, h|g) ∝ exp {−J(f, h)} with J(f, h) = kg − Hfk2 + λf kDf fk2 + λh kDh hk2



◮



iterative algorithm



Deconvolution Identification p(g|f, H) = N (Hf, Σǫ ) p(g|h, F) = N (Fh, Σǫ ) p(h) = N (0, Σh ) p(f) = N (0, Σf ) b b b h) h, Σ p(f|g, H) = N (f, Σf ) p(h|g, F) = N (b ′ ′ ′ ′ b f = [H H + λf D Df ]−1 b h = [F F + λh D Dh ]−1 Σ Σ f h ′ ′ ′ ′ ′ −1 −1 ′ bf = [H H + λf D Df ] H g b = [F F + λ D D h h h h] F g f
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Blind Deconvolution: Marginalization and EM algorithm ◮ ◮



◮ ◮



Joint posterior law: Marginalization p(f, h|g) ∝ p(g|f, h) p(f) p(hh) Z p(h|g) = p(f, h|g) df n o b h) h = arg max {p(h|g)} −→ bf = arg max p(f|g, b h f Expression of p(h|g) and its maximization are complexes Expectation-Maximization Algorithm ln p(f, h|g) ∝ J(f, h) = kg − Hfk2 + λf kDf fk2 + λh kDh hk2 ◮ ◮



Iterative algorithm Expectation: Compute Q(h, hk−1 ) = Ep(f ,hk−1 |g) {J(f, h)} = hln p(f, h|g)ip(f ,hk−1 |g)



◮



Maximization:



 hk = arg max Q(h, hk−1 ) h
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Blind Deconvolution: Variational Bayesian Approximation algorithm ◮



Joint posterior law: p(f, h|g) ∝ p(g|f, h) p(f) p(hh)



◮



Approximation: p(f, h|g) by q(f, h|g) = q1 (f) q2 (h)



◮



Criterion of approximation: Kullback-Leiler Z Z q q1 q2 KL(q|p) = q ln = q1 q2 ln p p KL(q1 q2 |p) =



Z



q1 ln q1 +



Z



q2 ln q2 −



Z



q ln p



= −H(q1 ) − H(q2 ) + h− ln p((f, h|g)iq ◮



When the expression of q1 and q2 are obtained, use them.
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Variational Bayesian Approximation algorithm ◮



Kullback-Leibler criterion Z Z Z KL(q1 q2 |p) = q1 ln q1 + q2 ln q2 + q ln p



= −H(q1 ) − H(q2 ) + h− ln p((f, h|g)iq



◮



Free energy F(q1 q2 ) = − hln p((f, h|g)iq1 q2



◮



◮



Equivalence between optimization of KL(q1 q2 |p) and F(q1 q2 ) Alternate optimization:



b q1 = arg min {KL(q1 q2 |p)} = arg min {F(q1 q2 )} q1



q1



b q2 = arg min {KL(q1 q2 |p)} = arg min {F(q1 q2 )} q2
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Blind Deconvolution algorithm



h(0) −→ H−→



↑ b h←−



H′ H + λf D′f Df F′ F + λh D′h Dh
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−1



−1



H′ g



F′ g



−→bf(t)



←−



↓



F
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Joint Estimation of h and f with a Gaussian prior model..



VBA: p(f, h|g) −→ q1 (f|h, g) q2 (h|f, g) b b q (1 (f) = N (f, Σf ) b f = (F′ F + λf Σf )−1 Σ bf(t) = (F′ F + λf Σf )−1 F′ g(t), λf = vǫ /vf b b q (2 (h) = N (h, Σh ) b h = (H′ H + λh Σ b h )−1 Σ b b h )−1 h = (H′ H + λh Σ λa = vǫ /va
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Joint Estimation of h and f with a Gaussian prior model.. ◮



Joint MAP: h(0) −→ H−→



◮



VBA:



↑ b h←−



h(0) −→ H −→ (0) Σf −→ Σf −→ ⇑ b h←− b ←− V



H′ H + λf Σf F′ F + λh Σh



−1



−1



H′ g



F′ g



 bf = H′ H + λf Σf −1 H′ g b f = (H′ H + λf Σf )−1 Σ −1



b h = F′ F + λh Σh F′ g ′ −1 b = (F F + λh Σh ) V
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−→bf(t) ↓



←−



F



−→ bf b −→ Σ ⇓



←− F ←− Σh
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8. Case study: Image reconstruction and Computed Tomography



◮



X ray Computed Tomography, Radon transform



◮



Analytical inversion methods



◮



Discretization and algebraic methods



◮



Bayesian approach to CT



◮



Gauss-Markov-Potts model for images



◮



3D CT



◮



Practical issues and computational costs
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X ray Tomography y 6



S•



I = I0 exp n {−µx} o P I = I0 exp − j µj xj



r







f (x, y ) φ



-



x



  Z I = I0 exp − f (x) dx L



Z • D− ln I = f (x, y ) dl I0 L p(r , φ) ZZ Z f (x, y )δ(r − x cos φ − y sin φ) dx dy p(r , φ) = f (x, y ) dl = L



f (x, y ) −→ Radon Transform −→ p(r , φ) p(r , φ) −→



Reconstruction = Inversion de la TR
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−→ f (x, y )
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Radon Transform: 2D case y 6



s



I



ξ⊥



I



f (x, y ) D



ξ = [cos φ, sin φ]′ , x = [x, y ]′ = [ρ cos θ, ρ sin θ],



Lr ,φ φ



r ξ 







-



x



ξ ⊥ = [− sin φ, cos φ]′ Lr ,φ : r = x cos φ + y sin φ = ξ ′ · x
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Radon Transform: Different formulations ◮



