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Abstract The “Self-organized criticality” (SOC), introduced in 1987 by Bak, Tang and Wiesenfeld, was an attempt to explain the 1/f noise, but it rapidly evolved towards a more ambitious scope: explaining scale invariant avalanches. In two decades, phenomena as diverse as earthquakes, granular piles, snow avalanches, solar flares, superconducting vortices, sub-critical fracture, evolution, and even stock market crashes have been reported to evolve through scale invariant avalanches. The theory, based on the key axiom that a critical state is an attractor of the dynamics, presented an exponent close to −1 (in two dimensions) for the power-law distribution of avalanche sizes. However, the majority of real phenomena classified as SOC present smaller exponents, i.e., larger absolute values of negative exponents, a situation that has provoked a lot of confusion in the field of scale invariant avalanches. The main goal of this chapter is to shed light on this issue. The essential role of the exponent value of the power-law distribution of avalanche sizes is discussed. The exponent value controls the ratio of small and large events, the energy balance –required for stationary systems– and the critical properties of the dynamics. A condition of criticality is introduced. As the exponent value decreases, there is a decrease of the critical properties, and consequently the system becomes, in principle, predictable. Prediction of scale invariant avalanches in both experiments and simulations are presented. Other sources of confusion as the use of logarithmic scales, and the avalanche dynamics in well established critical systems, are also revised; as well as the influence of dissipation and disorder in the “self-organization” of scale invariant dynamics. PACS 05.65.+b, 91.30.Ab, 45.70.-n, 45.70.Ht ∗
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1. Introduction “But he hasn’t got anything on,” a little child said. Hans Christian Andersen in The Emperor’s New Clothes Scale invariance pervades nature, both in space and time. In space, it is revealed through the ubiquity of fractal structures; and in time, with the presence of scale invariant avalanches. Avalanches can be seen as sudden liberations of energy which has been accumulated very slowly1 ; and phenomena as diverse as earthquakes [1, 2, 3], granular piles [4, 5, 6, 7, 8, 9, 11, 11, 12], snow avalanches [13], solar flares [14], superconducting vortices [15, 16, 17, 18], sub-critical fracture [19], evolution [20], and even stock market crashes [21] have been reported to evolve through scale invariant avalanches. The signature of the scale invariance corresponds to a power-law in the distribution of avalanche sizes, however, the exponents of the power-laws present in general different values. In 1987, Per Bak and co-workers introduced the “Self-organized criticality” (SOC) as an explanation of scale invariance in nature [22]. The SOC proposes a mapping between scale invariant avalanches and critical phenomena, with the key axiom that the critical state is an attractor of the dynamics, provoking the self-organization of the system towards a critical state [23, 24]. However, the axiomatic manner in which the base of the theory was introduced, set SOC as a theory to be proved more than as a theory to develop. Many theoretical studies focused on mapping SOC into the formalism of critical points [25, 26, 27]; others, on developing models displaying SOC behavior [1, 15, 20], increasing the members of the SOC family. However, the number of experiments were rather small, and they focused mainly on validating the theory, where the main goal was to find power-law distributions of avalanches [4, 5, 6, 7]. The original work presented an exponent close to −1 (in two dimensions), while many of the experimental and numerical results displayed smaller values, i.e., larger absolute values of negative exponents. Regardless this difference, they were classified as SOC, having as a “heritage” all the critical properties of the original model, thus bringing a lot of confusion to the field of scale invariant avalanches. The main goal of this chapter is to shed light on this issue. The essential role of the exponent of the power-law in the dynamics is the first subject of discussion. The exponent value controls the ratio of small and large events, the energy balance –required for stationary systems– and the critical properties of the dynamics. The causes and consequences of a logarithmic scale, which is a source of confusion affecting the distribution of earthquakes, are also discussed in this first part of the chapter. The second part corresponds to the analysis of avalanches in a well established critical system: the Ising model. In the third part, the study focuses on the critical properties of scale invariant avalanches, where a condition of criticality is introduced. In phenomena evolving through power-law distributed avalanches, a critical behavior leads to the unpredictability of the 1



A more general definition of avalanches is introduced in section 3.1.1..
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dynamics [24]. However, as the exponent of the power-law decreases, there is a decrease of the critical properties, and consequently the system becomes, in principle, predictable. Prediction of scale invariant avalanches in both experiments and simulations are presented in the fourth part of the chapter. In the last part, the influence of dissipation and disorder in the “self-organization” of scale invariant dynamics is also discussed.



