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General Certificate of Education June 2009 Advanced Subsidiary Examination



MATHEMATICS Unit Further Pure 1



MFP1



Monday 1 June 2009 9.00 am to 10.30 am For this paper you must have: * an 8-page answer book * the blue AQA booklet of formulae and statistical tables. You may use a graphics calculator.



Time allowed: 1 hour 30 minutes Instructions Use black ink or black ball-point pen. Pencil should only be used for drawing. Write the information required on the front of your answer book. The Examining Body for this paper is AQA. The Paper Reference is MFP1. Answer all questions. Show all necessary working; otherwise marks for method may be lost. * *



* *



Information The maximum mark for this paper is 75. The marks for questions are shown in brackets. * *



Advice Unless stated otherwise, you may quote formulae, without proof, from the booklet. *
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Answer all questions.



1 The equation 2x 2 þ x  8 ¼ 0 has roots a and b . (a) Write down the values of a þ b and ab .



(2 marks)



(b) Find the value of a 2 þ b 2 .



(2 marks)



(c) Find a quadratic equation which has roots 4a 2 and 4b 2 . Give your answer in the (3 marks) form x 2 þ px þ q ¼ 0 , where p and q are integers.



2 A curve has equation y ¼ x 2  6x þ 5 The points A and B on the curve have x-coordinates 2 and 2 þ h respectively. (a) Find, in terms of h, the gradient of the line AB, giving your answer in its simplest form. (5 marks) (b) Explain how the result of part (a) can be used to find the gradient of the curve at A. State the value of this gradient. (3 marks)



3 The complex number z is defined by z ¼ x þ 2i where x is real. (a) Find, in terms of x, the real and imaginary parts of: (i) z 2 ;



(3 marks)



(ii) z 2 þ 2z* .



(2 marks)



(b) Show that there is exactly one value of x for which z 2 þ 2z* is real.
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4 The variables x and y are known to be related by an equation of the form y ¼ abx where a and b are constants. (a) Given that Y ¼ log10 y , show that x and Y must satisfy an equation of the form Y ¼ mx þ c



(3 marks)



(b) The diagram shows the linear graph which has equation Y ¼ mx þ c . Y~ 3–



2–



1–



2



–



–



1



~



–



–



0– O



3 x



Use this graph to calculate: (i) an approximate value of y when x ¼ 2:3 , giving your answer to one decimal place; (ii) an approximate value of x when y ¼ 80 , giving your answer to one decimal place. (You are not required to find the values of m and c.)
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(4 marks)



(a) Find the general solution of the equation 1



cosð3x  pÞ ¼ 2 giving your answer in terms of p .



(6 marks)



(b) From your general solution, find all the solutions of the equation which lie between 10p and 11p . (3 marks)
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6 An ellipse E has equation x2 y2 þ ¼1 3 4 (a) Sketch the ellipse E, showing the coordinates of the points of intersection of the ellipse with the coordinate axes. (3 marks) (b) The ellipse E is stretched with scale factor 2 parallel to the y-axis. Find and simplify the equation of the curve after the stretch.



(3 marks)



  a (c) The original ellipse, E, is translated by the vector . The equation of the translated b ellipse is 4x 2 þ 3y 2  8x þ 6y ¼ 5 Find the values of a and b.
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(5 marks)



(a) Using surd forms where appropriate, find the matrix which represents: (i) a rotation about the origin through 30° anticlockwise;



(2 marks)



1 (ii) a reflection in the line y ¼ pﬃﬃﬃ x . 3



(2 marks)



(b) The matrix A, where " A¼



1 pﬃﬃﬃ 3



pﬃﬃﬃ # 3 1



represents a combination of an enlargement and a reflection. Find the scale factor of the enlargement and the equation of the mirror line of the reflection. (2 marks) (c) The transformation represented by A is followed by the transformation represented by B, where " pﬃﬃﬃ # 3 1 B¼ pﬃﬃﬃ 1 3 Find the matrix of the combined transformation and give a full geometrical description of this combined transformation. (5 marks)
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8 A curve has equation x2 y¼ ðx  1Þðx  5Þ (a) Write down the equations of the three asymptotes to the curve.



(3 marks)



(b) Show that the curve has no point of intersection with the line y ¼ 1 .



(3 marks)



(c)



(i) Show that, if the curve intersects the line y ¼ k , then the x-coordinates of the points of intersection must satisfy the equation ðk  1Þx 2  6kx þ 5k ¼ 0



(2 marks)



(ii) Show that, if this equation has equal roots, then kð4k þ 5Þ ¼ 0 (d) Hence find the coordinates of the two stationary points on the curve.