2D case g (r , φ) =



Z



f (x, y ) dl =



D



L



◮



f (x, y )δ(r −x cos φ−y sin φ) dx dy



2D polar coordinates: Z ∞ Z 2π  f (ρ, θ)δ r − ρ cos(φ − θ) ρ dρ dθ g (r , φ) = 0



◮



ZZ



0



nD case



g (r , ξ) =



ZZ



f (x, y )δ(r − ξ′ · x) dx dy
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X ray Tomography: 3D case y 6



s



I



y 6



r



ξ⊥



I



ξ 



r S







ξ



f (x, y , z) f (x, y ) D



Lr ,φ φ



-



-



x



x



z



x = [x, y , z]′ ,



g (r , ξ) =



ZZZ



dx = dx dydz, r = ξ ′ · x = ξ1 x + ξ2 y + ξ3 z Z g (r , ξ) = f (x)δ(r − ξ ′ · x) dx f (x, y , z)δ(r −x sin θ cos φ−y sin θ sin φ−z cos θ) dx dydz
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X ray Tomography: n-D case



x = [x1 , x2 , . . . , xn ]′ ,



ξ = [ξ1 , ξ2 , . . . , ξn ]′



avec |ξ| = 1



r = ξ ′ · x = ξ 1 x1 + ξ 2 x2 + . . . + ξ n xn Z f (x)δ(r − ξ ′ · x) dx g (r , ξ) =



dx = dx1 dx2 . . . dxn ,



Rn
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Radon Transform: some properties ◮



Definition: R



f (x, y ) −→ g (r , φ) = ◮



ZZ



f (x, y )δ(r − x cos φ − y sin φ) dx dy



Definition in Polar Coordinates Z ∞ Z 2π R f (ρ, θ)δ(r −ρ cos(φ−θ)ρ dρ dθ f (ρ, θ) −→ g (r , φ) = 0



Linearity: Symetry: Periodicity: Translation: Rotation : Scale change: Mass Conservation:



0



function af1 (x, y ) + bf2 (x, y ) f (x, y ) f (x, y ) f (x − x0 , y − y0 ) f (ρ, θ + θ0 ) f (ax, ay ) ZZ ∞ M= f (x, y ) dx dy −∞
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Radon Transform ag1 (r , φ) + bg2 (r , φ) g (r , φ) = g (−r , φ ± π) g (r , φ) = g (r , φ ± 2kπ) g (r − x0 cos φ − y0 sin φ, φ) g (r , φ + θ0 ) 1 g (ar , φ), a 6= 0 |a| Z +∞



M=



g (r , φ) dr



−∞
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Radon Transform: n–D case ◮



Definition



Z



R{f (x)} = g (r , ξ) = ◮



Linearity



f (x)δ(r − ξ ′ · x) dx



R{a f (x) + b g (x)} = a R{f (x)} + b R{g (x)}



◮



◮



Symetry



g (−r , −ξ) = g (r , ξ)



Homogeneity



1 g (sr , sξ) = |s|



Z



f (x)δ(r − ξ ′ · x) dx



1 g (r , ξ) |s| 1 r g (r , sξ) = g ( , ξ), s > 0 s s g (sr , ξ) = sg (r , ξ) g (sr , sξ) =



Axis transformation



◮ A. Mohammad-Djafari, Advanced Signal and Image Processing
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Radon Transform: n–D case ◮ ◮



RT of the derivative of a function Derivative: ∂g (r , ξ) ∂f } = ξk R{ ∂xk ∂r   ′  ∂f ∂f ∂f ∂f ′ ∇f = ,..., a.∇f = a1 , . . . , an ∂x1 ∂xn ∂x1 ∂xn R{a.∇f } = a.ξ



◮



∂g (r , ξ) ∂r



Second Derivative: R{



∂g (r , ξ) ∂2f } = ξl ξk ∂xl ∂xk ∂r ∆f (x) =



n X ∂f ∂xk k=1



∂g (r , ξ) ∂g (r , ξ) = R{∆f } = |ξ|2 ∂r ∂r A. Mohammad-Djafari, Advanced Signal and Image Processing
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Radon Transform: n–D case ◮



Derivative of the RT ∂g (r , ξ) = ∂ξk



Z



f (x)



∂ δ(r − ξ ′ .x)dx ∂ξk



∂g (r , ξ) ∂ ∂ R{f (x)} = = − R{xk f (x)} ∂ξk ∂ξk ∂r ∂ 2 g (r , ξ) ∂ ∂2 R{f (x)} = = − R{xl xk f (x)} ∂ξl ∂ξk ∂ξl ∂ξk ∂r ◮



Convolution f (x) = g ∗ h =



Z



g (y)h(x − y) dy



g (r , ξ) = ge ∗ e h
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Summary TR



f (x) −→ g (r , ξ) TR



c1 f1 (x) + c2 f2 (x) −→ c1 g1 (r , ξ) + c2 g2 (r , ξ) TR



f (Ax) −→ |A−1 |g (r , A−t x) TR



f (A−1 x) −→ |A|g (r , At x) 1 1 TR g (r , ξ/c) = n−1 g (cr , ξ) f (c x) −→ n c c TR



f (x ± a) −→ g (r ± ξ ′ .a, ξ) 1 g (r , ξ) |s| g (−r , −ξ) = g (r , ξ) g (sr , sξ) =



g (sr , ξ) = s g (r , ξ)
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Summary



Derivative: Gradient :



Second Derivative: Laplacian:



∇f =



h



∂f ∂xk i′ ∂f ∂f ∂x1 , . . . , ∂xn



∂f ∂f + · · · + a1 ∂x a.∇f = a1 ∂x n 1



∆f (x)



∂2f ∂xl ∂xk P ∂f = nk=1 ∂x k
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ξk ∂g (r ,ξ )



∂g (r ,ξ ) ∂r



[ξ1 , . . . , ξn ]′ ∂g (r ,ξ ) a.ξ ∂r ∂g (r ,ξ ) ξl ξk ∂r ∂g (r ,ξ )



