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Program on « QUANTUM DYNAMICS OUT OF EQUILIBRIUM » Institut Henri Poincaré 12 November - 14 December 2007 Pierre GASPARD Center for Nonlinear Phenomena and Complex Systems, Université Libre de Bruxelles, Brussels, Belgium 1)



SEMICLASSICS AND PERIODIC-ORBIT QUANTIZATION OF CHAOTIC SCATTERING



2)



SLOWING DOWN OF QUANTUM DECAYS IN CLASSICALLY CHAOTIC SCATTERING



3)



DECAY OF QUANTUM STATISTICAL MIXTURES IN CLASSICALLY CHAOTIC SCATTERING



4)



NONEQUILIBRIUM TRANSIENTS AND TRANSPORT IN LARGE QUANTUM SYSTEMS



SEMICLASSICS AND PERIODIC-ORBIT QUANTIZATION OF CHAOTIC SCATTERING Pierre GASPARD Brussels, Belgium D. Alonso, Tenerife F. Barra, Chili I. Burghardt, Paris S. A. Rice, Chicago • INTRODUCTION ON QUANTUM DYNAMICS • SEMICLASSICS AND PERIODIC-ORBIT QUANTIZATION • SCATTERING SYSTEMS AND QUANTUM RESONANCES



QUANTUM MECHANICS: POSTULATES STATES: wave function in an Euclidean complex vector space or Hilbert space



ψ = ψ (r1,σ1,r2,σ 2 ,...,rN ,σ N ;t)



with ψ ψ < ∞



positions and components z of the spins of N particles at time t



€ Aˆ OBSERVABLES: linear Hermitian operators acting on the states € EXPECTED VALUES:



position of particle n : rˆn = rn  momentum of particle n : pˆ n = −ih ∂ ∂rn   N 2 total energy : Hˆ = ∑ pˆ n + V (r1,r2,...,rN )  2mn n =1  N  ˆ = ∑ rˆ × pˆ + Sˆ total angular momentum : J n n n  n =1  N  particle density : nˆ (r) = ∑δ (r − rˆn ) n =1  N   pˆ n pˆ  ˆ δ (r − rˆn ) + δ(r − rˆn ) n  particle current density : j(r) = ∑ 2mn   n =1  2m n



ˆψ ψ A € Aˆ = ψψ



TIME EVOLUTION OF THE STATES: Schrödinger equation



€



ih ∂tψ = Hˆ ψ



QUANTUM MECHANICS: DEALING WITH THE LOOSE ENDS Remark: The expected value of a particle density is a « probability density ».



ˆA = δ(r − rˆ ) = ψ (r) 2 A priori, there is thus no need to introduce probabilistic concepts in quantum mechanics which is a deterministic wave mechanics. In principle, the time evolution of the wave function is determined by the initial wave function. The determinism of quantum mechanics occurs € in the Hilbert space, in a similar way as the determinism of classical mechanics is expressed in the phase space of positions and momenta. Contrary to classical mechanics, quantum mechanics is much more « coherent » because it is wave-like and the sensitivity to initial conditions is not one of its basic features.



An important intuition can come from analogies with other wave phenomena: standing waves, propagating waves, interferences, diffractions, wave versus geometric acoustics or optics, tunneling of waves through a forbidden region, wave localization in disordered media, multidimensional waves (quantum wave functions in the configuration space).



QUANTUM MECHANICS AS A SOURCE OF COMPLEXITY IN NATURE Normalization condition:



∫ ψ (r)



2



dr < ∞



The wave function of the bound states of few-particle systems (e.g., atoms and molecules) is typically decreasing exponentially in space where the potential energy is larger than the total energy:



€



φ (r) ∝ exp(−κr)



Tunneling of wave function in the barriers of potential energy binding the particles. A priori, both wave functions



€



φ (r) ∝ exp(±κr) are solutions of Schödinger equation.



