













Menu





	 maison
	 Ajouter le document
	 Signe
	 Créer un compte







































A General Formalism to Derive Cell-centered Schemes for Two

Cell-centered Lagrangian scheme. Numerical results. Two-material Sod problem. Shock tube with initial conditions. (Ï�l,Pl,ul,Î³l)=(1,1,0,7/5), (Ï�r ,Pr ,ur ,Î³r )=(0.125 ... 

















 Télécharger le PDF 






 16MB taille
 1 téléchargements
 352 vues






 commentaire





 Report




















A General Formalism to Derive Cell-centered Schemes for Two-dimensional Lagrangian Hydrodynamics on Unstructured Grids Pierre-Henri Maire CEA-CESTA BP 2 33114 Le Barp, France [email protected]



SIAM CSE 2011



P.-H. Maire (CEA)



Cell-Centered Lagrangian Hydro



SIAM CSE 2011



1 / 36



Outline



1 2



3



4



Introduction Cell-centered Lagrangian scheme Governing equations Compatible cell-centered discretization Nodal solver High-order GRP extension Numerical results Related works Cylindrical geometry ALE and ReALE Conclusion and Perspectives



P.-H. Maire (CEA)



Cell-Centered Lagrangian Hydro



SIAM CSE 2011



2 / 36



Introduction



Physical context Inertial Confinement Fusion



Extreme scales Convergence ratio: Re ∈ [30, 40] Rhs Density ratio: 103 to 105 Velocity: ∼ 300 km/s Time scales: 10−12 s to 10−8 s Pressures: 1 bar to 103 Gbars Temperatures: 15 K to 500 MK



Need for robust and accurate scheme for Lagrangian hydro P.-H. Maire (CEA)
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Introduction



Difficulties of the Lagrangian formalism Several issues have to be addressed: Discretize the physical conservation laws Consistency with the Second Law of thermodynamics Define the mesh motion (vertex velocity) in a compatible manner with the numerical fluxes



Geometrical Conservation Law (GCL) compatibility The zone volume computed directly from its coordinates must be equal to the zone volume deduced from solving the GCL This critical requirement is the cornerstone on which any proper multi-dimensional Lagrangian scheme should rely



P.-H. Maire (CEA)
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Introduction



Review on multi-D Lagrangian schemes Finite Difference staggered schemes [Wilkins (MCP, 1964)] Velocity at nodes whereas thermodynamic variables at cell centers Internal energy formulation and artificial viscosity Compatible discretization to ensure total energy conservation [Caramana et al. (JCP, 1998)]



Finite Element schemes [Lascaux (CEA report, 1972)] Variational multiscale approach [Scovazzi et al. (CMAME, 2007)] Curvilinear FEM [Dobrev et al. (IJNMF, 2010)]



Finite Volume cell-centered schemes [Godunov (MS, 1959)] CAVEAT scheme [Dukowicz et al. (LANL report, 1986)] ` et al. (IJNMF, 2004)] 3rd DG scheme [Loubere ´ and Mazeran (ARMA, 2005)] GLACE scheme [Despres EUCCLYHD scheme [Maire et al. (SISC, 2007)] P.-H. Maire (CEA)
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Introduction



Why use a cell-centered scheme? The staggered grid schemes employed in most hydro-codes have been remarkably successful over the past decades in solving complex multi-dimensional compressible fluid flows. However, they have some deficiencies: [Barlow (ICFD, 2010)] Mesh imprinting and symmetry breaking
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Cell-centered schemes that fulfill the GCL requirement seem to be a promising alternative since they Are naturally conservative Do not require artificial viscosity Allow an easy implementation of conservative remapping for ALE P.-H. Maire (CEA)
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Introduction



Motivations of the present work Provide a general formalism to construct cell-centered schemes for 2D Lagrangian hydrodynamics that rely on Finite volume discretization on moving unstructured grids GCL compatibility requirement Sub-cell force discretization [Caramana et al. (JCP, 1998)] Thermodynamic consistency to satisfy the Second Law Conservation principle for total energy and momentum Godunov-type node-centered solver for the numerical fluxes



