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Phase space methods in a continuous tensor product of Hilbert spaces A. Vourdas University of Bradford phase space methods for one harmonic oscillator or time-frequency analysis or applied harmonic analysis q − r phase space many harmonic oscillators: tensor product of Hilbert spaces a continuum of coupled oscillators on a line labelled with x; continuous tensor product Phase space of oscillator at x: q(x) − r(x) • mode phase space: collective behaviour different from q(x) − r(x) • mode displacements • mode squeezing • location and propagation of entanglement • Discussion PRA71, 043821 (2005): d oscillators JPA38, 9859 (2005): continuum of oscillators 1



Mode phase space • a continuum of harmonic oscillators on a line Hilbert space continuous tensor product [a(x), a†(y)] = δ(x − y) • consider Uφ =



Z



ˆa(x) dxa† (x)φ



if φ, χ,... Lie algebra then: Uφ,Uχ,... same Lie algebra [Uφ, Uχ] = U[φ,χ] • mode position Ux; and mode momentum Up : Z Ux = dxa† (x)xa(x) Z Up = −i dxa† (x)∂xa(x) Z U1 = dxa†(x)a(x) = nT [Ux, Up ] = iU1 ;



[Ux, U1] = [Up, U1 ] = 0



U1 is the total number of photons. • Ux,Up :collective variables; different from q(x) = 2−1/2 [a(x) + a†(x)] r(x) = 2−1/2 i[a†(x) − a(x)] 2



• Fourier transform for modes h π i UF = exp −i UN 2 Z 1 dxa†(x)(x2 − ∂x2 − 1)a(x) UN = 2 It gives Z UF a(x)UF† = (2π)−1/2 dya(y) exp(ixy) Z UF a†(x)UF† = (2π)−1/2 dya† (y) exp(−ixy)



different from Fourier transform within a particular oscillator Up = −UF UxUF†



• coherent states D({z(x)}) = exp



Z



dx(z(x)a† (x) − z ∗(x)a(x))



|{z(x)}icoh = D({z(x)})|0i z(x) any distribution (may be Gaussian). Z < nT >= dx|z(x)|2 < ∞







total number of photons Special case |{ζzgau (x; A)}icoh







1 zgau (x; A) = π −1/4 exp − x2 + 21/2 Ax − AAR 2







• For the Hamiltonian Z 1 H = UN = dxa† (x)(x2 − ∂x2 − 1)a(x) 2 ∂tUx = i[H, Ux] = Up ∂t Up = i[H, Up ] = −Ux • Mode phase space: < Ux > average position where most of the photons are. < Up > time derivative of < Ux >. • for uncertainties, define Z Z U x2 = dxa† (x)x2 a(x); Up2 = − dxa† (x)∂x2 a(x) Z 1 U 1 (xp+px) = dx[a†(x) x∂x a(x) + a†(x) ∂x xa(x)] 2 2 also i 1 UK2 = U 1 (xp+px) UK1 = [Ux2 − Up2 ] ; 4 2 2 1 1 1 UK0 = [Ux2 + Up2 ] = UN + U1 4 2 4 where [UK1 , UK2 ] = −iUK0 ; [UK0 , UK1 ] = iUK2 SU (1, 1) algebra



[UK2 , UK0 ] = iUK1



• uncertainties



"



∆x =



σxp =



hUx2 i − hnT i



hU 1 (xp+px) i 2



hnT i







−



hUxi hnT i



2 #1/2



hUxihUpi hnT i2



Then 2 ≥ (∆x∆p)2 − σxp
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Mode uncertainty ellipse: oscillators labelled with x outside it, close to vacuum quantum state propagates in the chain of oscillators with momenta inside the ellipse. for the coherent states |{ζzgau (x; A)}icoh hnT i = |ζ|2;



hUxi = 21/2 AR; hnT i



∆x = ∆p = 2−1/2 ;



σxp = 0



hUp i = 21/2 AI hnT i



Mode displacements • mode displacements D(α, β, γ) ≡ exp(−iαUx) exp(iβUp ) exp(iγU1 ) different from displacements in the phase space of each oscillator D(α, β, γ) a(x) [D(α, β, γ)]† = ei(αx−αβ−γ) a(x − β) D(α, β, γ) a†(x) [D(α, β, γ)]† = e−i(αx−αβ−γ) a†(x − β) to be compared with D({z(x)}) a(x) [D({z(x)})]† = a(x) − z(x) D({z(x)}) a†(x) [D({z(x)})]† = a†(x) − z ∗(x) Heisenberg-Weyl group • for coherent states D(α, β, γ)|{z(x)}icoh = |{ei(γ−αx) z(x + β)}icoh special case D(α, β, γ)|{ζzgau (x; A)}icoh = |{eiφζzgau (x; A + B)}icoh B = −2−1/2 (β + iα) 1 φ = γ + αβ + 2−1/2 (−αAR + βAI ) 2
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Mode squeezing • squeezing transformations (SU (1, 1) group) S(r, θ, λ) = exp(ir sin θ UK1 − ir cos θ UK2 ) exp(iλUK0 ) different from squeezing within each mode Example S(r, θ, λ) |{ζzgau (x; A)}icoh = |{ζzsqu (x; A; r, θ, λ)}isqu where zsqu (x; A; r, θ, λ) = 0 exp(−1 x2 + 2 x + 3 )
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Location and propagation of entanglement • formalism for all states but if the state is entangled: entanglement located mostly within the uncertainty interval (hUxi − ∆x, hUxi + ∆x) propagates with momenta in the interval (hUpi − ∆p, hUp i + ∆p) • example: at time t = 0 |s(0)i = N [|{ζ1zgau (x; A)}icoh + |{ζ2zgau (x; A)}icoh] At time t (for the Hamiltonian H):   |s(t)i = N |{ζ1zgau (x; Aeit)}icoh + |{ζ2 zgau(x; Aeit)}icoh We find



hnT i =



|ζ1 + ζ2 |2 1



2 + 2e− 2 |ζ1 −ζ2| cos φ 2



hUxi = 21/2 |A| cos(θA + t) hnT i hUpi = 21/2 |A| sin(θA + t) hnT i ∆x = ∆p = 2−1/2 state and entanglement oscillate 5



• work in progress: quantify correlations and entanglement: E(x, y) =? for oscillators in (x, x + ∆x) and (y, y + ∆y) E(x, y, z) =? for oscillators in (x, x + ∆x) and (y, y + ∆y) and (z, z + ∆x) etc In the first instance for |s(0)i = N [|{ζ1zgau (x; A)}icoh + |{ζ2zgau (x; A)}icoh]



Discussion • collective coherence in a continuum of coupled oscillators mode phase space mode position Ux, mode momentum Up [Ux, Up ] = iU1 < Ux > where the state is < Up > the momentum of propagation uncertainties • exponentials of Ux and Up : displace the state in the mode phase space Heisenberg-Weyl group • mode squeezing SU (1, 1) group • For entangled states: entanglement located in (hUxi − ∆x, hUxi + ∆x) propagation momenta (hUpi − ∆p, hUp i + ∆p) • work in progress: measure of entanglement in continuous tensor product? other entropic quantities
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