The exponentially decreasing wave function is selected by the normalization condition. We here have an instability developing in space: cf. Anderson localization: € Lyapunov exponent per unit length as inverse of localization length in 1D. instability -> saturation -> structure Structures: electronic orbitals explaining the broad variety of molecular structures in chemistry, organic chemistry, mineralogy, molecular biology



PURE STATES VERSUS STATISTICAL MIXTURES CLASSICAL Newtonian or Hamiltonian eqs. Hamiltonian function PURE STATES:



 ∂H q˙ = + ∂p  p˙ = − ∂H  ∂q probability density



€



€ STATISTICAL MIXTURES:



€ €



p = p(q,p)



QUANTUM Schrödinger eq. Hamiltonian operator



1 ˆ ∂t ψ = H ψ ih density matrix



ρˆ = ∑ ψ j P j ψ j j



∂t p = {H, p} ≡ Lˆ p € Liouville eq. Liouvillian operator €



∂t ρˆ =



1 ˆ ˆ [ H, ρˆ ] ≡ Lˆ ρˆ ih



Landau-von Neumann eq. Liouvillian superoperator



CLASSES OF QUANTUM SYSTEMS There is a broad range of different classes of quantum systems: Few-particle systems with a discrete energy spectrum: bound-state problems Few-particle systems with a continuous energy spectrum: scattering problems Systems with a particle in a periodic lattice: electron in a crystal Systems with a particle in a quasiperiodic or disordered medium: electron in a crystal with impurities or with a high magnetic field, in a glassy material, in a quasicrystal Periodically driven time-dependent few-body systems Time-dependent few-body systems Many-particle systems in a background at zero temperature and density Many-particle systems in a background at zero temperature and non-zero density Many-particle systems in a background at non-zero temperature and density Each class of systems has its own methods of resolution. Since quantum mechanics is linear, spectra play a key role: spectrum of the Hamiltonian in autonomous systems spectrum of the unitary evolution operator in periodically driven systems spectrum of Liouvillian operator in many-body systems



EMERGENCE OF CLASSICAL BEHAVIOR OUT OF WAVE MECHANICS Schrödinger equation: ih ∂ ψ = Hˆ ψ t



eigenstates:



Hˆ φ n = E n φ n



Bohr frequencies:



ω mn ≡



Em − En h



average of an observable:



i ˆ ˆ Aˆ (t) = tr € ρˆ Aˆ (t) = tr ρˆ e iHt/h Aˆ e−iHt/h = ∑ c mn exp (E m − E n )t = ∑ c mn exp(iω mn t) h m,n m,n € €



action 1 ∝ 1/ 3 h ρ λde Broglie



€



NL Hamilton’s eqs. classical regimes €



€



λde Broglie ≈



h mkBT



t Heisenberg ≈ h n av (E)



almost-periodic oscillations (quantum beats)



thermal states €



NL Hartree-Fock eq. QUANTUM COHERENCE



0



NL Gross-Pitaevsky eq. superconductivity, superfluids number N of particles



n av (E) ∝



1



(ρλ3de Broglie )



N



PATH INTEGRALS & SEMICLASSICAL LIMIT



ih ∂tψ = Hˆ (t) ψ



Schrödinger equation:



unitary operator of time evolution: propagator:



€



t i ψ t = Uˆ (t,t 0 )ψ t 0 = Texp ∫ Hˆ (τ )dτ ψ t 0 h t0 ψ t (q) = ∫ dq0 K(q,t;q 0 ,t 0 ) ψ t 0 (q0 )



Feynman path integral: Lagrangian L



i € K(q,t;q0,t 0 ) = ∫ Dq(τ ) exp h



Semiclassical limit:



€ stationary phase approximation



∑



K(q,t;q0,t 0 ) ≈



€



t



W =



classical trajectories t



€



∫ L(q,q˙ ,τ )dτ



t0



i Acl (q,t;q0 ,t 0 ) exp W cl (q,t;q 0 ,t 0 ) h



∫ L(q,q˙ ,τ )dτ = ∫ p ⋅ dq − H(q,p,τ )dτ >> h



t0



variational principle: €



t



t0



δW = 0



Hamilton’s equations:



 ∂H ˙ q = +  ∂p  p˙ = − ∂H  ∂q



SEMICLASSICAL LIMIT & THE STABILITY OF TRAJECTORIES Semiclassical limit: stationary phase approximation