2. Classification of Scale Invariant Avalanches 2.1. Fractals and scale invariant avalanches: the role of the exponent value The introduction of the fractal dimension by Benoˆıt Mandelbrot in 1975 [28, 29] changed the way nature is perceived; and self-similar branched and rough structures became more intuitive and natural than the artificially smooth objects of traditional Euclidean geometry. The self-affine structure of a Romanesco broccoli (figure 1a) is an eloquent example of a natural fractal and if a tiny insect traverses the vegetable following a straight line, it will surprisingly find a very long route. The Koch curve [30] is a good representation of this path (figure 1b), and the distribution of sizes of its different self-similar parts, resulting from a triangular “bending” of the central part of every line, follows a power-law P (s) ∼ sb with an exponent b = −1.2619 [29] (figure 1c). A similar analysis over a smooth path donates an exponent equal -1. The absolute value of the exponent characterizes the trajectory and provides its dimension, which is fractal in the case of the broccoli. This fractal dimension is the main concept of the theory introduced by Mandelbrot; and by using the approach of “filling the space”, it can be understood rather intuitively: a smooth line “fits” in one dimension, while the rougher the self-affine curve (the higher the fractal dimension), the closer it is to fill a two-dimensional space. For the same reason, self-affine surfaces, as the one of the broccoli, present fractal dimensions between 2 and 3. Through the fractal dimension, the value of the exponent of the power-law plays an essential role in the structural scale invariance; however, in the case of scale invariant



Figure 1. (a) Romanesco broccoli, an example of spatial scale invariance in nature (photo: O. Ramos). (b) The Koch curve as a representation of an intersection between a plane and the surface of the broccoli. (c) Scheme of the size distribution of the different parts in the structure of the Koch curve.



4



O. Ramos



avalanches, the relevance of the exponent is much less understood. The earthquake dynamics is the phenomenon that normally comes to people’s minds as the example of scale invariance in the temporal domain. Regardless the value of the exponent of the power-law distribution, the interpretation of scale invariance is limited to the absence of characteristic avalanches, and the existence of many small events and a few very large ones. Temporal relations between events are sometimes wrongly added to the interpretation, considering that there is no correlation between the different avalanches. The logarithmic scale in which the Gutenberg-Richter law was originally introduced [31] has also created confusion in the value of the exponent for the distribution of earthquakes, and consequently the implications of this value in the dynamics of scale invariant avalanches. Further down two examples with different exponents will clarify that, as in the case of fractal structures, the exponent of the power-law distribution does play a central role in the dynamics of scale invariant avalanches. However, first we will analyze how to classify scale invariant phenomena, where the historical use of a logarithmic scale has added some confusion to the interpretation of scale invariant avalanches.



2.2. The origin of logarithmic scales All instruments operate with a finite characteristic resolution, which need to be consider seriously when analyzing data collected by the instrument. In a world permeated by scale invariance, how can one measure a variable presenting values over several orders of magnitude? The digital music, propelled by a technological revolution, has focused on increasing the resolution of the instruments [32]: 16 bits in a CD, 24 bits in a DVD, and up to 64 bits in internal processing. Being able to divide a signal into 32 bits (4.294... × 109 ), or even into 64 bits (1.844... × 1019 ), is extraordinary; however, nature had to solve this problem with limited resolution2 , and therefore in an ingenious manner: by the application of scale transformations. Figure 2 illustrates several functions transforming a phenomenological scale of 109 levels of resolution into an instrumental scale of 8 bits of resolution (256 levels). The function y = x saturates the instrumental scale in less than three decades; while the function y = cx, although it covers the whole range of the phenomena, can not differentiate between values smaller than 106 . In order to find the best function let us introduce a generic transformation function R(x) and its inverse F (y). R(x) gives the change in resolution due to the transformation and F (y) provides the absolute error Eabs and relative error Erel of the measurement: Eabs ≡ dF (y)/dy,



Erel ≡ Eabs /F (y).



(1)



Two cases are analyzed: (i) a power-law transformation and (ii) a logarithmic transformation: (i) R(x) = axb F (y) = (y/a)1/b ,



(2) 1 b



Eabs = (1/b)(1/a) y



( 1b −1)



(ii) R(x) = a ln(bx) 2



The human eye cannot distinguish between 256 grey levels [33].



