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Introduction Our goal is to improve the traditional staggered grid hydro (SGH) discretization algorithms used in multi-material ALE codes with respect to: Mesh imprinting / instabilities Symmetry preservation Total energy conservation Artificial viscosity We consider a new approach based on a general FEM treatment of the Euler equations in a Lagrangian frame with the following features: Curvilinear zone geometries Higher order field representations Exact discrete energy conservation by construction Reduces to classical SGH under simplifying assumptions



Curvilinear FEM Lagrangian calculation of shock triple-point interaction in RZ



Our method can be viewed as a high order extension of SGH



Kolev et al. (LLNL)
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Euler’s Equations in a Lagrangian Frame The evolution of the particles of a compressible fluid in a Lagrangian reference frame is governed by the following system of differential equations: Euler’s Equations



Kinematics



Momentum Conservation:



d~v ρ =∇·σ dt



Mass Conservation:



1 dρ = −∇ · ~v ρ dt



Energy Conservation:



ρ



Equation of State:



p = EOS(e, ρ)



Equation of Motion:



d~x = ~v dt



~x ~v



– –



position velocity



Thermodynamics



ρ e p



de = σ : ∇~v dt



– – –



density internal energy pressure



Stress Tensor



σ = −pI , σ = −pI + µ∇~v



Material time derivatives along particle trajectories Space derivatives with respect to a fixed coordinate system R |~ v |2 Domain: Ω(t) = {~x (t)}; Total Energy: E (t) = Ω(t) ρ 2 + ρe Kolev et al. (LLNL)
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Lagrangian Mesh Motion Semi-discrete Lagrangian methods are based on a moving computational mesh



−→



The mesh zones are reconstructed based on particle locations, thus defining the moved mesh



Ω(z t )



Ω(z t 0 )



Q1 bilinear approximation (SGH)



Ω(z t )



Ω(z t 0 )



Q2 biquadratic approximation (FEM)



Ω(z t )



Ω(z t 0 )



Q1 nonconforming approximation (FEM)



The reconstruction has an inherent geometric error with respect to the equation of motion Kolev et al. (LLNL)
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Why Curvilinear Elements? Deform an initial Cartesian mesh with the exact solution Exact motion: Sedov blast wave



Exact motion: Taylor–Green vortex
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High order curvilinear finite elements use additional particle degrees of freedom to more accurately represent the initial and the naturally developed curvature in the problem Kolev et al. (LLNL)
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Example: Shock triple-point interaction



Kolev et al. (LLNL)
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Example: Shock triple-point interaction



Curved zones with high aspect ratios develop naturally in Lagrangian simulations and are impossible to represent using elements with straight edges Kolev et al. (LLNL)
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Position Finite element zones are defined by a parametric mapping Φz from a reference zone (the unit ˆ z }. square in 2D): Ωz (t) = {~x = Φz (~xˆ, t) : ~xˆ ∈ Ω ˆz) Reference Space (Ω



Physical Space (Ωz )
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ˆz. The position space is specified by a set of nodal FEM basis functions {ˆ ηi } on Ω



ηˆi ∈ Q1



ηˆi ∈ Q2



P The parametric mapping is then given by Φz (~xˆ, t) = i xz,i (t) ηˆi (~xˆ) The position vector x(t) specifies the particle coordinates corresponding to the degrees of freedom in the {ˆ ηi }-defined finite element space Kolev et al. (LLNL)
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Strong Mass Conservation For a bijective mapping, the Jacobian matrix Jz = ∇~xˆ Φz



or



d



∂xj (Jz )ij = ∂ˆ xi



a



is non-singular. In general, Jz is a function that varies inside the zone. R Determinant |Jz (t)| can be viewed as local volume since Vz (t) = Ωˆ z |Jz (t)|.