∑



K(q,t;q0,t 0 ) ≈



classical trajectories t



t



W =



∫ L(q,q˙ ,τ )dτ = ∫ p ⋅ dq − H(q,p,τ )dτ >> h



t0



variational principle: € amplitude: €



€



unstable € trajectory:



Lyapunov exponent:



€



t0



δW = 0



Hamilton’s equations:



 ∂ 2W (q,t;q ,t )  cl 0 0 Acl (q,t;q0 ,t 0 ) = det−  ∂ q ∂ q   0



stable trajectory:



€



i Acl (q,t;q0 ,t 0 ) exp W cl (q,t;q 0 ,t 0 ) h



1 f /2 t − t0  λ  Acl ∝ exp− (t − t 0 )  2 



Acl ∝



1 2



 ∂H ˙ q = +  ∂p  p˙ = − ∂H  ∂q



€



f =2



1 (δqt ,δp t ) λ = limt →∞ ln t (δq0 ,δp 0 )



€



sensitivity to initial conditions



LEVEL DENSITY IN THE SEMICLASSICAL LIMIT Level density of a few-body system with a discrete energy spectrum:



1 1 n(E) = ∑δ (E − E n ) = tr δ (E − Hˆ ) = − Im tr π E − Hˆ + i0 n semiclassical approximation: Gutzwiller trace formula



€ = n(E)



∫



∞ dqdp 1 − f +1 δ [ E − H cl (q,p)] + O(h ) + ∑ ∑ Tp f (2πh) πh p r=1



 Sp π  cos r − r µ p  2   h det (M − I) r p



1/ 2



+ O(h 0 )



1 d Im ln Z(E) + O(h 0 ) f =2 π dE  i π  exp S p − i µ p   ∞  h 2  Zeta function: Z(E) = ∏ ∏1− 1/ 2 € €   Λp Λpm p m= 0   ∂S p period: Tp = For each periodic orbit: reduced action: S p = ∫ p ⋅ dq ∂E Maslov index: µ p n(E) = n av (E) −



instability € eigenvalue:



det (M p − ΛI) = 0



Λ p = exp( λ p Tp ) > 1



Λp



€



€



€



CORRECTIONS IN POWERS OF THE PLANCK CONSTANT Semiclassical limit: stationary phase approximation



i K(q,t;q0,t 0 ) = ∫ Dq(τ ) exp W cl + δW + δ 2W + δ 3W + δ 4W + L =0 h



(



∑



K(q,t;q0,t 0 ) =



e



classical trajectories



€



iW cl /h



∫ Dq(τ ) e



)



iδ 2W/h



2  i 3  i 4 1 3 1+ h δ W + h δ W − 2h 2 (δ W ) + L



h Perturbative treatment around each classical trajectory: - expansion in powers of the Planck constant - coefficients given in terms of Feynman diagrams



K(q,t;q0,t 0 ) =



∑ classical trajectories



h



i  2 € € Acl (q,t;q0 ,t 0 ) exp W cl (q,t;q0,t 0 ) + ihC1 + (ih) C2 + L h







SCATTERING PROCESSES Particle on particle: electron-atom, electron-molecule, atom-atom, atom-molecule, molecule-molecule,… Particle in an open potential: The interaction disappears away from the collision region:



Hˆ = Hˆ 0 + Vˆ → Hˆ 0



ˆ ˆ ˆ Sˆ = limt →∞ e iH 0 t/2 e−iHt e iH 0 t/2



Scattering operator:



Sˆ + Sˆ = Sˆ Sˆ + = Iˆ €



unitary:



ψ out = Sˆ ψ in



relating ingoing to€outgoing asymptotic states:



decomposition on € the eigenstates of the asymptotic Hamiltonian:



Sˆ = S-matrix:



€



∫



∞ 0



dE Sˆ (E) δ € E − Hˆ 0



(



)



 1 ˆS(E) = Iˆ − 2π i δ E − Hˆ Vˆ + Vˆ ˆ V 0 ˆ  E − H + i0 



(



)