∂r



∂r
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Link between RT and FT x = [x1 , ..., xn ]′ , ω = [ω1 , ..., ωn ]′ Z     b f (ω) = Fn {f (x)} = f (x) exp −jω ′ · x dx n o Z    f (x) = Fn−1 b f (ω) exp +jω ′ · x dω f (ω) = b Z    gb(Ω, ξ) = F1 {g (r , ξ)} = g (r , ξ) exp {−jΩr } dr Z   g (r , ξ) = F1−1 {b g (Ω, ξ)} = gb(Ω, ξ) exp {+jΩr } dΩ Z b f (ω) = g (r , ξ) exp {−jΩr } dr = gb(Ω, ξ) ∀ω = Ωξ ( b f = Fn {f } = F1 {g n }o= F1 {R{f }} −1 b e f = F1−1 {Fn {f }} f = R{f } = F1 A. Mohammad-Djafari, Advanced Signal and Image Processing
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Direct inversion of the RT: Odd dimensions



f (x) = Cn Cn =



Z



|ξ|=1







 ∂ n−1 dξ ( ) g (r , ξ) ′ ∂r r =ξ . x



1 1 1 (−1)(n−1)/2 = (n−1) 2 (2π) 2 (2jπ)(n−1)



Example : ′ −1 n = 3, C3 = 8π 2 , x = [x, y , z] , ′ ξ = [ξ1 , ξ2 , ξ3 ] = [sin θ cos φ, sin θ sin φ, cos θ]′ and dξ = sin θ dθ dφ.   2 Z −1 ∂ f (x) = 2 g (r , ξ) dξ ′ 8π |ξ|=1 ∂r 2 r =ξ . x
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Direct inversion of the RT: Odd dimensions Spherical coordinates : (ρ, θ, φ): ZZZ g (r , ξ) = f (x, y , z)δ(r −x sin θ cos φ+y sin θ sin φ+z cos θ) dx dydz −1 ∂ 2 g (r , ξ) 8π 2 ∂r 2 Z π Z 2π △ f (x, y , z) = B {g } = g (r , ξ) sin θ dφ dθ g (r , ξ) =



0



0



f (x, y , z) −→ R −→ g (r , ξ) g (r , ξ) −→



−1 ∂ 2 −→ g (r , ξ) −→ B −→ f (x, y , z) 8π 2 ∂r 2
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Even dimensions



Cn f (x) = jπ



Z



|ξ|=1



dξ



Z



dr



∂ n−1 ( ∂r ) g (r , ξ) (r − ξ ′ .x)



Example : n = 2, C2 = −1 2π , ′ ′ x = [x, y ] , ξ = [ξ1 , ξ2 ] = [cos φ, sin φ]′ , dξ = dφ. 



Z π Z +∞ ∂ 1 ∂r g (r , φ) f (x, y ) = − 2 dr dφ 2π (r − x cos φ − y sin φ) −∞ 0 ZZ g (r , φ) = f (x, y )δ(r − x cos φ + y sin φ) dx dy
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Even dimensions −1 ∂g (r , φ) 2π 2 ∂r Z g (r , φ) dr g (r , φ) = H {g (r , φ)} = (r − x cos φ − y sin φ) Z △ π g (r , φ) dφ f (x, y ) = B {g (r , φ)} = g (r , φ) =



0



f (x, y ) −→ R −→ g (r , φ) g (r , φ) →



−1 ∂ → g (r , φ) → H → g (x, y ) → B → f (x, y ) 2π 2 ∂r



Cylindrical coordinates: (ρ, θ) −→ x = ρ cos θ and y = ρ sin θ, f (ρ, θ) =







−



1 2π 2



Z



π



dφ 0



Z



+∞



dr −∞



A. Mohammad-Djafari, Advanced Signal and Image Processing
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Inversion using the FT R



f (x, y )



k



- p(r , φ) 3



F2−1 F2



F1−1 s b f (ωx , ωy + )



F1



F2 {f } = F1 {R{f }} = F1 {g } Z G (Ω, ξ) = G (Ω, φ) = g (r , φ) exp {−jΩr } dr ZZ b f (ωx , ωy ) = f (x, y ) exp {−j(ωx x + ωy y )} dx dy ZZ b f (ωx , ωy ) exp {+j(ωx x + ωy y )} dωx dωy f (x, y ) =



b f (ωx , ωy ) = G (Ω, φ) pour ωx = Ω sin φ et
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Inversion using the FT



y



ωy f^(ωx , ωy )



f (x, y) φ



φ x



TF



ωx



p (r, φ)
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Inversion using FT R



f (x, y )



- g (r , φ)



6



F2−1



F1 ωx = Ω cos φ , ωy = Ω sin φ



b f (ωx , ωy ) 



?



G (Ω, φ)



Algorithm: ◮ ◮ ◮



p(r , φm ) −→ 1D FT −→ pˆ(Ω, φm ),



m = 1, · · · , M Interpolation in the Fourier domaine −→ b f (ωx , ωy ) b f (ωx , ωy ) −→ 2D FT f (x, y )
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Inversion using FT ^ f (ωx, ωy )



ωy



^ f (Ω,φ)



ωx
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Inversion using Backprojection For a function p(r , φ) of r ∈ R and φ ∈ [0, π], and r = x cos φ + y sin φ, ∀(x, y ) ∈ R 2 Z π p(x cos φ + y sin φ, φ)dφ B {p} (x, y ) = 0



This operator is the adjoint operator of the Radon transform R Polar coordinates: Z π p(ρ cos(θ − φ), φ)dφ B {p} (x, y ) = 0



p(r , φ) = R{f (x, y )},



fb (x, y ) = B {p(r , φ)} = B {R{f }}



fb (x, y ) = f (x, y ) ∗



1 1 = f (x, y ) ∗ p 2 |r | x + y2
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Inversion by Backprojection algorithms  f (x, y ) = B F1−1 {|Ω|F1 {g (r , φ)}} R



f (x, y )



- g (r , φ)



6 



B



1–D Convolution







f † (r , φ)



F1−1







F1 ?