END OF QUESTIONS
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(2 marks) (5 marks)



MFP1 - AQA GCE Mark Scheme 2009 June series



MFP1 Q Solution 1 1(a) α + β = − 2 , αβ = −4 (b)



α 2 + β 2 = ( − 12 ) 2 − 2( −4) = 8 14



(c) Sum of roots = 4(8 14 ) = 33 Product = 16(αβ)2 = 256 Equation is x2 − 33x + 256 = 0



Marks B1B1



Totals 2



M1A1F



2



B1F B1F B1F Total



2(a) When x = 2, y = −3 Use of (2 + h)2 = 4 + 4h + h2 Correct method for gradient – 3 − 2h + h 2 + 3 = −2 + h Gradient = h (b) As h tends to 0, ... the gradient tends to −2



R and I parts clearly indicated (ii)



(



ft wrong answer in (b) 3



B1 M1 M1



)



z 2 + 2 z* = x 2 + 2 x − 4 + i(4 x − 4)



(b) z2 + 2z* real if imaginary part zero ... ie if x = 1 Total 4(a) lg(abx) = lg a + lg(bx) ... = lg a + x lg b Correct relationship established [SC After M0M0, B2 for correct form ] (b)(i) When x = 2.3, Y ≈ 1.1, so y ≈ 12.6



A2,1



5



A1 if only one small error made



E2,1 B1F



3



E1 for ‘h = 0’ dependent on at least E1 ft small error in (a)
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M1 for use of i2 = −1



A1F



3



M1A1F



2



M1 A1F M1 M1 A1



2 7



M1A1 Total



4



Condone inclusion of i in I part ft one numerical error M1 for correct use of conjugate ft numerical error in (i) ft provided imaginary part linear Use of one log law Use of another log law
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M1A1



(ii) When y = 80, Y ≈ 1.90, so x ≈ 1.1



ft wrong answer in (a) ft wrong sum and/or product; allow ‘p = −33, q = 256’; condone omission of ‘= 0’ PI



M1A1



z 2 = ( x 2 − 4) + i(4 x)



M1 for substituting in correct formula; ft wrong answer(s) in (a)
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Total 3(a)(i)



Comments



Allow 12.7; allow NMS 4 7



M1 for Y ≈ 1.9, allow NMS
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MFP1 (cont) Q Solution π 1 5(a) cos = 3 2 Appropriate use of ± Introduction of 2nπ Going from 3x − π to x x = π ± π + 2 nπ 3 9 3 (b) At least one value in given range



Correct values 92 π, 94 π, 98 π 9 9 9



Marks



Totals



B1 B1 M1 m1 A2,1F



6



M1 A2,1



3



Total 6(a)



Ellipse with centre of origin



( ± 3, 0) and (0 ± 2) shown on diagram (b) y replaced by



1 2



Equation is now



x



2



3



+



y



compatible with c’s GS A1 if one omitted or wrong values included; A0 if only one correct value given
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B1 B2,1



3



M1A1



y



Comments Decimals/degrees penalised at 6th mark only OE (or nπ) at any stage including dividing all terms by 3 OE; A1 with decimals and/or degrees; ft wrong first solution



Allow unequal scales on axes Condone AWRT 1.7 for 3; B1 for incomplete attempt M1A0 for 2y instead of



1 2



y



2



16



=1



(c) Attempt at completing the square



4( x – 1) 2 + 3 ( y + 1) ... 2



[Alt: replace x by x − a and y by y − b 4x2 − 8ax + 3y2 − 6by ...] a = 1 and b = −1 Total



A1



3



M1 A1A1 (M1) (m1A1) A1A1



5



M1 if one replacement correct Condone errors in constant terms 5 11
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MFP1 (cont) Q



⎡



3



⎣



1



⎡



1



⎣



3



7(a)(i) Matrix is ⎢



(ii) Matrix is ⎢



Solution



Marks



Totals



− 12⎤ 3 ⎥ 2 ⎦



M1A1



2



M1 for ⎢



⎤ ⎥ 1 − 2⎦



M1A1



2



M1 for ⎢



x



B1B1



2



OE



2



2



3



2 2



(b) SF 2, line y =



1 3



2



(c) Attempt at BA or AB



Comments



⎡ cos 30° sin 30° ⎤ ⎥ (PI) ⎣− sin 30° cos 30°⎦ ⎡cos 60° sin 60° ⎤ ⎥ (PI) ⎣ sin 60° − cos 60°⎦



M1



⎡0 4⎤ ⎥ ⎣4 0⎦



m1A1



BA = ⎢



Enlargement SF 4



m1 if zeros in correct positions ft use of AB (answer still 4)



B1F



⎡0 k ⎤ ⎥ ⎣k 0⎦ ⎡0 k ⎤ ft only from BA = ⎢ ⎥ ⎣k 0 ⎦



or after BA = ⎢ ... and reflection in line y = x



B1F Total



11



8(a) Asymptotes x = 1, x = 5, y = 1



B1 × 3



(b) y = −1 ⇒ ( x − 1)( x − 5) = − x 2



M1



... ⇒ 2 x − 6 x + 5 = 0 Disc’t = 36 − 40 < 0, so no pt of int’n 2



5



OE 3



OE convincingly shown (AG)



M1 A1



2



OE convincingly shown (AG)



(ii) Discriminant = 36k2 − 20k(k − 1) ... = 0 when k(4k + 5) = 0



M1 A1



2



OE convincingly shown (AG)



(d) k = 0 gives x = 0, y = 0 k = − 5 gives − 9 x 2 + 30 x − 25 = 0 4 4 4 4 2 5 (3x − 5) = 0, so x = 3 5 y=− 4 Total TOTAL