Kolev et al. (LLNL)
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Strong Mass Conservation For a bijective mapping, the Jacobian matrix Jz = ∇~xˆ Φz



or



d



∂xj (Jz )ij = ∂ˆ xi



a



is non-singular. In general, Jz is a function that varies inside the zone. R Determinant |Jz (t)| can be viewed as local volume since Vz (t) = Ωˆ z |Jz (t)|.



c x b



|Jz (a)| = 2Sabd |Jz (x)| = Sabcd



In the Lagrangian description, the total mass of a zone is constant for all time: Z dmz = 0, mz = ρ dt Ωz (t) The strong mass conservation principle takes this to the extreme by requiring that Z Z Z Z ρ(t) = ρ(t0 ) −→ ρˆ(t)|J(t)| = ρˆ(t0 )|J(t0 )| Ω0 (t)



Ω0 (t0 )



ˆ0 Ω



for any Ω0 (t0 ) ⊂ Ω(t0 ). This leads to the pointwise equality



Kolev et al. (LLNL)
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Strong Mass Conservation For a bijective mapping, the Jacobian matrix Jz = ∇~xˆ Φz



or



d



∂xj (Jz )ij = ∂ˆ xi



a



is non-singular. In general, Jz is a function that varies inside the zone. R Determinant |Jz (t)| can be viewed as local volume since Vz (t) = Ωˆ z |Jz (t)|.



c x b



|Jz (a)| = 2Sabd |Jz (x)| = Sabcd



In the Lagrangian description, the total mass of a zone is constant for all time: Z dmz = 0, mz = ρ dt Ωz (t) The strong mass conservation principle takes this to the extreme by requiring that Z Z Z Z ρ(t) = ρ(t0 ) −→ ρˆ(t)|J(t)| = ρˆ(t0 )|J(t0 )| Ω0 (t)



Ω0 (t0 )



ˆ0 Ω



for any Ω0 (t0 ) ⊂ Ω(t0 ). This leads to the pointwise equality



ˆ0 Ω



ρ(t)|Jz (t)| = ρ(t0 )|Jz (t0 )|



Generalization of SGH zonal mass conservation ρˆ(t) is a non-polynomial function closely related to |J(t)| Density can be eliminated from the semi-discrete equations! Kolev et al. (LLNL)
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Kinematics Velocity is discretized in the same space as the position: X ~v (~x , t) ≈ ~j vj (t) w j



Q2 kinematic degrees of freedom on the reference element



The velocity basis functions satisfy ~ˆ j = w ~ j ◦ Φz ∈ span{ˆ w ηi }dim Let w(~x , t) be a column vector of the velocity basis functions, i.e. ~ j (~x , t). Then wj (~x , t) = w ~v (~x , t) ≈ wT v



Q2 finite element basis function in physical space with degrees of freedom



Therefore, the semi-discrete equation of motion reads simply: dx =v dt ~ˆ j is independent of time, w ~ j moves with the mesh and Since w dw =0 dt Kolev et al. (LLNL)
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Conservation of Momentum Weak formulation of the momentum conservation equation: Z Z d~v d~v ~j = − = ∇ · σ −→ ρ ·w σ : ∇~ wj . ρ dt Ω(t) dt Ω(t) (the boundary integral is usually zero due to boundary conditions) Since the velocity basis functions move with the mesh, we have d~v d dv ≈ (wT v) = wT dt dt dt



Kolev et al. (LLNL)
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Conservation of Momentum Weak formulation of the momentum conservation equation: Z Z d~v d~v ~j = − = ∇ · σ −→ ρ ·w σ : ∇~ wj . ρ dt Ω(t) dt Ω(t) (the boundary integral is usually zero due to boundary conditions) Since the velocity basis functions move with the mesh, we have d~v d dv ≈ (wT v) = wT dt dt dt This gives us the semi-discrete momentum conservation equation:



Mv



dv =− dt



Z σ : ∇w Ω



where the velocity mass matrix is defined by the integral Z



ρwwT



Mv = Ω



Kolev et al. (LLNL)
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Conservation of Momentum Weak formulation of the momentum conservation equation: Z Z d~v d~v ~j = − = ∇ · σ −→ ρ ·w σ : ∇~ wj . ρ dt Ω(t) dt Ω(t) (the boundary integral is usually zero due to boundary conditions) Since the velocity basis functions move with the mesh, we have d~v d dv ≈ (wT v) = wT dt dt dt This gives us the semi-discrete momentum conservation equation:



Mv



dv =− dt



Z σ : ∇w Ω



where the velocity mass matrix is defined by the integral Z



ρwwT



Mv = Ω



By strong mass conservation, the mass matrix is constant in time! Z Z ~j = ~ˆ i · w ~ˆ j = Mv (t0 )ij Mv (t)ij = ρ~ wi · w ρˆ|J(t)|w Ω(t) Kolev et al. (LLNL)



ˆ Ω(t)
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Connection to Classical SGH Connection to Nodal Mass



Connection to SGH Gradient Operator



The velocity mass matrix is computed by assembling individual zonal mass matrices



Consider the case of piecewise constant stresses, bilinear velocities and single point quadrature Z pI : ∇w =



Mv = Assemble(Mz ). Each zonal mass matrix is block diagonal « „ Z 0 Mxx z . Mz = ρwwT = yy 0 Mz Ωz Using a bilinear velocity basis and applying single point quadrature and mass lumping to the zonal mass matrix yields 0 1 4 0 0 0 C ρz V z B yy B 0 4 0 0 C. Mxx z = Mz = 16 @ 0 0 4 0 A 0 0 0 4



Ωz



pz 2



„



y2 − y4 , y3 − y1 , y4 − y2 , y1 − y3 x4 − x2 , x1 − x3 , x2 − x4 , x3 − x1



« .



The resulting ”corner forces” are identical to the HEMP and compatible hydro gradient operators on general quad grids.



This is equivalent to defining nodal masses as 41 the mass of the surrounding zonal masses. Kolev et al. (LLNL)
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Thermodynamics Internal energy is typically approximated from a set of discontinuous basis functions φ: e(~x , t) ≈ φT e Weak formulation of the energy conservation equation on zonal level « „ Z Z de φj = (σ : ∇~v ) φj ρ dt Ωz (t) Ωz (t)



Q1 thermodynamics degrees of freedom on the reference element



Since the basis functions move with the mesh, we have dφ =0 dt



de de ≈ φT dt dt



−→



This gives us the semi-discrete energy conservation equation: Me



de = dt



Discontinuous Q1 finite element function with degrees of freedom



Z (σ : ∇~v ) φ Ω



where the constant energy mass matrix is defined by the integral Z



ρφφT



Me = Ω



Since the FEM space is discontinuous, Me is block-diagonal and the above equation reduces to separate equations local to each zone. Kolev et al. (LLNL)
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Generalized Corner Forces The computational kernel of our method is the evaluation of the Generalized Corner Force matrix Z Fij = (σ : ∇~ wi ) φj Ω(t)



Semi-discrete finite element method Momentum Conservation:



Mv



dv = −F · 1 dt



Energy Conservation:



Me



de = FT · v dt



Equation of Motion:



dx =v dt



F can be assembled locally from zonal corner force matrices Fz . Generalized SGH “corner forces”: Fz is 8x1 for Q1 -Q0 , 18x4 for Q2 -Q1 , 32x9 for Q3 -Q2 (2D). ˆk )} Locally FLOP-intensive evaluation of Fz requires high order quadrature {(αk , ~q Z X ˆk ) : J−1 (~q ˆk )∇ ˆk ) φˆj (~q ˆk )|Jz (~q ˆk )| ˆw ~ˆ i (~q (Fz )ij = (σ : ∇~ wi ) φj ≈ αk σ ˆ (~q z Ωz (t)



k



ˆk } (“sub-zonal pressure”). Pressure is a function computed through the EOS in {~q Kolev et al. (LLNL)
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Generalized Corner Forces The computational kernel of our method is the evaluation of the Generalized Corner Force matrix Z Fij = (σ : ∇~ wi ) φj Ω(t)



Semi-discrete finite element method Momentum Conservation:



Mv



dv = −F · 1 dt



Energy Conservation:



Me



de = FT · v dt



Equation of Motion:



dx =v dt



By strong mass conservation, the above algorithm gives exact semi-discrete energy conservation for any choice of velocity and energy spaces (including continuous energy). ! „ « Z dE d |~v |2 d v · Mv · v = ρ + ρe = + 1 · Me · e dt dt 2 dt 2 Ω(t) dv de + 1 · Me · = −v · F · 1 + 1 · FT · v = 0. dt dt Any “compatible hydro” method can be put into this framework for appropriate Mv , Me and F. = v · Mv ·



Kolev et al. (LLNL)
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Connection to Classical SGH Consider the special case of piece wise constant internal energies, pressures and densities. For each zone, our general high order semi-discrete energy conservation law reduces to the form Me



de = FT · v dt



7→



mz



dez = f z · vz dt



Connection to Compatible Hydro



Connection to Wilkins Hydro



Our method can be viewed as a high order generalization of the energy conserving compatible formulation 1 by noting that Z fz = pI : ∇w,



Assuming piecewise constant stresses, the right hand side is « „Z Z ∇ · ~v . I : ∇w · vz ≈ pz fz · vz = pz



Ωz



which is a collection of corner forces. The total change in energy is therefore given by the inner product f z · vz =



4 X



Ωz



Ωz



Using the geometric conservation law, this last term is equivalent to Z dVz pz ∇ · ~v = pz . dt Ωz This is the so called ”pdV” approach which has the potential to preserve entropy for adiabatic flows.



~fj · ~vj



j=1 1 E. Caramana et. al., ”The Construction of Compatible Hydrodynamics Algorithms Utilizing Conservation of Total Energy”, J. Comput. Phys., 1998 Kolev et al. (LLNL)
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Tensor Artificial Viscosity We introduce artificial viscosity by adding an artificial stress tensor σa to the stress tensor σ: σ(~x ) = −p(~x )I + σa (~x ). Note that, in general, both the pressure and the artificial stress vary inside the zones.



Kolev et al. (LLNL)
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Tensor Artificial Viscosity We introduce artificial viscosity by adding an artificial stress tensor σa to the stress tensor σ: σ(~x ) = −p(~x )I + σa (~x ). Note that, in general, both the pressure and the artificial stress vary inside the zones. We have implemented the following options: σa = µ~s ∇~v



σa = µ~s ε(~v )



σa = µ~sk λk~sk ⊗ ~sk



σa =



P



k



µ~sk λk~sk ⊗ ~sk



ε(~v ) is the symmetrized velocity gradient with eigenvalues {λk } and eigenvectors {~sk }, i.e. X 1 ~si · ~sj = δij , ε(~v ) = (∇~v + ~v ∇) = λk~sk ⊗ ~sk , λ1 ≤ · · · ≤ λd 2 k All σa are symmetric, except µ~s ∇~v when ∇ × ~v 6= ~0, and satisfy σa (~x ) : ∇~v (~x ) ≥ 0, ∀~x .



Kolev et al. (LLNL)
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σa = µ~sk λk~sk ⊗ ~sk



σa =



P



k



µ~sk λk~sk ⊗ ~sk



ε(~v ) is the symmetrized velocity gradient with eigenvalues {λk } and eigenvectors {~sk }, i.e. X 1 ~si · ~sj = δij , ε(~v ) = (∇~v + ~v ∇) = λk~sk ⊗ ~sk , λ1 ≤ · · · ≤ λd 2 k Directional viscosity coefficient: ¯ ˘ µ~s = µ~s (~x ) ≡ ρ q2 `~2s |∆~s ~v | + q1 ψ0 ψ1 `~s cs q1 , q2 – linear/quadratic term scaling; cs – speed of sound; `~s = `~s (~x ) – directional length scale