|Ω|
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Inversion by Backprojection and filtering in 2D Fourier domaine f (x, y ) = F2−1 {|Ω|F2 {B {g (r , φ)}}} R



f (x, y ) 6



- g (r , φ)



I



F2−1



B



2–D Convolution | Ω |=



b f (ωx , ωy )



q



I



ωx2 + ωy2 e b(ωx , ωy )
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F2



?



b(x, y )
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Inversion by Backprojection • Direct Inversion of Radon Transform p(r ,φ)



−→



Derivation 1 2π D



−→



FT F1



Filter Ω



Hilbert Trans. H



g (r ,φ)



−→



Backprojection B



f (x,y)



−→



• FBP: p(r ,φ)



−→



−→



−→



Inverse FT F11



g (r ,φ)



−→



Backprojection B



f (x,y)



−→



• Convolution–BackoProjection (CBP) p(r ,φ)



−→



1D Filter |Ω|



g (r ,φ)



−→



Backprojection B



f (x,y)



−→



• Fourier Domaine Inversion p(r ,φ)



−→



1D FT F1



b e p(Ω,φ)



−→



Fourier domaine Interpolation ωx = Ω cos φ, ωy = Ω sin φ



A. Mohammad-Djafari, Advanced Signal and Image Processing



F (ωx ,ωy )



−→



2D Inverse FT F2−1



f (x,y)



−→
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Inversion by Backprojection • Backprojection 2D Filtering p(r ,φ)



−→



Backprojection



B



b(x,y )



−→



2D FT F2



−→



2D Filter |Ω|



−→



2D Inverse FT F2−1



f (x,y )



−→



• Backprojection and 2D Convolution p(r ,φ)



−→



Backprojection



B



b(x,y )



−→ −→



2D Filter



|Ω|



f (x,y )



−→



Choice of the filter In practice:



H(Ω) = |Ω| H(Ω) = |Ω|W (Ω)



◮ ◮ ◮ ◮



RAM–LAK Shepp–Logan Low pass Filter Hamming
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Inversion par Backprojection: Implementation convolution–Backprojection p(r ,φ)



−→



Convolution h(r ) r = md ,



Discrete Convolution



p(r ,φ)



−→ −→



Backprojection B



−M/2 ≤ m ≤ M/2 − 1,



△ p(md , n∆) ≃ p n (m) =



f (x,y )



−→



φ = n∆



M/2−1



X



pn (k)h(m−k),



k=−M/2



−M/2 ≤ m ≤ M/2−1



Linear Interpolation p(r , n∆) ≃ p n (m)+(r /d−m)[p n (m+1)−p n (m)], md ≤ r ≤ (m+1)d



Discrete Backprojection N−1 △ X f (x, y ) ≃ BN p = ∆ p(r = x cos n∆ + y sin n∆, n∆) f (i ∆x, j∆y ) ≃ ∆



n=0 N−1 X



p(i ∆x cos n∆ + j∆y sin n∆, n∆)



n=0
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Algebraic methods ◮



Discretization of the image f (x, y ) ≃



◮



ai ,j ϕi ,j (x, y )



i =1 j=1



Discretization of the projections p(r , φ) ≃ Rf =



I X J X i =1 j=1



p(rm , φn ) ≃ ◮



J I X X



I X J △X ai ,j [Rϕi ,j ] = ai ,j hi ,j (r , φ) i =1 j=1



J I X X



ai ,j hi ,j (rm , φn )



i =1 j=1



Choice of the basis functions  1 inside the pixeli , j ϕi ,j (x, y ) = 0 elsewhere p(rm , φn ) ≃



J I X X



fi ,j hi ,j (rm , φn ) j=1 i =1 A. Mohammad-Djafari, Advanced Signal and Image Processing Huazhong & Wuhan Universities, September 2012,
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ART : Algebraic Reconstruction Techniques Kaczmarz (Generalized inversion)



 0  f =0



g = Hf + b D



E



hi ,f (k)  f (k+1) = f + hi i = 1, 2, . . . , M hhi ,hi i where hi is the i -th ligne of the matrix H. (k)



gi −



y2 = a21 x1 + a22 x2 y1 = a11 x1 + a12 x2



x2 6 x1 x0



b x



-



x1
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ART : Algebraic Reconstruction Techniques ◮



At each iteration only one of equations (constraints) is used.



◮



One can also add other constraints. For example:



◮



without any constraint : fi (x) = x



◮



Positivity : fi (x) =



◮







Positivity and maximum value   0 x fi (x) =  1



0 if x < 0 x if x ≥ 0 constraint:
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CT as a linear inverse problem Fan beam X−ray Tomography −1



−0.5



0



0.5



1



Source positions



−1



g (si ) =



Z



Li



◮



−0.5



Detector positions



0



0.5



1



f (r) dli + ǫ(si ) −→ Discretization −→ g = Hf + ǫ



g, f and H are huge dimensional
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Algebraic methods: Discretization S•



Hij



y 6



r







f1 fj



f (x, y )



gi



φ



-



fN



x



•D g (r , φ) g (r , φ) =



Z



P f b (x, y ) j j j 1 if (x, y ) ∈ pixel j bj (x, y ) = 0 else f (x, y ) =



f (x, y ) dl



gi =



L



N X



Hij fj + ǫi



j=1



g = Hf + ǫ A. Mohammad-Djafari, Advanced Signal and Image Processing
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Inversion: Deterministic methods Data matching ◮



◮



◮



Observation model gi = hi (f) + ǫi , i = 1, . . . , M −→ g = H(f) + ǫ Misatch between data and output of the model ∆(g, H(f))



Examples:



– LS – Lp – KL



bf = arg min {∆(g, H(f))} f



∆(g, H(f)) = kg − H(f)k2 = p



∆(g, H(f)) = kg − H(f)k = ∆(g, H(f)) =



X i



◮



gi gi ln hi (f)



