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MATHEMATICS Unit Further Pure 1 Wednesday 20 June 2007



MFP1



1.30 pm to 3.00 pm



For this paper you must have: * an 8-page answer book * the blue AQA booklet of formulae and statistical tables * an insert for use in Questions 5 and 9 (enclosed). You may use a graphics calculator.



Time allowed: 1 hour 30 minutes Instructions Use blue or black ink or ball-point pen. Pencil should only be used for drawing. Write the information required on the front of your answer book. The Examining Body for this paper is AQA. The Paper Reference is MFP1. Answer all questions. Show all necessary working; otherwise marks for method may be lost. Fill in the boxes at the top of the insert. * *



* * *



Information The maximum mark for this paper is 75. The marks for questions are shown in brackets. * *



Advice Unless stated otherwise, you may quote formulae, without proof, from the booklet. *
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Answer all questions.



1 The matrices A and B are given by     2 1 1 2 A¼ , B¼ 3 8 3 4 The matrix M ¼ A  2B . 



0 (a) Show that M ¼ n 1



 1 , where n is a positive integer. 0



(2 marks)



(b) The matrix M represents a combination of an enlargement of scale factor p and a reflection in a line L . State the value of p and write down the equation of L . (2 marks) (c) Show that M2 ¼ qI where q is an integer and I is the 2  2 identity matrix.
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(2 marks)



(a) Show that the equation x3 þ x  7 ¼ 0 has a root between 1.6 and 1.8.



(3 marks)



(b) Use interval bisection twice, starting with the interval in part (a), to give this root to one decimal place. (4 marks)



3 It is given that z ¼ x þ iy , where x and y are real numbers. (a) Find, in terms of x and y , the real and imaginary parts of z  3iz where z is the complex conjugate of z .



(3 marks)



(b) Find the complex number z such that z  3iz ¼ 16
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(3 marks)
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4 The quadratic equation 2x 2  x þ 4 ¼ 0 has roots a and b . (a) Write down the values of a þ b and ab . (b) Show that



(2 marks)



1 1 1 þ ¼ . a b 4



(2 marks)



(c) Find a quadratic equation with integer coefficients such that the roots of the equation are 4 4 and a b



(3 marks)



5 [Figure 1 and Figure 2, printed on the insert, are provided for use in this question.] The variables x and y are known to be related by an equation of the form y ¼ abx where a and b are constants. The following approximate values of x and y have been found. x



1



2



3



4



y



3.84



6.14



9.82



15.7



(a) Complete the table in Figure 1, showing values of x and Y , where Y ¼ log10 y . Give each value of Y to three decimal places. (2 marks) (b) Show that, if y ¼ abx , then x and Y must satisfy an equation of the form Y ¼ mx þ c



(3 marks)



(c) Draw on Figure 2 a linear graph relating x and Y .



(2 marks)



(d) Hence find estimates for the values of a and b .



(4 marks)
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6 Find the general solution of the equation pﬃﬃﬃ  p 3 sin 2x  ¼ 2 2 giving your answer in terms of p .



(6 marks)



7 A curve has equation y¼



3x  1 xþ2



(a) Write down the equations of the two asymptotes to the curve.



(2 marks)



(b) Sketch the curve, indicating the coordinates of the points where the curve intersects the coordinate axes. (5 marks) (c) Hence, or otherwise, solve the inequality 0




1 3



B1,B1



5



Both branches generally correct B1 if two branches shown



B2,1F



2



B1 for good attempt; ft wrong point of intersection



Total



9
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MFP1 (cont) Q 8(a)



Solution



⎛



Marks



⎞ 3 3 ⎟ dx = x + x (+ c) 4 2 ⎠ 1 9 ⎛3 3⎞ ∫0 ... = ⎜⎝ 4 + 2 ⎟⎠ − 0 = 4



∫ ⎜⎝ x



1 3



+x



1 – 3



4 3



2 3



Totals



M1A1 m1A1



Comments



M1 for adding 1 to index at least once 4



Condone no mention of limiting process; m1 if “− 0” stated or implied
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(b) Second term is x – 3 Integral of this is −3 x −



1 3



B1 –



1 3



M1A1



M1 for correct index



E1



4 8



B1B1



2



Allow B1 for



M1A1



2



M1 if only one small error, eg x + k for x – k



(c) Correct elimination of y Correct expansion of squares Correct removal of denominator Answer convincingly established



M1 M1 M1 A1



4



AG



(d) Tgt ⇒ 4(k + 4) 2 − 12(k 2 + 6) = 0



M1



x



→ ∞ as x → 0 , so no value



(



Total



)



9(a) Intersections ± 2, 0 , (0, ± 1)



(b) Equation is



(x − k)2 + y2 = 1 2



... ⇒ k − 4k + 1 = 0 ... ⇒ k = 2 ± 3 2



m1A1 A1



(



)



2, 0 , (0, 1)