High-order one-step discretization characterized by Numerical fluxes computed by means of a Taylor expansion Time derivatives of fluxes given by a node-centered solver 2D extension of the Generalized Riemann Problem (GRP) methodology [Ben-Artzi and Falcovitz (JCP, 1984)] P.-H. Maire (CEA)
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Cell-centered Lagrangian scheme



Governing equations



Lagrangian hydrodynamics Control volume formulation Z d ρ dv = 0, dt ω(t) Z Z d dv − U · n ds = 0, dt ω(t) ∂ω(t) Z Z d ρU dv + Pn ds = 0, dt ω(t) ∂ω(t) Z Z d ρE dv + PU · n ds = 0. dt ω(t) ∂ω(t)



Trajectory equation: ∀x ∈ ∂ω(t),



dx dt



mass conservation volume conservation momentum conservation total energy conservation



= U(x, t),



x(0) = X



Thermodynamic closure 1 P = P(ρ, ε), where ε = E − U 2 , specific internal energy 2 P.-H. Maire (CEA)
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Cell-centered Lagrangian scheme



Compatible cell-centered discretization



Finite Volume discretization Moving polygonal cell ωc (t) n



p ( ρ1c , U c, Ec)



∂ωc ωc



Up



Z d 1 mc ( ) − U · n ds = 0, dt ρc ∂ωc (t) Z d Pn ds = 0, mc U c + dt ∂ωc (t) Z d mc Ec + PU · n ds = 0. dt ∂ωc (t)



(1a) (1b) (1c)



Moving point x p d x p = U p (x p (t), t), dt



x p (0) = X p .



(2)



Noticing that mc = ρc (t)vc (t), Eq. (1a) stands for the GCL. We must ensure the compatibility between Eq. (1a) and Eq. (2) P.-H. Maire (CEA)
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Cell-centered Lagrangian scheme



Compatible cell-centered discretization



GCL compatibility Volume computation by triangulation [Whalen (JCP, 1996)] p+ dxp dt = U p



p



vc (t) =



 1 X  x p (t) × x p+ (t) ·e z , 2 p∈P(c)



ωc



where P(c) is the set of points of cell c and e z = e x × e y . p−



O



Time rate of change of the cell volume X ∂vc d d vc = · x p. dt ∂x p dt p∈P(c)



P.-H. Maire (CEA)
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Cell-centered Lagrangian scheme



Compatible cell-centered discretization



GCL compatibility Corner vector [Caramana et al. (JCP, 1998)] p+



npp+



lpcnpc



lpp+



Up p



ωc



lp−p



np−p



∂vc 1 = (x + − x p− ) × e z ∂x p 2 p 1 = (lp− p np− p + lpp+ npp+ ) 2 =lpc npc , where n2pc = 1.



p−



O



Time rate of change of the cell volume X d vc = lpc npc · U p . dt p∈P(c)



P Fundamental geometric identity : p∈P(c) lpc npc = 0 P.-H. Maire (CEA)
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Cell-centered Lagrangian scheme



Compatible cell-centered discretization



Sub-cell force-based discretization Sub-cell force Fpc that acts from cell c onto point p p+



11111111111 00000000000 00000000000 11111111111 00000000000 11111111111 p 00000000000 11111111111 00000000000 11111111111 00000000000 11111111111 00000000000 11111111111 ωpc 00000000000 11111111111 00000000000 11111111111 00000000000 11111111111 00000000000 11111111111 00000000000 11111111111 00000000000 11111111111



[



ωc =



ωpc , cell partition



p∈P(c)



[



∂ωc =



∂ωpc ∩ ∂ωc ,



p∈P(c)



Z



ωc



F pc =



Pn ds. ∂ωpc ∩∂ωc



p−



Sub-cell contribution to total energy flux Z ∂ωpc ∩∂ωc P.-H. Maire (CEA)



PU · n ds ≈



!



Z Pn ds



· U p = F pc · U p .