X i



X i



|gi − hi (f)|2 |gi − hi (f)|p , 1 < p < 2



In general, does not give satisfactory results for inverse problems.
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Deterministic Inversion Algorithms Least Squares Based Methods bf = arg min {J(f)} f



with J(f) = kg − Hfk2



∇J(f) = −2H′ (g − Hf)



Gradient based algorithms: ◮



Initialize:



f (0)



f (k+1) = f (k) − α∇J(f (k) )   At each iteration: f (k+1) = f (k) + αH′ g − Hf (k) we have to do the following operations: ◮ Compute g b = Hf (Forward projection) ◮



Iterate:



◮



Compute



◮



Distribute δf = H′ δg (Backprojection of error)



◮



Update



δg = g − b g (Error or residual)



f (k+1) = f (k) + δf
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Gradient based algorithms Operations at each iteration:



  f (k+1) = f (k) + αH′ g − Hf (k)



b g = Hf (Forward projection) b (Error or residual) δg = g − g



◮



Compute



◮



Compute



◮



Distribute δf = H′ δg (Backprojection of error)



◮



Update



f (k+1) = f (k) + δf



projections of Initial estimated Forward guess −→ image −→ projection −→ estimated image −→ H b g = Hf (k) f (0) f (k) ↑ update ↑



correction term Backprojection in image space ←− ←− H′ δf = H′ δg



–



Measured ← projections g



↓ compare ↓



correction term in projection space δg = g − b g
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Gradient based algorithms ◮



Fixed step gradient:   f (k+1) = f (k) + αH′ g − Hf (k)



◮



Steepest descent gradient:



  f (k+1) = f (k) + α(k) H′ g − Hf (k)



with α(k) = arg minα {J(f + αδf)} ◮



Conjugate Gradient



f (k+1) = f (k) + α(k) d(k) The successive directions d(k) have to be conjugate to each other. A. Mohammad-Djafari, Advanced Signal and Image Processing
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Algebraic Reconstruction Techniques



◮



Main idea: Use the data as they arrive   f (k+1) = f (k) + α(k) [H′ ]i ∗ gi − [Hf (k) ]i



which can also be written as:   gi − [Hf (k) ]i h′i ∗ f (k+1) = f (k) + h′i ∗ hi ∗   P (k) X gi − j Hij fj = f (k) + Hij P 2 i Hij i
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Algebraic Reconstruction Techniques ◮



Use the data as they arrive f (k+1) = f (k) +



◮



  gi − [Hf (k) ]i



h′i ∗ h′i ∗ hi ∗   P (k) X gi − j Hij fj Hij = f (k) + P 2 i Hij i



Update each pixel at each time   P (k) gi − j Hij fj (k) (k+1) Hij = fj + fj P 2 i Hij
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Algebraic Reconstruction Techniques (ART)



f (k+1) or fj



  P (k) g − H f X i j ij j = f (k) + Hij P 2 i Hij i



(k+1)



  P (k) gi − j Hij fj (k) = fj + Hij P 2 i Hij



projections of Initial estimated Forward image guess −→ image −→ projection −→ estimated P (k) (0) (k) H bi = g f f j Hij f j ↑ update ↑



correction term in image space P δg P i δfj = i Hij H j



←−



Backprojection ←− H′



ij
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−→



–



Measured ← projections gi



↓ compare ↓ correction term in projection space gi δgi = g i − b
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Algebraic Reconstruction using KL distance ◮



bf = arg min {J(f)} f fj



(k+1)



with J(f) = fj =P



(k)



i



Hij



X i



P



i



gi ln P gHi ij fj



Hij P



j



gi j



Hij fj



(k)



Interestingly, this is the OSEM (Ordered subset Expectation-Maximization) algorithm which is based on Maximum Likelihood and proposed first by Shepp & Vardi. estimated Initial image f (k) guess −→ (k) f (k+1) f (0) fj = Pj H i



↑ update ↑



ij



projections of Forward image −→ projection −→ estimated P (k) H b gi = j Hij f j



correction term in image space P δfj = P 1H i Hij δgi j



←−



Backprojection ←− H′



ij
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–



−→



Measured ← projections gi



↓ compare ↓



correction term in projection space gi δgi = b g i
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Gradient based algorithms i  h  f (k+1) = f (k) + α H′ g − Hf (k) − λD′ Df (k) b g = Hf (Forward projection) b (Error or residual) δg = g − g



◮



Compute



◮



Compute



◮



Compute δf 1 = H′ δg (Backprojection of error)



◮



Compute δf 2 = −D′ Df (Correction due to regularization)



◮



Update



f (k+1) = f (k) + [δf 1 + δf 2 ]



projections of estimated Initial Forward guess −→ image −→ projection −→ estimated image −→ (0) (k) H b g = Hf (k) f f ↑ update ↑



correction term in image space δf = H′ δg − λD′ Df (k)



–



Measured ← projections g



↓ compare ↓



←−



Backprojection ←− H′
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Content 1. Introduction: Signals and Images, Linear transformations (Convolution, Fourier, Laplace, Hilbert, Radon, ..., Discrete convolution, Z transform, DFT, FFT, ...) 2. Modeling: parametric and non-parametric, MA, AR and ARMA models, Linear prediction 3. Deconvolution and Parameter Estimation: Deterministic (LS, Regularization) and Probabilistic methods (Wiener Filtering) 4. Inverse problems and Bayesian estimation 5. Kalman Filtering and smoothing 6. Case study: Signal deconvolution 7. Case study: Image restoration 8. Case study: Image reconstruction and Computed Tomography
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7. Case study: Image restoration



◮



Image restoration



◮



Classical methods: Wiener filtering in 2D



◮



Bayesian approach to deconvolution



◮



Simple and Blind Deconvolution



◮



Practical issues and computational costs
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Full Bayesian approach



M:



◮ ◮ ◮ ◮ ◮



◮



◮



◮



g = Hf + ǫ



Forward & errors model: −→ p(g|f, θ 1 ; M) Prior models −→ p(f|θ 2 ; M) Hyperparameters θ = (θ 1 , θ 2 ) −→ p(θ|M) p(g |f ,θ ;M) p(f |θ ;M) p(θ |M) Bayes: −→ p(f, θ|g; M) = p(g |M) b = arg max {p(f, θ|g; M)} Joint MAP: (bf, θ) (f ,θ ) R  p(f|g; M) = R p(f, θ|g; M) df Marginalization: p(θ|g; M) = p(f, θ|g; M) dθ ( R bf = f p(f, θ|g; M) df dθ R Posterior means: b = θ p(f, θ|g; M) df dθ θ



Evidence of the model: ZZ p(g|M) = p(g|f, θ; M)p(f|θ; M)p(θ|M) df dθ
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Two main steps in the Bayesian approach ◮



Prior modeling ◮



◮ ◮



◮



Separable: Gaussian, Generalized Gaussian, Gamma, mixture of Gaussians, mixture of Gammas, ... Markovian: Gauss-Markov, GGM, ... Separable or Markovian with hidden variables (contours, region labels)



Choice of the estimator and computational aspects ◮ ◮ ◮ ◮ ◮



MAP, Posterior mean, Marginal MAP MAP needs optimization algorithms Posterior mean needs integration methods Marginal MAP needs integration and optimization Approximations: ◮ ◮ ◮



Gaussian approximation (Laplace) Numerical exploration MCMC Variational Bayes (Separable approximation)
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Which images I am looking for? 50 100 150 200 250 300 350 400 450 50



100



150



200
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Which signals I am looking for?



Gaussian  p(fj ) ∝ exp −α|fj |2



Generalized Gaussian p(fj ) ∝ exp {−α|fj |p } , 1 ≤ p ≤ 2



Gamma p(fj ) ∝ fjα exp {−βfj }



Beta p(fj ) ∝ fjα (1 − fj )β
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Different prior models for signals and images ◮



Separable



p(f) =



Q



n o P p (f ) ∝ exp −β φ(f ) j j j j j (



p(f) ∝ exp −β ◮



X



r∈R



)



φ(f (r))



p(fj |fj−1 ) ∝ exp {−βφ(fj − fj−1 )}   X X p(f) ∝ exp −β φ(f (r), f (r′ ))   r∈R r′ ∈V(r)



Markoviens (simple)



 



◮



Markovien with hidden variables z(r) (lines, contours, regions)     X X p(f|z) ∝ exp −β φ(f (r), f (r′ ), z(r), z(r′ ))   r∈R r′ ∈V(r)
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Different prior models for images: Separable • Gaussian:



 p(fj ) ∝ exp −α|fj |2 −→



Ω(f) = α



X j



|fj |2



• Generalized Gaussian (GG): p(fj ) ∝ exp {−α|fj |p } ,



1 ≤ p ≤ 2 −→



• Gamma: fj > 0



p(fj ) ∝ fjα exp {−βfj } −→



Ω(f) = α



Ω(f) = α
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X j



X j



X



ln fj + β



j



• Beta: 1 > fj > 0



p(fj ) ∝ fjα (1 − fj )β −→



Φ(f) = α



ln fj + β



|fj |p ,



X



fj ,



j



X j



ln(1 − fj ),
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Different prior models for images: Separable



Gaussian  p(fj ) ∝ exp −α|fj |2



Generalized Gaussian p(fj ) ∝ exp {−α|fj |p } , 1 ≤ p ≤ 2



Gamma p(fj ) ∝ fjα exp {−βfj }



Beta p(fj ) ∝ fjα (1 − fj )β
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Different prior models: Simple Markovian p(fj |f) ∝ exp



  



−α



X i ∈vj



  φ(fj , fi ) −→ 



Φ(f) = α



XX j



φ(fj , fi )



i ∈Vj



• 1D case and one neigbor Vj = j − 1: X Φ(f) = α φ(fj − fj−1 ) j



• 1D Case and two neighbors Vj = {j − 1, j + 1}: X Φ(f) = α φ (fj − β(fj−1 + fj−1 )) j



• 2D case with 4 neighbors: Φ(f) = α



X



r∈R







φ f (r) − β



• φ(t) = |t|γ : Generalized Gaussian
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X



r′ ∈V(r)







f (r′ )
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Different prior models: Simple Markovian



IID Gaussian  p(fj ) ∝ exp −α|fj |2



Gauss-Markov  p(fj |fj−1 ) ∝ exp −α|fj − fj−1 |2



IID GG p(fj ) ∝ exp {−α|fj |p }



Markovian GG p(fj |fj−1 ) ∝ exp {−α|fj − fj−1 |p }
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Different prior models: Non-stationnary signals



Modulated Variances IID p(fj |zj ) = N (0, v (zj ))



Modulated Variances Gauss-Markov p(fj |fj−1 , zj ) = N (fj−1 , v (zj ))



Modulated amplituds IID p(fj |zj ) = N (a(zj ), 1)



Modulated amplituds Gauss-Markov p(fj |fj−1 , zj ) = N (a(fj−1 , zj ), 1)
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Different prior models: Markovian with hidden variables



Piecewise Gaussians



Mixture of Gaussians (MoG)



(contours hidden variables)  (regions labels hidden variables) 2 p(fj |qj , fj−1 ) = N (1 − qj )fj−1 , σf p(fj |zj = k) = N mk , σk2 & zj markovian



p(f|q) ∝ exp



  



−α



 X  fj − (1 − qj )fj −1 2 



p(f|z) ∝ exp



j
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  X X −α  k



j ∈Rk



fj − mk σk



!2   
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Particular case of Gauss-Markov models 







  g = Hf + ǫ g = Hf + ǫ with  f = Cf + z with z ∼ N (0, σf2 I) = f ∼ N 0, σf2 (D′ D)−1 )  and D = (I − C)  b with bf = PH b ′ g, P b = H′ H + λD′ D −1 f|g ∼ N (bf, P)  bf = arg min J(f) = kg − Hfk2 + λkDfk2 f



g = Hf + ǫ  = with f ∼ N 0, σf2 (DD′ )







g = Hf + ǫ f = Dz with z ∼ N (0, σf2 I)



 b with b b ′ H′ g, P b = D′ H′ HD + λI −1 z|g ∼ N (b z = PD z, P)  b z = arg min J(z) = kg − HDzk2 + λkzk2 −→ bf = Db z z



z Decomposition coeff on a basis (column of D) A. Mohammad-Djafari, Advanced Signal and Image Processing
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Which images I am looking for?