DISSOCIATION PROCESSES survival probability: P(t) = ψ (0)ψ (t) pure state:



P(t) =



∫ ψ(r,t)



2



2



or



dr = ψ (t) χ D (rˆ ) ψ (t)



D



P(t) = ∑ Pi P j ψ i (0) ψ j (t)



€ statistical mixture:



2



= tr ρˆ 0 e



−iHˆ t/h



ρˆ 0 e



+iHˆ t/h



i, j 2



ˆ



ˆ



P(t) = ∑ Pi ∫ ψ i (r,t) dr = tr χ D (rˆ ) e−iHt/h ρˆ 0 e +iHt/h i



D



indicator function of the domain D of the configuration space



€



€



χ D (r)



or



HAMILTONIAN RESOLVENT Schrödinger equation: ih ∂ ψ = Hˆ ψ t



evolution operator:



€ Hamiltonian resolvent: €



i ˆ  ˆ ψ t = K (t) ψ 0 = exp Ht  ψ 0 h  1 1 Gˆ (z) = = z − Hˆ ih



∞



 i  ˆ ∫ dt exp+ h z t K (t) 0



 i  ˆ 1 ˆ θ (±t)K (t) = dz exp− z t  G(z) ∫  h  2πi C ± anti-resonances:



bound states:



€



E r* = εr + iΓr /2



Eb



€ €



resonances:



E r = εr − iΓr /2



HAMILTONIAN RESONANCES ˆ



ψ (0)ψ (t) = ψ (0) e−iHt / h ψ (0)



survival amplitude:



spectral decomposition:



ψ (0) e



−iHˆ t / h



ψ€(0) = ∑ e−iE b t / h ϕ b ψ (0)



2



+ ∑e



b



−iE r t / h



ϕ r ψ (0)



2



+ O(1/t 3 / 2 )



r



bound states: Hˆ ϕ b = E b ϕ b



resonance states:



real eigenenergies: E b



complex eigenenergies: E r = εr − iΓr /2



€



Hˆ ϕ r = E r ϕ r



lifetime: τ€r = h /Γr



€



survival probability:



P(t) = ψ (0)ψ (t) €



2



€



∝ exp(−iE r t /h) 2



2



∝ exp[−i(εr − iΓr /2)t /h] ∝ exp(−t / τ r )



SCATTERING PROCESSES & RESONANCES S-matrix:



 1 ˆS(E) = Iˆ − 2π i δ E − Hˆ Vˆ + Vˆ ˆ V 0 ˆ  E − H + i0 



(



)



The S-matrix can be analytically continued to complex energies and admits poles at the Hamiltonian resonances. € Therefore, the cross-section has Lorentzian resonances at real energies εr and of widths Γr Wigner time delay due to the interaction: (cf. Thirring & Narnhofer)



€ €   h d 1 1 ˆ T (E) = tr ln S (E) = −2h Im tr  −  ˆ ˆ i dE  E − H + i0 E − H 0 + i0 



€



The Wigner time delay can also be analytically continued to complex energies where it also admits poles at the Hamiltonian resonances.



PHOTODISSOCIATION photoabsorption cross-section (Heller 1978) +∞ ω − βhω ˆ (0) ⋅ D ˆ (t) κω = (1− e ) ∫ dt e−iωt D 6ε0 hc −∞



β



dipole-dipole autocorrelation function:



€



zero temperature



ˆ (0) ⋅ D ˆ (t) D



∞



ˆ ⋅ e iHˆ t / h D ˆϕ = e−iE 0 t / h ϕ 0 D 0



ˆϕ D 0



non-zero temperature



€



ˆ (0) ⋅ D ˆ (t) D



β



ˆ ⋅ e iHˆ t / h D ˆ e−iHˆ t / h = tr ρˆ β D



€



€ ϕ0



€



PHOTODISSOCIATION OF HgI2 femtosecond experiment by Zewail et al.



hω + HgI 2 (1 Σ +g ) → HgI + I 2 2 ˆ ˆ p + p pˆ1 pˆ 2 1 2 ˆ H= − + V ( rˆ1, rˆ2 ) 2µ HgI m Hg