∂ωpc ∩∂ωc Cell-Centered Lagrangian Hydro



SIAM CSE 2011



12 / 36



Cell-centered Lagrangian scheme



Compatible cell-centered discretization



Sub-cell force-based discretization Semi-discrete evolution equations for ( ρ1c , U c , Ec ) lpcnpc F pc



11111111111 00000000000 Up 00000000000 11111111111 00000000000 11111111111 00000000000 11111111111 p 00000000000 11111111111 00000000000 11111111111 ωpc 00000000000 11111111111 00000000000 11111111111 00000000000 11111111111 00000000000 ( ρ1c , U c, Ec) 11111111111 00000000000 11111111111 00000000000 11111111111



mc



X d 1 ( )− lpc npc · U p = 0, dt ρc p∈P(c)



X d F pc = 0, mc U c + dt p∈P(c)



X d mc Ec + F pc · U p = 0. dt



ωc



p∈P(c)



Trajectory equation d x p = U p (x p (t), t), dt



x p (0) = X p .



It remains to determine U p and F pc invoking thermodynamic consistency and total energy conservation P.-H. Maire (CEA)
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Cell-centered Lagrangian scheme



Compatible cell-centered discretization



Thermodynamic consistency Recalling Gibbs relation T dη = dε + Pd( 1ρ ).



Time rate of change of entropy within cell c mc Tc



X d ηc = − [(F pc − lpc Pc npc ) · (U p − U c )] . dt p∈P(c)



Second Law of thermodynamics is satisfied provided that F pc = lpc Pc npc − Mpc (U p − U c ), where Mpc is a 2 × 2 positive semi-definite matrix.



Semi-discrete entropy inequality mc Tc



X d ηc = Mpc (U p − U c ) · (U p − U c ) ≥ 0. dt p∈P(c)



P.-H. Maire (CEA)
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Cell-centered Lagrangian scheme



Compatible cell-centered discretization



Conservation principles Conservation of total energy over the domain D X c



where



F ?p



d mc Ec = − dt



Z



X



PU · n ds =



∂D



F ?p · U p ,



p∈∂D



is a prescribed corner force acting onto boundary point p.



Substituting specific total energy equation yields X X



F pc · U p =



c p∈P(c)



X



F ?p · U p .



p∈∂D



Interchanging the order of the double sum X X p c∈C(p)



F pc · U p =



X



F ?p · U p ,



p∈∂D



where C(p) is the set of cells surrounding point p. P.-H. Maire (CEA)
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Cell-centered Lagrangian scheme



Compatible cell-centered discretization



Conservation principles Total energy balance amounts to the variational formulation ∀U p ∈ R2 ,



X



(



X



F pc ) · U p +



p∈Do c∈C(p)



X



(



X



F pc ) · U p =



p∈∂D c∈C(p)



X



F ?p · U p .



p∈∂D



Total energy conservation holds if and only if ∀ p ∈ Do ,



X



F pc = 0,



inner points



F pc = F ?p .



outer points



c∈C(p)



∀ p ∈ ∂D,



X c∈C(p)



These conditions also imply momentum conservation. Moreover, recalling that F pc = lpc Pc npc − Mpc (U p − U c ), they also provide vectorial equations that allows to solve the nodal velocity. P.-H. Maire (CEA)
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Cell-centered Lagrangian scheme



Nodal solver



Node-centered solver Nodal velocity U p satisfies the 2 × 2 system ∀ p ∈ Do ,



Mp U p =



X



(lpc Pc npc + Mpc U c ) ,



inner points



c∈C(p)



∀ p ∈ ∂D,



Mp U p =



X



(lpc Pc npc + Mpc U c ) − F ?p , outer points



c∈C(p)



Provided that Mp =



P



c∈C(p) Mpc



> 0, it admits a unique solution.



Sub-cell force formalism provides a general framework to construct cell-centered schemes characterized by GCL compatibility Thermodynamic consistency Total energy and momentum conservation Corner matrix Mpc P.-H. Maire (CEA)



Cell-Centered Lagrangian Hydro



SIAM CSE 2011



17 / 36



Cell-centered Lagrangian scheme



Nodal solver



Node-centered solver ´ First example: GLACE solver [Despres-Mazeran (ARMA 2005)] MGLACE = zc lpc (npc ⊗ npc ), pc where zc = ρc ac is the acoustic impedance.