Gauss-Markov



Generalized GM



Piecewize Gaussian



Mixture of GM
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Markovien prior models for images Ω(f) =



X j



◮ ◮ ◮



φ(fj − fj−1 )



Gauss-Markov : φ(t) = |t|2 Generalized Gauss-Markov : φ(t) = |t|α  t 2 |t| ≤ T Picewize Gauss-Markov or GGM : φ(t) = T 2 |t| > T or equivalently : X (1 − qj )φ(fj − fj−1 ) Ω(f|q) = j



◮



q line process (contours) Mixture of Gaussians : X X  fj − mk 2 Ω(f|z) = vk k



{j:zj =k}



z region labels process. A. Mohammad-Djafari, Advanced Signal and Image Processing
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Gauss-Markov-Potts prior models for images



f (r)



◮ ◮



z(r)



c(r) = 1 − δ(z(r) − z(r′ ))



p(f (r)|z(r) = k, mk , vk ) = N (mk , vk ) X p(f (r)) = P(z(r) = k) N (mk , vk ) Mixture of Gaussians



k Q Separable iid hidden variables: p(z) = r p(z(r)) Markovian hidden variables:  p(z) Potts-Markov:   X  p(z(r)|z(r′ ), r′ ∈ V(r)) ∝ exp γ δ(z(r) − z(r′ ))  ′     X X r ∈V(r)  p(z) ∝ exp γ δ(z(r) − z(r′ ))   r∈R r′ ∈V(r)
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Four different cases To each pixel of the image is associated 2 variables f (r) and z(r) ◮



f|z Gaussian iid, z iid : Mixture of Gaussians



◮



f|z Gauss-Markov, z iid : Mixture of Gauss-Markov



◮



f|z Gaussian iid, z Potts-Markov : Mixture of Independent Gaussians (MIG with Hidden Potts)



◮



f|z Markov, z Potts-Markov : Mixture of Gauss-Markov (MGM with hidden Potts)
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Case 1:



f|z Gaussian iid,



z iid



Independent Mixture of Independent Gaussiens (IMIG): p(f (r)|z(r) = k) = N (mk , vk ), ∀r ∈ R P P p(f (r)) = K k=1 αk N (mk , vk ), with k αk = 1.



p(z) = Noting



Q Q Q nk r p(z(r) = k) = r αk = k αk



mz (r) = mk , vz (r) = vk , αz (r) = αk , ∀r ∈ Rk we have: Y



N (mz (r), vz (r)) r∈R Y Y P Y n δ(z(r )−k) p(z) = αz (r) = αk r∈R = αkk r k k



p(f|z) =
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Case 2:



f|z Gauss-Markov,



z iid



Independent Mixture of Gauss-Markov (IMGM): p(f (r)|z(r), z(r′ ), f (r′ ), r′ ∈ V(r)) = N (µz (r), vz (r)), ∀r ∈ R P µz (r) = |V(1r)| r′ ∈V(r) µ∗z (r′ ) µ∗z (r′ ) = δ(z(r′ ) − z(r)) f (r′ ) + (1 − δ(z(r′ ) − z(r)) mz (r′ ) = (1 − c(r′ )) f (r′ ) + c(r′ ) mz (r′ ) Q Q p(f|z) ∝ Qr N (µz (r), vz (r)) ∝ Qk αk N (mk 1, Σk ) p(z) = r vz (r) = k αnkk



with 1k = 1, ∀r ∈ Rk and Σk a covariance matrix (nk × nk ).
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Case 3: f|z Gauss iid, z Potts Gauss iid as in Case 1: Y Y Y N (mk , vk ) p(f|z) = N (mz (r), vz (r)) = r∈R k r∈Rk Potts-Markov    X  p(z(r)|z(r′ ), r′ ∈ V(r)) ∝ exp γ δ(z(r) − z(r′ ))  ′  r ∈V(r)    X X  p(z) ∝ exp γ δ(z(r) − z(r′ ))   r∈R r′ ∈V(r) A. Mohammad-Djafari, Advanced Signal and Image Processing
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Case 4: f|z Gauss-Markov, z Potts Gauss-Markov as in Case 2: p(f (r)|z(r), z(r′ ), f (r′ ), r′ ∈ V(r)) = N (µz (r), vz (r)), ∀r ∈ R P µz (r) = |V(1r)| r′ ∈V(r) µ∗z (r′ ) µ∗z (r′ ) = δ(z(r′ ) − z(r)) f (r′ ) + (1 − δ(z(r′ ) − z(r)) mz (r′ ) Q r N (µz (r), vz (r)) ∝ k αk N (mk 1, Σk ) Potts-Markov as in Case 3:    X X  p(z) ∝ exp γ δ(z(r) − z(r′ ))   r∈R r′ ∈V(r) p(f|z) ∝



Q
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Summary of the two proposed models



f|z Gaussian iid z Potts-Markov



f|z Markov z Potts-Markov



(MIG with Hidden Potts)



(MGM with hidden Potts)
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Bayesian Computation p(f, z, θ|g) ∝ p(g|f, z, vǫ ) p(f|z, m, v) p(z|γ, α) p(θ) θ = {vǫ , (αk , mk , vk ), k = 1, ·, K } ◮ ◮



Direct computation and use of p(f, z, θ|g; M) is too complex Possible approximations : ◮ ◮ ◮