Kolev et al. (LLNL)
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P
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ε(~v ) is the symmetrized velocity gradient with eigenvalues {λk } and eigenvectors {~sk }, i.e. X 1 ~si · ~sj = δij , ε(~v ) = (∇~v + ~v ∇) = λk~sk ⊗ ~sk , λ1 ≤ · · · ≤ λd 2 k Directional viscosity coefficient: ¯ ˘ µ~s = µ~s (~x ) ≡ ρ q2 `~2s |∆~s ~v | + q1 ψ0 ψ1 `~s cs q1 , q2 – linear/quadratic term scaling; cs – speed of sound; `~s = `~s (~x ) – directional length scale Directional measure of compression: » – ~s · ∇~v · ~s ~s · ε(~v ) · ~s d(~v · ~s) = = ∆~s ~v = ~s · ~s ~s · ~s d~s



Compression switch, vorticity measure: ( |∇ · ~v | 1, ∆~s ~v < 0 ψ1 = , ψ0 = 0, ∆~s ~v ≥ 0 k∇~v k



~s1 is the direction of maximal compression: min|~s|=1 ∆~s ~v = min|~s|=1 ~s · ε(~v ) · ~s = λ1 = ∆~s1 ~v . Kolev et al. (LLNL)
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Directional Length Scale We define the length scale in direction ~s relative to an initial length scale field `0 (~x ) on Ω(t0 ).



~x(t0 )



Ω(t0 ) → Ω(t) −−−−−−−−−−−→



~x



~s



~x



~s



Using the Jacobian e J of the mapping Ω(t0 ) → Ω(t) the two versions can be written as: `~s (~x ) = `0



|~s| −1 e |J ~s|



`~s (~x ) = `0



|e J T ~s| |~s|



J can be computed zone-wise using In the finite element setting, e e J|z = Jz (t) [Jz (t0 )]−1 . We have the following options to define `0 (~x ): global constant, e.g. in 2D `0 = (tot. area/num. of zones)1/2 (meshes close to uniform) smoothed version of a local mesh size function (meshes with local refinement) smoothed or constant function based on x-direction mesh size (1D problems) Kolev et al. (LLNL)
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Time Integration Let Y = (v; e; x). Then the semi-discrete equations can be written in the form: dY = F (Y , t) dt where 1 0 0 1 Fv (v, e, x) −Mv−1 F · 1 F (Y , t) = @Fe (v, e, x)A = @ Me−1 FT · v A Fx (v) v Standard high order time integration techniques (e.g. explicit Runge-Kutta methods) can be applied to this system of nonlinear ODEs. The standard methods may need modifications to ensure: Numerical stability of the scheme. Exact energy conservation. Two of the options we use are: RK2Avg – midpoint RK2 method, modified for exact energy conservation. RK4 – standard fourth order Runge-Kutta method. Kolev et al. (LLNL)
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The RK2Avg Scheme The midpoint Runge-Kutta second order scheme (RK2) reads 1



Y n+ 2 = Y n +



∆t F (Y n , t n ) 2 1



1



Y n+1 = Y n + ∆t F (Y n+ 2 , t n+ 2 )



Kolev et al. (LLNL)
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The RK2Avg Scheme The midpoint Runge-Kutta second order scheme (RK2) reads 1



Y n+ 2 = Y n +



∆t F (Y n , t n ) 2 1



1



Y n+1 = Y n + ∆t F (Y n+ 2 , t n+ 2 ) We modify it for stability and energy conservation as follows (RK2Avg): 1



∆t Mv−1 Fn · 1 2 1 ∆t = en + Me−1 (Fn )T · vn+ 2 2 ∆t n+ 1 = xn + v 2 2



vn+ 2 = vn − 1



en+ 2 1



xn+ 2



1



vn+1 = vn − ∆t Mv−1 Fn+ 2 · 1 1



1



en+1 = en + ∆t Me−1 (Fn+ 2 )T · ¯ vn+ 2 1



xn+1 = xn + ∆t ¯ vn+ 2



1



Here Fn = F(Y n ) and ¯ vn+ 2 = (vn + vn+1 )/2.