,



Erel = (1/b) y −1



(3)



(4)



Scale Invariant Avalanches: A Critical Confusion F (y) = (1/b) exp(y/a) ,



Eabs = (1/ab) exp(y/a) ,



Erel = 1/a
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In the case of the power-law transformation, the absolute error depends on the value of the exponent. For b = 1 (linear case) Eabs is constant, for b > 1 it decreases with the measured value, thus the larger the value the more accurate the measurement. For b < 1, the absolute error increases with the measured value. If a phenomenon occurs over several orders of magnitude, only the case b < 1 can fulfil an instrumental scale with limited resolution. In the three cases the relative error decreases with the measured value. As a consequence, in the situation of a fractal structure as the one presented in figure 1; the larger the measured field, the larger the number of sublevels resolved by the measurement. Following this reasoning, if a digital camera is used as the instrument of measurement, as the camera moves apart in order to capture a larger structure, the number of pixels of the camera have to increase, a situation that is normal and common when one uses a tape measure: in order to measure a larger structure, the tape is enlarged and the number of units of measurement increase; thus the relative error decreases. This effect introduces a scale during the process of measurement, and allows knowing the size of the structure through the analysis of the relative error; thus, a power-law transformation “breaks” the scale invariance. However, the logarithmic transformation keeps constant the relative error. By using the same example, the resolution of the camera does not change when the camera moves apart, and there are no differences between two images taken at different scales. In this sense a logarithmic transformation respects the scale invariance, and this is the main reason for using this scale transformation in the classification of scale invariant phenomena. Another reason is historical. In 1856 the English astronomer Norman R. Pogson proposed the current form of classification of the stars in different magnitudes in relation to the logarithm of their brightness [34]. He based the system on the work of Ptolemy [35], who probably based his work on the writings of the ancient Greek astronomer Hipparchus [36]. In 1860 the experimental psychologist Gustav T. Fechner proposed a logarithmic relation
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Figure 2. Different scale transformation from a phenomenon with 109 levels of resolution into an instrumental scale of 8 bits of resolution. a = 256/ln(109 ); b = ln(256)/ln(109 ); c = 256/109 .
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between the intensity of the sensation and the stimulus that causes it [37]; so the thought logarithmic response of the human eye3 was responsible for the logarithmic nature of the stellar scale. In 1935 Charles F. Richter and Beno Gutenberg proposed a logarithmic scale to describe the earthquake’s strength [39]. The name magnitude for this measurement came from Richter’s childhood interest in Astronomy [40]; and the scale matches in some degree the earlier Mercalli intensity scale [41], which quantified the effects of an earthquake based on human perception.



2.3. Classifying scale invariant avalanches Let us analyze now the two examples with different exponents. Two variables characterize the dynamics of power-law distributed avalanches: the value of the exponent of the powerlaw and the cut-off, which limits the maximum size of the events. In the following, the analysis will be simplified in considering a sharp cut-off at a value Smax . P (s) = Asb



(6)



R Smax



sb ds fulfils the condition of nordescribes the pdf of the avalanches, where 1/A = 1 R Smax P (s)ds = 1. Figure 3a shows the pdfs of two distributions of avalanche malization 1 sizes with Smax = 109 and exponents b = −1 and b = −2. The distributions are represented in a log-log plot, and the avalanches are classified considering a logarithmic resolution: a “magnitude” m of the avalanches is defined as the logarithm of the avalanche size [m = log(s)]; and the graph is divided into n equally spaced zones of m. For n = 3, 3



More recent studies have proposed power-law relations between sensations and stimuli, experimentally proved in a rather narrow range of stimuli [38].
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Figure 3. (a) Power-law distributions of avalanche sizes for two different exponent values: b = −1 and b = −2. The avalanches have been classified as small, medium and large following logarithmic bins. The percentage of each type of avalanche for the two different exponents is also displayed. A circle in each curve represents the mean value of the avalanche size hsi. (b) Relation between the mean value of the avalanche size and the maximum avalanche size Smax as a function of b for different values of Smax .
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avalanches smaller than m = 3 are considered small (S), those lying between m = 3 and m = 6 are medium (M ), and those greater than m = 6 are large (L). 2.3.1.