◮



p(θ) Conjugate priors



Gauss-Laplace (Gaussian approximation) Exploration (Sampling) using MCMC methods Separable approximation (Variational techniques)



Main idea in Variational Bayesian methods: Approximate p(f, z, θ|g; M) by q(f, z, θ) = q1 (f) q2 (z) q3 (θ) ◮ ◮



Choice of approximation criterion : KL(q : p) Choice of appropriate families of probability laws for q1 (f), q2 (z) and q3 (θ)
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MCMC based algorithm p(f, z, θ|g) ∝ p(g|f, z, θ) p(f|z, θ) p(z) p(θ) General scheme:



◮



◮



◮



bf ∼ p(f|b b g) −→ b b g) −→ θ b ∼ (θ|bf, b z, θ, z ∼ p(z|bf, θ, z, g)



b g) ∝ p(g|f, θ) p(f|b b Estimate f using p(f|b z, θ, z, θ) Needs optimisation of a quadratic criterion. b g) ∝ p(g|bf, b b p(z) Estimate z using p(z|bf, θ, z, θ) Needs sampling of a Potts Markov field.



Estimate θ using p(θ|bf, b z, g) ∝ p(g|bf, σǫ2 I) p(bf|b z, (mk , vk )) p(θ) Conjugate priors −→ analytical expressions.



A. Mohammad-Djafari, Advanced Signal and Image Processing



Huazhong & Wuhan Universities, September 2012,



328/344



Application of CT in NDT Reconstruction from only 2 projections



g1 (x) = ◮



◮



Z



f (x, y ) dy ,



g2 (y ) =



Z



f (x, y ) dx



Given the marginals g1 (x) and g2 (y ) find the joint distribution f (x, y ). Infinite number of solutions : f (x, y ) = g1 (x) g2 (y ) Ω(x, y ) Ω(x, y ) is a Copula: Z Z Ω(x, y ) dx = 1 and Ω(x, y ) dy = 1
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Application in CT



20



40



60



80



100



120 20



g|f g = Hf + ǫ g|f ∼ N (Hf, σǫ2 I) Gaussian



f|z iid Gaussian or Gauss-Markov
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z iid or Potts
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c c(r) ∈ {0, 1} 1 − δ(z(r) − z(r′ )) binary
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Proposed algorithm p(f, z, θ|g) ∝ p(g|f, z, θ) p(f|z, θ) p(θ) General scheme: bf ∼ p(f|b b g) −→ b b g) −→ θ b ∼ (θ|bf, b z, θ, z ∼ p(z|bf, θ, z, g)



Iterative algorithme: ◮



◮



b g) ∝ p(g|f, θ) p(f|b b Estimate f using p(f|b z, θ, z, θ) Needs optimisation of a quadratic criterion. b g) ∝ p(g|bf, b b p(z) Estimate z using p(z|bf, θ, z, θ) Needs sampling of a Potts Markov field.



◮



Estimate θ using p(θ|bf, b z, g) ∝ p(g|bf, σǫ2 I) p(bf|b z, (mk , vk )) p(θ) Conjugate priors −→ analytical expressions.
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Results
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Application in Microwave imaging g (ω) = g (u, v ) =



ZZ



Z



f (r) exp {−j(ω.r)} dr + ǫ(ω)



f (x, y ) exp {−j(ux + vy )} dx dy + ǫ(u, v ) g = Hf + ǫ
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Application in Microwave imaging 20
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Conclusions ◮



Bayesian Inference for inverse problems



◮



Approximations (Laplace, MCMC, Variational)



◮



Gauss-Markov-Potts are useful prior models for images incorporating regions and contours



◮



Separable approximations for Joint posterior with Gauss-Markov-Potts priors



◮



Application in different CT (X ray, US, Microwaves, PET, SPECT)



Perspectives : ◮



Efficient implementation in 2D and 3D cases



◮



Evaluation of performances and comparison with MCMC methods



◮



Application to other linear and non linear inverse problems: (PET, SPECT or ultrasound and microwave imaging)
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Color (Multi-spectral) image deconvolution ǫi (x, y )



fi (x, y )



-



h(x, y )



Observation model :



? - +



gi = Hf i + ǫi ,



- gi (x, y )



i = 1, 2, 3



? ⇐=
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Images fusion and joint segmentation (with O. F´eron)   gi (r) = fi (r) + ǫi (r) 2 p(fi (r)|z(r) Q = k) = N (mi k , σi k )  p(f|z) = i p(f i |z)



g1



g2



−→



bf 1 bf 2
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Data fusion in medical imaging (with O. F´eron)   gi (r) = fi (r) + ǫi (r) 2 p(fi (r)|z(r) Q = k) = N (mi k , σi k )  p(f|z) = i p(f i |z)



g1



g2



−→



bf 1



bf 2
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Super-Resolution (with F. Humblot)



? =⇒



Low Resolution images
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High Resolution image
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Joint segmentation of hyper-spectral images (with N. Bali & A. Mohammadpour)  gi (r) = fi (r) + ǫi (r)    2 p(fi (r)|z(r) Q = k) = N (mi k , σi k ), k = 1, · · · , K p(f|z) = i p(f i |z)    mi k follow a Markovian model along the index i
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Segmentation of a video sequence of images (with P. Brault)  gi (r) = fi (r) + ǫi (r)    2 p(fi (r)|zi (r) Q = k) = N (mi k , σi k ), k = 1, · · · , K p(f|z) = i p(f i |zi )    zi (r) follow a Markovian model along the index i
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Source separation (with H. Snoussi & M. Ichir)



f



 N  X    Aij fj (r) + ǫi (r)  gi (r) = j=1



 p(fj (r)|zj (r) = k) = N (mj k , σj2 k )     p(A ) = N (A , σ 2 ) ij 0ij 0 ij



g
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Thanks, Questions and Discussions Thanks to:



My graduated PhD students:
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