Sub-cell force writes F GLACE = lpc Πpc npc pc Πpc − Pc = zc (U p − U c ) · npc , Riemann invariant.



Sensitivity to Hourglass mode: MGLACE is symmetric positive pc semi-definite
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Cell-centered Lagrangian scheme



Nodal solver



Node-centered solver Second example: EUCCLHYD solver [Maire et al. (SISC 2007)] − −  + + + MEUCCL = zc lpc (npc ⊗ n− pc pc ) + lpc (npc ⊗ npc ) . − − − + + + Sub-cell force writes F EUCCL = lpc Πpc npc + lpc Πpc npc pc p+



n+ pc + lpc



ωc



p Π+ pc − Πpc



(ρc, U c, Pc)



lpcnpc Up − lpc



n− pc



+ Two nodal pressures Π− pc and Πpc − Π− pc − Pc = zc (U p − U c ) · npc , + Π+ pc − Pc = zc (U p − U c ) · npc ,



p−



− − + + lpc npc = lpc npc + lpc npc .



Properties of EUCCLHYD solver MEUCCL is symmetric positive definite pc More dissipative than GLACE but insensitive to hourglass mode It recovers exactly acoustic Godunov solver for 1D flows P.-H. Maire (CEA)
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Cell-centered Lagrangian scheme



High-order GRP extension



The quest for high-order B. van Leer, 40th AIAA Fluid Dynamics Conference, 2010



P.-H. Maire (CEA)
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Cell-centered Lagrangian scheme



High-order GRP extension



High-order one-step discretization Second-order time discretization [Maire (JCP 2009)] mc (



1 ρn+1 c



−



X n+ 1 n+ 1 1 n+ 21 2 2 ) − ∆t l n · U = 0, pc pc p ρnc p∈P(c)



n+ 12



X



mc (U n+1 − U nc ) + ∆t c



F pc



= 0,



p∈P(c) n+ 12



X



mc (Ecn+1 − Ecn ) + ∆t



F pc



n+ 12



· Up



= 0.



p∈P(c) n+ 21



Trajectory equation: x n+1 = x np + ∆tU p p



,



x 0p = X p



Time-centered fluxes by Taylor expansion n+ 12



Up



P.-H. Maire (CEA)



= U np +



∆t d n U , 2 dt p



n+ 21



F pc



= F npc +
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Cell-centered Lagrangian scheme



High-order GRP extension



High-order one-step discretization Total energy conservation at discrete level iff ∀ p ∈ Do ,



X



F npc = 0,



c∈C(p)



∀ p ∈ ∂D,



X



F npc = F ?,n p ,



c∈C(p)



X d F n = 0, dt pc



c∈C(p)



X d d F npc = F ?,n . dt dt p



c∈C(p)



This provides two node-centered solvers for U p and



d U dt p



Remarks Piecewise monotonic linear reconstruction of P and U Nodal extrapolation of P and U Natural high-order extension of the sub-cell force formalism 2D extension of the acoustic GRP method [Ben-Artzi (JCP 1984)] P.-H. Maire (CEA)
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Cell-centered Lagrangian scheme



Numerical results



Two-material Sod problem Shock tube with initial conditions (ρl , Pl , ul , γl ) = (1, 1, 0, 7/5),



(ρr , Pr , ur , γr ) = (0.125, 0.1, 0, 5/3).
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Comparison between first and second-order at final time t = 0.2 P.-H. Maire (CEA)
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Cell-centered Lagrangian scheme



Numerical results



Entropy production Expansion into vacuum (ρ0 , P 0 , U 0 , γ) = (1, 1, 0, 7/5) Internal energy at time t=0.75 (400 cells) 2.5



analytical 1st-order 2nd-order GRP
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Comparison between 1st -order and 2nd -order P.-H. Maire (CEA)
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Cell-centered Lagrangian scheme



Numerical results



Sedov problem Blast wave from a point source with initial conditions (ρ0 , P 0 , U 0 , γ) = (1, 10−6 , 0, 7/5), Esource = 0.244816. 6
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Solution at time t = 1 for a 30 × 30 Cartesian grid. P.-H. Maire (CEA)
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Cell-centered Lagrangian scheme