Integrated probability



The main confusion related to the logarithmic scale is a consequence of the fact that during the measurement, an integration has been already performed, which is well described R through the integrated probability: PInt (s, k) = sks As′b ds calculates the probability of having an avalanche with size in the interval between s and ks. Due to the properties of the integral, the integrated probability is also a power-law with an exponent b + 1. PInt (s, k) = PInt (s, k) =



ln(k) ln(ks) − ln(s) = , ln(Smax ) ln(Smax )



(kb+1 − 1)sb+1 ≃ (1 − kb+1 )sb+1 , b+1 (Smax − 1)



b = −1



(7)



− 2 ≤ b < −1



(8)



The calculations performed with a value of k = 103 give the probabilities of the S, M and L avalanches shown in the graph of figure 3a. For b = −1 the integrated probability is constant and equal to 1/n, so the three types of avalanches have the same probability equal to 1/3. In the same manner, considering k = 10, the graph can be divided into decades: 9 zones equispaced in m that can be denominated as S1, S2, S3, M1, M2, M3, and L1, L2, L3 (shown in the graph), all of them with equal probability 1/9. This situation, which evidently results from the logarithmic scale of measurement, is very far from the common interpretation of many small events and only a few very large ones; and in order to illustrate it more clearly, let us imagine the scenario of the distribution of earthquakes with an exponent equal to −1: the consideration that one earthquake is happening every second gives in average one earthquake of magnitude between 2 and 3 (S3 in our scale) every 9th second, but also a catastrophic quake of magnitude between 8 and 9 (L3 in our scale) every 9th second. Fortunately, many real phenomena with catastrophic consequences have smaller exponents in their pdfs. For b = −2, PInt (s, k) = (1 − k−1 )/s. Every decade the probability decreases by a factor 10. As a consequence, the probabilities of having a small avalanche is 0.999; 9.99 × 10−5 for a medium size avalanche; and only 9.99 × 10−7 for a large event (figure 3a). Again, if we imagine the scenario of the distribution of earthquakes with an exponent equal to −2: the consideration that one earthquake is happening every second gives on average one minor earthquake of magnitude between 2 and 3 (S3 in our scale) every 111 seconds, one moderate of magnitude between 5 and 6 (M3 in our scale) every 1.1¯1 × 105 seconds (30,8 hours), and a catastrophic quake of magnitude between 8 and 9 (L3 in our scale) every 1.1¯ 1 × 108 seconds (3,5 years). 2.3.2.



Mean value of avalanche size



Another relevant quantity signaling the key role of the exponent of the power-law, correR sponds to the mean value of the size distribution of the avalanches hsi = 1Smax sP (s)ds. hsi =



Smax − 1 , ln(Smax )



b = −1



(9)
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hsi =



(b + 1) Smax − 1 , (b+1) (b + 2) Smax −1



− 2 < b < −1



(10)



ln(Smax ) b = −2 (11) −1 , 1 − Smax The mean value of the avalanche size is related to both the response of the system to a perturbation, and the energy balance in the dynamics. In the figure 3a, where Smax = 109 , the values of hsi correspond to 4.8 × 107 and 20.7 for b = −1 and b = −2 respectively. These values are represented by a circle in each curve. The value of hsi corresponds to the average response of the system to a perturbation, under the consideration that small perturbations can provoke the overcoming of local thresholds and thus the triggering of avalanches. In average, the system is delivering an avalanche of size hsi; so in terms of avalanche production, this is equivalent to generate an avalanche of size hsi in every event of the dynamics. In the particular case of hsi proportional to the system size, the situation can be interpreted as critical: in average a perturbation provokes a response proportional to the system size. However, the fact that the dimension of the avalanche is smaller than the dimension of the system, adds some complexity to the analysis of the criticality through the avalanche size distribution, which will be discussed in section 4.1.1. hsi =



2.3.3.



Energy balance in slowly driven systems



As mentioned in the introduction, avalanches are defined as sudden liberation of energy that has been accumulated very slowly. This indicates that the energy is injected in small portions, and that there is a separation between the drive of the system (slow) and the avalanche duration (rapid). At every single time interval, it is possible to define an injected energy, an avalanche of a particular size, and a dissipated energy. If the system is in a stationary state, the average energy injected to the system in every time interval has to be equal to the average dissipated energy. Consequently, the average dissipated energy has to be small, hEinjected i = hEdissip i.



(12)



Many of the models dealing with scale invariant avalanches are non-dissipative in the bulk, and the energy is liberated through the boundaries of the system [22]. However, they still refer as avalanches the local processes related to rearrangements in the bulk of the system, with no energy cost. As the avalanche production is not directly related to the dissipation of energy, these systems can have a large value of hsi and still present a small average value of the dissipated energy hEdissip i. However, the vast majority of real phenomena are dissipative. Considering that hEinjected i ∼ Smin 
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