B1



(c)(i) y = k ⇒ x 2 = k ( x 2 − 6 x + 5) 2



... ⇒ ( k − 1) x − 6kx + 5k = 0



m1 A1



3



M1A1



OE



A1 B1



5 15 75
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Further pure 1 - AQA - June 2009 Question 1:



2x2 + x − 8 = 0 has roots α and β −1 −8 a ) α + β = and αβ = = −4 2 2 2



1  1 b) α + β = (α + β ) − 2αβ =  −  − 2 × −4 = + 8 = 8 14 4  2 c) 4α 2 + 4 β 2 =4(α 2 + β 2 ) =4 × 8 14 =33 2



2



2



4α 2 × 4 β 2 = 16(αβ ) 2 = 16 ×16 = 256 An equation with roots 4α 2 and 4 β 2 is x 2 − 33 x + 256 = 0



Most candidates found this a very good introduction to the paper and gained full marks, or very nearly so. Errors in parts (a) and (b) were rare, and were nearly always sign errors rather than those caused by the use of an incorrect procedure. In part (c) the most common mistake was to have a 4 instead of a 16 in the product of the roots of the required equation. Some candidates failed to see the connection with part (b) when finding the sum of the roots, but more often than not they still found the right value for this sum.



Question 2:



y = x2 − 6 x + 5 for x =2, y =4 − 12 + 5 =−3 for x = 2 + h, y = (2 + h) 2 − 6(2 + h) + 5 = 4 + 4h + h 2 − 12 − 6h + 5 h 2 − 2h − 3 A(2, −3) and B(2 + h, h 2 − 2h − 3) (h 2 − 2h − 3) − (−3) h 2 − 2h = = h−2 a) The gradient of the line AB : h 2+h−2 b) When h tends to 0, the chord tends to the tangent and its gradient is − 2



Almost all candidates knew how to find the gradient of the line in part (a) of this question, but a distressingly large minority of them made a sign error in subtracting the y-values of A and B, which led to the introduction of an unwanted term -6/h in the answer. In part (b) this should have caused difficulties, but almost invariably the candidates took this term as tending to zero as h tended to zero. Those candidates who wrote “h = 0” instead of letting h tend to zero lost a mark here, but it is pleasing to report that this error was comparatively rare.



Question 3:



z= x + 2i



a ) i ) z 2 = ( x + 2i ) 2 = x 2 + 4ix − 4 = ( x 2 − 4) + 4ix Re( z 2= ) x2 − 4 Im( z 2 ) = 4 x ii ) z 2 + 2 z* = x 2 − 4 + 4ix + 2 x − 4i = ( x 2 + 2 x − 4) + i (4 x − 4) Re( z 2 + 2 z*) = x 2 + 2 x − 4 Im( z 2 + 2 z*) = 4x − 4 0 b) z 2 + 2 z * is real when 4 x − 4 =



x =1



In part (a) (i) of this question most candidates showed some knowledge of complex numbers but failed to display clearly the real and imaginary parts asked for in the question. Part (a) (ii) appeared to cause candidates no trouble at all; but by way of contrast, very few candidates saw what was required in part (b): many equated the real part to zero, while others equated the real and imaginary parts to each other.



Question 4:



Part (a) was very familiar to the majority of candidates – perhaps too familiar in many cases as the result lg (abx) = lg a + x lg b was quoted rather than properly shown by the use of the laws of logarithms. Part (b) presented a less familiar type of challenge. It was not necessary or indeed helpful to try to find values for the constants m and c. All that was needed was to read values directly from the graph and to convert as appropriate between y and Y.



y = ab x a ) log10 y = log10 (ab x ) = Y log10 a + log10 b x = Y x log10 b + log10 a = Y mx + c



= = log10 a m log 10 b and c



b) i ) when = x 2.3, = Y 1.1 so= y 101.1 ≈ 12.6 = ii ) y 80, = Y log10 80 ≈ 1.90 so x ≈ 1.1 Question 5:



1 π Cos (3 x − π ) = =Cos 2 3 3x − π =



π 3



+ k 2π



or



3x − π = −



π 3



Part (a) was a standard type of question on this paper, but as on past papers it was common to see candidates introducing the general term 2nπ after they had divided both sides of the equation by 3. Another very frequent source of confusion came from an inappropriate use of the ± symbol. Candidates who wrote out the whole equation twice, once with a plus sign and once with a minus sign, at an early stage, usually obtained a correct general solution, whereas those who used the plus-or-minus sign often ran into errors when adding π to each side of the equation. Part (b) was very poorly answered. Many candidates used n = 10 or n = 11 in their general solution and did not seem to notice that the resulting values of x were well below the minimum value of 10π required by the question. Some candidates wrote down the correct answers but failed to indicate how they had ‘found’ them ‘from their general solutions’ as specified in the wording of the question.



+ k 2π



4π 2π or 3x = 3x = + k 2π + k 2π 3 3 4π 2π 2π 2π x= or x= +k +k 3 9 3 9 90π 99π b)10π < x < 11π 
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