Kolev et al. (LLNL)
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∆t Mv−1 Fn · 1 2 1 ∆t Me−1 (Fn )T · vn+ 2 = en + 2 ∆t n+ 1 = xn + v 2 2



vn+ 2 = vn − 1



en+ 2 1



xn+ 2



1



vn+1 = vn − ∆t Mv−1 Fn+ 2 · 1 1



1



en+1 = en + ∆t Me−1 (Fn+ 2 )T · ¯ vn+ 2 1



xn+1 = xn + ∆t ¯ vn+ 2



The change in kinetic (KE) and internal (IE) energy is 1



1



1



vn+ 2 KE n+1 − KE n = (vn+1 − vn ) · Mv · ¯ vn+ 2 = −∆t (Fn+ 2 · 1) · ¯ 1



1



IE n+1 − IE n = 1 · Me · (en+1 − en ) = ∆t 1 · (Fn+ 2 )T · ¯ vn+ 2 ) . Therefore the discrete total energy is preserved: KE n+1 + IE n+1 = KE n + IE n . Kolev et al. (LLNL)
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Axisymmetric Problems For 3D problems with axial symmetry, the reduction to a 2D meridian cut Γ provides a significant computational advantage Maintaining both symmetry preservation and energy conservation has proven challenging The extension of our general finite element framework to axisymmetric problems leads to the exact same semi-discrete form:



Semi-discrete axisymmetric finite element method Momentum Conservation:



Mrz v



dv = −Frz · 1 dt



Energy Conservation:



Mrz e



de = (Frz )T · v dt



Equation of Motion:



dx =v dt



rz rz Details about the definitions of Mrz v , Me and F follow



Total energy is conserved exactly while maintaining good symmetry Kolev et al. (LLNL)
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What Can Go Wrong? Axisymmetric ICF Test



Axisymmetric Spherical Sedov Test



ICF-like implosion with radial pressure drive.



Spherical Sedov blast wave in axisymmetric mode.



Unstructured butterfly mesh with symmetric initial conditions.



Traditional SGH methods use the Wilkin’s area weighted approach for computing accelerations



Axis jet is 100% numerical and gets worse as mesh is refined.



Total energy should remain 1.0 for all time.



This preserves symmetry of accelerations but the corresponding energy update is not conservative. 6% spurious gain in energy leads to incorrect shock speed and does not improve under mesh refinement.



Symmetry breaking and lack of energy conservation lead to non-physical results Kolev et al. (LLNL)
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Position and Strong Mass Conservation We introduce a 2D Curvilinear FEM mesh on Γ(t) with zones Γz (t). As before, we denote the corresponding 2D position vector, parametric mapping and Jacobian with x(t), Φz and Jz .



Kolev et al. (LLNL)
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Position and Strong Mass Conservation We introduce a 2D Curvilinear FEM mesh on Γ(t) with zones Γz (t). As before, we denote the corresponding 2D position vector, parametric mapping and Jacobian with x(t), Φz and Jz . Let Ω0 (t) be the revolution of an arbitrary set Γ0 (t) ⊂ Γ(t). Then Z Z Z Z ρ(t) = ρ(t0 ) −→ 2π r ρ(t) = 2π Ω0 (t)
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Therefore the strong mass conservation principle in RZ takes the form r (t)ρ(t)|Jz (t)| = r (t0 )ρ(t0 )|Jz (t0 )|
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Therefore the strong mass conservation principle in RZ takes the form r (t)ρ(t)|Jz (t)| = r (t0 )ρ(t0 )|Jz (t0 )| Let w and φ be the kinematic and thermodynamic finite element basis functions on Γ. Define the weighted axisymmetric mass matrices Z Z T rz = = r ρww and M Mrz e v Γ(t)



r ρφφT Γ(t)



