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Plan Hamiltonian Mean Field (HMF) model Quasi-stationary states Non equilibrium phase transition Lynden-Bell entropy Maximum entropy principle Application to the free electron laser
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Equilibrium phase transition Fig. 1
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Latora, Rapisarda & Ruffo − Lyapunov instability and finite size...
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Quasi-stationary states-I 0.35 0.3
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U = 0.69, from left to right N = 102 , 103 , 2 × 103 , 5 × 103 , 104 , 2 × 104 . Initially ∆θ = π , hence M0 = 0.
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Quasi-stationary states-II 7
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Power law increase of the lifetime, exponent 1.7
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HMF Vlasov equation ∂f ∂f dV ∂f +p − =0 ∂t ∂θ dθ ∂p



,



V (θ)[f ] = 1 − Mx [f ] cos(θ) − My [f ] sin(θ) , Z Mx [f ] = f (θ, p, t) cos θdθdp , Z My [f ] = f (θ, p, t) sin θdθdp .



Specific R energy e[f ] = (p2 /2)f (θ, p, t)dθdp + 1/2 − (Mx2 + My2 )/2 and R momentum P [f ] = pf (θ, p, t)dθdp are conserved.
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Vlasov fluid-I
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Vlasov fluid-II
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Comparison of Vlasov with N -body
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Lynden-Bell entropy Lynden-Bell guesses that the initial evolution (“violent relaxation") is characterized by a maximization of a “fermionic" entropy with given constraints (e.g. energy, momentum, ...).  ¯     ¯ ¯ ¯ f f f f ¯ s(f ) = − dpdθ ln 1 − . ln + 1 − f0 f0 f0 f0 Z
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Maximal Lynden-Bell entropy states f¯(θ, p) =
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M = (Mx , My ), m = (cos θ, sin θ). R F0 (y) = exp(−v 2 /2)/(1 + y exp(−v 2 /2))dv, R 2 F2 (y) = v exp(−v 2 /2)/(1 + y exp(−v 2 /2))dv. f0 = 1/(4∆θ0 ∆p0 )
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p |M0 | = sin(∆θ0 )/∆θ0 = 0.3, 0.5, 0.7. U = 0.69. All QSS are homogeneous (M = 0). Non Gaussian velocity distributions
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Non equilibrium phase transition 0.7
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LEFT: N = 103 RIGHT: First peak height as a function of U for increasing values of N (102 , 103 , 104 , 105 ). The transition line is at U = 7/12 = 0.583....
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First and second order
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Metastability
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Quasi-stationary states
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N = 5000 (curve 1), N = 400 (curve 2), N = 100 (curve 3) On a first stage the system converges to a quasi-stationary state. Later it relaxes to Boltzmann-Gibbs equilibrium on a time O(N ). The quasi-stationary state is a Vlasov equilibrium, sufficiently well described by Lynden-Bell’s Fermi-like distributions.
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Vlasov equation In the N → ∞ limit, the single particle distribution function f (θ, p, t) obeys a Vlasov equation. ∂f ∂f ∂f = −p + 2(Ax cos θ − Ay sin θ) ∂z ∂θ ∂p Z 1 ∂Ax f cos θ dθdp , = −δAy + ∂z 2π Z ∂Ay 1 f sin θ dθdp . = δAx − ∂ z¯ 2π √ with A = Ax + iAy = I exp(−iϕ)
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Vlasov equilibria Lynden-Bell entropy maximization SLB (f¯) = −
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Collective optical field enhancement 106 Rb atoms at T = 1µK can be modelled by the Colson-Bonifacio equations (Zimmermann, Tubingen).
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11111111 00000000 At higher tempetures and adding "molassas" viscosity becomes effective (S. Slama et al, 2007).
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Conclusions Mean-field Hamiltonian systems with many degrees of freedom display interesting statistical and dynamical properties. Non equilibrium quasi-stationary states arise “naturally" from water-bag initial conditions. Their life-time increases with system size. Vlasov (non collisional) equation correctly describes the “initial" dynamics of mean-field Hamiltonians. Lynden-Bell maximum entropy principle provides a theoretical approach to quasi-stationary states. Collective phenomena of wave-particle interactions (free electron laser) are the result of a Lynden-Bell maximum entropy principle.
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