OE 4



(e) B1 B2



Curve to left of line 3



Curve to right of line Curves must touch the line in approx correct positions SC 1/3 if both curves are incomplete but touch the line correctly



Total TOTAL



15 75
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Further pure 1 - AQA - June 2007 Question 1:



2 a ) M =A − 2 B = 3 0 b) The matrix   −1



1  2 4   0 −3  0 −1 − = =3      8  6 8   −3 0   −1 0  −1 is the reflexion in the line y = − x 0 



n=3



The scale factor of the enlargement is p = 3 1 0  c) M 2 = 9   = 9I 0 1 



q=9



This question was generally well answered. The most common errors were in part (b), where the mirror line was given as y = x rather than y = −x. It was, however, acceptable to give this reflection in conjunction with an enlargement with scale factor −3. In part (c) some candidates omitted the factor 3 before carrying out the matrix multiplication, while others multiplied incorrectly to obtain the 9s and 0s in all the wrong places.



Question 2:



a) x3 + x − 7 = 0 Let ' s call f ( x) = x 3 + x − 7 −1.304 < 0 f (1.6) = f= (1.8) 0.632 > 0 According to the "sign change" rule, we can say that there is at least one solution of the equation f ( x) = 0 between 1.6 and 1.8 b) Let ' s work out f (1.7) −0.387 < 0 f (1.7) = the solution is between 1.7 and 1.8 Let ' s work out f (1.75) = f (1.75) 0.109375 > 0 The solution is between 1.70 and 1.75 This is 1.7 rounded to 1 decimal place Question 3:



z= x + iy a ) z − 3iz* = x + iy − 3i ( x − iy ) = x + iy − 3ix − 3 y Re( z − 3iz*) = x − 3y Im( z − 3iz*) = −3 x + y



b) z − 3iz* = 16



means



=  x − 3 y 16  x+ y 0 −3=



This gives − 8 x = 16 x = −2 and y = −6 The solution is z =−2 − 6i



=  x − 3 y 16  + 3y 0 −9 x=



Almost all the candidates were able to make a good start to this question, though some were unable to draw a proper conclusion in part (a). In part (b) the response was again very good. The most common error was not understanding what exactly was being asked for at the end of the question. If it is known that the root lies between 1.7 and 1.75, then it must be 1.7 to one decimal place. But many candidates gave no value to one decimal place, or gave a value of the function (usually 0.1) rather than a value of x.



Although most of the candidates who took this paper are good at algebra, there are still quite a number who made elementary sign errors. The fourth term of the expansion in part (a) frequently came out with a plus instead of a minus. The error of including an ’i’ in the imaginary part was condoned. In part (b) some candidates seemed not to realise that they needed to equate real and imaginary parts, despite the hint in part (a). Others used 16 for both the real and imaginary parts of the right-hand side of the equation. But a large number solved correctly to obtain full marks. Those who had made the sign error already referred to were given full marks in part (b) if their work was otherwise faultless.



Question 4:



has roots α and β 2x2 − x + 4 = 0 1 4 a) α + β = and αβ = = 2 2 2 1 1 1 β +α 2 1 b) + = = = α β αβ 2 4 4 4 c) Let's and v = call u =



α



we have u + v = uv =



β



4



α



4



α



Most candidates answered this question very well. Only a small number of candidates gave the wrong sign for the sum of the roots at the beginning of the question. Rather more made the equivalent mistake at the end of the question, giving the x term with the wrong sign. Another common mistake at the end of the question was to omit the ’equals zero’, so that the equation asked for was not given as an equation at all.



×



+ 4



β



4



β =



= 4( 16



αβ



u = An equation with roots



1



α



+



1



β



) = 4×



=



16 =8 2



4



and v =



α



4



β



1 =1 4



is x 2 − 1= x +8 0 x2 − x + 8 = 0



Question 5: x 1 Y 0.584



b) y



2 0.788



3 0.992



The great majority of candidates gave the correct values to three decimal places in part (a). Most of them coped efficiently with the logarithmic manipulation in part (b), but occasionally a candidate would treat the expression ab x as if it were (ab) x , resulting in a loss of at least four



4 1.196



x log10 y log10 (ab x ) ab so =



log log10 a + x log10 b = 10 y Y mx = with m log and c log10 a = +c = 10 b c)



d ) When x= 0, Y= c= log10 a= 0.35 a 100.35 ≈ 2.24 = 1.196 − 0.584 log10 b gradien t = = = 0.204 4 −1 b 100.204 ≈ 1.6 = Question 6:



3 π  π  Sin  2 x −  = = Sin   2 2  3 so



2x −



or 2 x −



π 2



π 2



=



π 3



+ k 2π



=π −



π 3



+ k 2π



5π + k 2π 6 7 2 x = π + k 2π 6



2x =



5π + kπ 12 7 x π + kπ = 12 x =



k ∈



marks, as it was now impossible to distinguish validly between a and b. The plotting of the points on the graph was usually well done, but some candidates misread the vertical scale here, and again in part (d) when they attempted to read off the intercept on the Y-axis. Some candidates failed to use this intercept, resorting instead to more indirect methods of finding a value for log a. Methods for finding the gradient of the linear graph were equally clumsy. Some candidates, even after obtaining a correct equation in part (b), did not realise that the taking of antilogs was needed in part (d).