As before, the strong mass conservation principle implies that these are constant in time: dMrz v = 0, dt Kolev et al. (LLNL)
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Axisymmetric Momentum Equation Reducing the 3D momentum equation to the axisymmetric cut plane Γ we get « „ « „ Z Z Z Z d~v d~v ~i = − ~ i = −2π ~i ·w σ : ∇~ wi −→ 2π r ρ ·w r σrz : ∇rz w ρ dt dt Ω(t) Ω(t) Γ(t) Γ(t)
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So, e.g. for σ = −pI + µ∇~v , the axisymmetric stress tensor is „ σrz =
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So, e.g. for σ = −pI + µ∇~v , the axisymmetric stress tensor is „ σrz =
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term vanishes at r = 0 due to boundary conditions. Kolev et al. (LLNL)
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Semi-discrete Axisymmetric Method Introduce the Axisymmetric Generalized Corner Force matrix Z ~ i ) φj (Frz )ij = r (σrz : ∇rz w Γ(t)



and suppose ~v (~x , t) ≈ wT v and e(~x , t) ≈ φT e. Then our axisymmetric algorithm is: Semi-discrete axisymmetric finite element method Momentum Conservation:



Mrz v



dv = −Frz · 1 dt



Energy Conservation:



Mrz e



de = (Frz )T · v dt



Equation of Motion:



dx =v dt
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and suppose ~v (~x , t) ≈ wT v and e(~x , t) ≈ φT e. Then our axisymmetric algorithm is: Semi-discrete axisymmetric finite element method Momentum Conservation:



Mrz v



dv = −Frz · 1 dt



Energy Conservation:



Mrz e



de = (Frz )T · v dt



Equation of Motion:



dx =v dt



By strong mass conservation, we get exact semi-discrete energy conservation for any choice of velocity and energy spaces! ! ! Z Z dE d |~v |2 d |~v |2 = ρ + ρe = 2π rρ + r ρe dt dt 2 dt 2 Ω(t) Γ(t) „ « d v · Mrz v ·v = 2π + 1 · Mrz e · e = 0. dt 2 Kolev et al. (LLNL)
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Example: Axisymmetric shock triple-point interaction
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Conclusions We have developed a general energy-conserving, high-order finite element discretization of the Euler equations in a Lagrangian frame. Benefits of our high-order discretization framework: More accurate capturing of the geometrical features of a flow region using curvilinear zones. Higher order spatial accuracy. Exact total energy conservation by construction. Generality with respect to choice of kinematic and thermodynamic spaces. No need for ad-hoc hourglass filters. Sharper resolution of the shock front. Shocks can be represented within a single zone. Substantial reduction in mesh imprinting. Support for general high order temporal discretizations for systems of ODEs. The extension to axisymmetric problems is a relatively simple modification of the 2D case. Publications: V. Dobrev, T. Ellis, Tz. Kolev and R. Rieben, “Curvilinear Finite Elements for Lagrangian Hydrodynamics”, International Journal for Numerical Methods in Fluids, (available online). Tz. Kolev and R. Rieben, “A Tensor Artificial Viscosity Using a Finite Element Approach”, Journal of Computational Physics, 228(22), pp. 8336–8366, 2009. Kolev et al. (LLNL)
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Finite Element Density and Pressure In our default solver the density and the pressure are treated as general functions to be evaluated at quadrature points when computing the corner force matrix F. We may alternatively use finite element discrete functions in the thermodynamic space: Finite Element Density



Finite Element Pressure



ρh (~x , t) = φ ρ



ph (~x , t) = φT p



We define high order mass moments: Z mj ≡ ρh φj



Weak Z form of the EOS (e.g. Z ideal gas): ph φj = (γ − 1) ρeφj



T



Ω(t)



Ω(t)



Inserting the basis function expansion for density and writing in matrix vector form: Z m = Mρ ρ where Mρ ≡ φφT Ω(t)



We therefore generalize zonal mass conservation to the high order moments: d (Mρ ρ) = 0 dt



Inserting the basis function expansion for pressure and internal energy: Mρ p = (γ − 1)Me e Can be obtained from the functional version by L2 projection: Z Z ph φj = pφj Ω(t)



This is a high order version of the SGH zonal mass conservation Kolev et al. (LLNL)



Ω(t)



Ω(t)



Note that unlike Mv and Me , the matrix Mρ changes in time!
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