€ I. Burghardt and P. Gaspard, €J. Chem. Phys. 100 (1994) 6395 I. Burghardt and P. Gaspard, J. Phys. Chem. 99 (1995) 2732



m Hg = 200



m I= 127



PHOTODISSOCIATION OF CO2 hω + CO 2 → CO + O photoabsorption



€



SEMICLASSICAL SCATTERING Semiclassical approximation of the Wigner time delay:



T (E) =



dqdp − f +2 δ E − H − δ E − H + O(h ) ( ) ( ) ∫ (2πh) f −1 [ cl 0,cl ]  Sp π  cos r − r µ p  ∞ 2   h + 2∑ ∑ Tp + O(h) 1/ 2 p r=1 det (M rp − I)



d ln Z(E) + O(h) dE €  i π  exp S p − i µ p   ∞  h 2  Zeta function: Z(E) = ∏ ∏1− 1/ 2 €   Λp Λpm p m= 0   For each periodic orbit: reduced action: S p = ∫ p ⋅ dq Maslov index: µ p T (E) = T av (E) − 2hIm



€ eigenvalue: instability



f =2



∂S p period: Tp = € ∂E det (M p − ΛI) = 0



Λ p = exp( λ p Tp ) > 1



Λp



€



€



€



SEMICLASSICAL RESONANCES  i π  exp S p − i µ p   ∞  f =2   h 2 resonances: ≈0 Z(z) = ∏ ∏1− 1/ 2  Λp Λpm p m= 0    ∂S p period: € Tp = For each periodic orbit: reduced action: S p = ∫ p ⋅ dq ∂E Maslov index: µ p € eigenvalue: instability



Λp



Λ p = exp( λ p Tp ) > 1



det (M p − ΛI) = 0



€ € € 001, 011, 0001, 0011, 0111,… Symbolic dynamics: p = 0, 1, 01, € € €



Z = ∏ (1− t p ) = (1− t 0 )(1− t1 )(1− t 01 )L = 1− t 0 − t1 − (t 01 − t 0 t1 )L p



fundamental periodic orbits



possibly negligible



INTERFERENCES BETWEEN THE PERIODIC-ORBIT CONTRIBUTIONS



THREE-DISK SCATTERER chaotic scattering with a fractal repeller



Symbolic dynamics: periodic orbits: p =12,23,31,123,321,…,12313,… non-periodic orbits: ex: …212323131…



R = 2.5



THREE-DISK SCATTERER: WAVE SCATTERING differential cross-section



THREE-DISK SCATTERER: R = 2.5



total cross-section average total cross-section



resonances in the complex plane of the wavenumber k E = k2 / 2



THREE-DISK SCATTERER: R = 6 total cross-section average total cross-section



differential cross-section



resonances in the complex plane of the wavenumber k E = k2 / 2



UNIMOLECULAR DISSOCIATION OF HgI2 wavepacket propagation



survival amplitude and its Fourier transform



UNIMOLECULAR DISSOCIATION OF HgI2 classical periodic orbits



Poincaré section & trapped trajectories



HgI2 HAMILTONIAN RESONANCES • exact quantum Hamiltonian resonances x Dunham expansion from the saddle equilibrium point • semiclassical Gutzwiller periodic-orbit trace formula O



UNIMOLECULAR DISSOCIATION OF CO2 classical periodic orbits



Poincaré section & trapped trajectories



CO2 HAMILTONIAN RESONANCES I. Burghardt and P. Gaspard, Chemical Physics 225 (1997) 259



exact quantum resonances • Gutwiller periodic-orbit trace formula



some resonance states:



CONCLUSIONS QUANTUM HAMILTONIAN RESONANCES These resonances are the eigenvalues of the Hamiltonian operator at complex energies: E r = εr − iΓr /2 They can be calculated by semiclassical Gutzwiller periodic-orbit trace formula, revealing features in correspondence with the emerging classical dynamics.



€ Do quantum decays proceed compared to classical decays? How does classical chaos affect quantum decays?
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