Numerical results



Sedov problem Blast wave from a point source with initial conditions (ρ0 , P 0 , U 0 , γ) = (1, 10−6 , 0, 7/5), Esource = 0.244816. 1.2
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Solution at time t = 1 for various grids. P.-H. Maire (CEA)
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Cell-centered Lagrangian scheme



Numerical results



Noh problem Infinite strength cylindrical shock wave (ρ0 , P 0 , U 0 , γ) = (1, 10−6 , −e r , 5/3). 0.35 14
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Solution at time t = 0.6 for a 3 × 100 polar grid. P.-H. Maire (CEA)
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Cell-centered Lagrangian scheme



Numerical results



Noh problem Non-conformal grid (triangles, quadrangles and pentagons)



analytical numerical
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No special treatment is required to handle such a grid P.-H. Maire (CEA)
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Cell-centered Lagrangian scheme



Numerical results



Linear phase of Richtmyer-Meshkov instability Interaction of a shock with a perturbed interface y



Upiston = 0.603



perturbed interface ρ1 = 1 γ1 = 1.5 P0 = 1



λ 2



ρ2 = 2 γ2 = 3 P0 = 1



O



2α0



x − λ2



Transmitted shock Reflected shock Interface: x(y) = a0 cos(



2π ) λ



Perturbation amplitude evaluated according to a(t) = (xpert (t) − xunpert (t))/a0 .



First and high-order 2D computations Comparison with linear theory [Yang et al. (Phys. Fluids (1994)] P.-H. Maire (CEA)
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Cell-centered Lagrangian scheme



Numerical results



Linear phase of Richtmyer-Meshkov instability Numerical simulation of the 1D problem 2.8 ANALYTICAL SOLUTION NUMERICAL SOLUTION
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P.-H. Maire (CEA)
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Cell-centered Lagrangian scheme



Numerical results



Linear phase of Richtmyer-Meshkov instability Numerical simulation of the 2D perturbed problem 2.5



2.5 LINEAR THEORY FIRST-ORDER SCHEME HIGH-ORDER, VENKATAKRISHNAN HIGH-ORDER, BARTH-JESPERSEN



LINEAR THEORY 460*25 GRID 920*50 GRID
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Convergence analysis



Perturbation amplitude versus time. Comparison between numerical results and linear theory. P.-H. Maire (CEA)
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Related works



Cylindrical geometry



Extensions Lagrangian hydro in cylindrical geometry [Maire (JCP, 2009)] Required for ICF applications Main issue: spherical symmetry preservation Two schemes: Control Volume and Area-Weighted



Noh problem on a polar grid using the Area Weighted scheme 60 0.4 55
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Related works



Cylindrical geometry



Extensions Kidder’s problem: Isentropic compression of a spherical shell -920
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Related works



ALE and ReALE



Extensions Arbitrary Lagrangian Eulerian strategy [Galera et al. (JCP, 2010)] Simulation of multi-material fluid flows with large distortions Indirect ALE: Lagrangian phase, rezone and remap Interface reconstruction: VOF [Youngs (NMFD, 1982)] and MOF [Dyadechko and Shashkov (JCP, 2008)]



Triple point problem
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Related works
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Extensions ` et al. (JCP, 2010)] Reconnection-based ALE [Loubere



Shock wave diffraction by a square cavity P.-H. Maire (CEA)
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Conclusion and Perspectives



Conclusion and Perspectives General formalism for cell-centered Lagrangian hydro EUCCLHYD (Explicit Unstructured Cell-Centered LAgrangian HYDrodynamics) Sub-cell force-based discretization GCL compatibility Thermodynamic consistency Conservation principles GRP high-order extension



Perspectives Nodal solver improvement based on more physical Mpc design Very high-order extension using Discontinuous Galerkin method Coupling to material strength (Elasto-Plastic fluid flows) 3D extension of the sub-cell force-based discretization ` talk) Links with staggered scheme (R. Loubere P.-H. Maire (CEA)
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