As in past MFP1 papers, the question on trigonometric equations was not as well answered as most of the other questions. The use of radians presented a difficulty to many candidates, who seemed to have met the idea but not to have become really familiar with it. Most candidates knew that for a general solution it was necessary to introduce a term 2nπ or something similar somewhere in the solution. Many, however, brought in this term at an inappropriate stage. Some had learnt by heart a formula for the general solution of the equation sin x = sin a , but applied it incorrectly. Many candidates earned 4 marks out of 6 for working correctly from one particular solution to the corresponding general solution, but omitting the other particular solution or finding it incorrectly.



Question 7:



3x − 1 x+2 a ) " vertical asymptote " x = −2 1 3− x  = y →3 2 x →∞ 1+ x 1 b) When x = 0, y = − 2 1 = y 0= when x 3 y=



y = 3 is asymptote to the curve



Many candidates scored well on parts (a) and (b) of this question, but relatively few candidates made a good attempt at part (c). In part (a) the asymptotes were usually found correctly, as were the coordinates of the required points of intersection in part (b). The graph in part (b) was usually recognisable as a hyperbola, or at least as one branch of a hyperbola, the other branch not being seen. In part (c) many candidates resorted to algebraic methods for solving inequalities rather than simply reading off the solution set from the graph. These algebraic methods, more often than not, were spurious.



3x − 1 1 = = c) for x and y 3 is an asymptote. 0= x+2 3 3x − 1 1 < 3 for x > So, 0 < x+2 3



Question 8: 1



3 34 3 23 x + x +c 4 2 This function is defined between 0 and 1 −



1



a ) ∫ x 3 + x 3 dx =



1



 3 43 3 23  9 3 3 ∫0 x + x dx =  4 x + 2 x  = 4 + 2 − 0 = 4 0 1



b) ∫



1 3



−



1 3



1 3



x +x x



−



1 3



dx =∫ x



−



2 3



x



−



4



1



+ x 3 dx =3 x 3 − 3 x −



1 3



−



1 3



+c



is not defined for x = 0. no value



This question proved to be very largely a test of integration. Many candidates answered part (a) without any apparent awareness of a limiting process, but full marks were awarded if the answer was correct. The positive indices meant that the powers of x would tend to zero as x itself tended to zero. In part (b) a slightly more difficult integration led to one term having a negative index. Three marks were awarded for the integration, but for the final mark it was necessary to give some indication as to which term tended to infinity. Many candidates did not gain this last mark, but it was sad to see how many did not gain any marks at all in part (b). This was usually for one of two reasons. Either they failed to simplify the integrand and carried out a totally invalid process of integration, or they saw that the denominator x of the integrand would become zero and said that this made the integral ’improper’ and therefore incapable of having any value. Since it was stated in the question that both integrals were improper, this comment failed to attract any sympathy from the examiners.



Question 9:



x2 = Ellipse : + y 2 1 and= straight line x + y 2 2 a ) When x = 0, y 2 = 1 y = ±1 when = y 0,= x2 2



x= ± 2



The curve intersects the axes at (0,1), (0,-1), (- 2, 0), ( 2, 0) ( x − k )2 + y2 = 1 2 c) x + y = 2 so y = 2 − x. The x-coordinate of the point(s) of intersection satisfy:



b)



( x − k )2 + (2 − x) 2 = 1 2 ( x − k ) 2 + 2(2 − x) 2 = 2 x 2 − 2 xk + k 2 + 8 − 8 x + 2 x 2 = 2 3 x 2 − 2(k + 4) x + k 2 + 6 = 0 d ) The line is tangent to the curve when this equation has a repeated root, meaning the discriminant is 0



( −2k − 8)



2



− 4 × 3 × (k 2 + 6) = 0



4k 2 + 32k + 64 − 12k 2 − 72 = 0 −8k 2 + 32k − 8 = 0 k 2 − 4k + 1 = 0 Using the quadratic formula, we have k = 2 ± 3 e)



Grade boundaries



This final question presented a varied challenge, mostly focused on the algebraic skills needed to cope with the quadratic equation printed in part (c) of the question − deriving this equation from two other equations and then using the discriminant of the equation to find the cases where the ellipse would touch the line. Many candidates were well prepared for this type of question and scored heavily, though with occasional errors and omissions. Part (e) of the question was often not attempted at all, or the attempts were totally incorrect, involving transformations other than translations parallel to the x-axis. In some cases only one of the two possible cases was illustrated, usually the one where the ellipse touched the straight line on the lower left side of the line, but an impressive minority of scripts ended with an accurate portrayal of both cases.
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