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Introduction (1)



     



Staggered grid schemes employed in most hydrocodes have been remarkably successful. However, they clearly have some theoretical and practical deficiencies. Mesh imprinting and symmetry breaking are important examples. The need to use artificial viscosities, hourglass filters and subzonal pressure schemes is undesirable. A staggered mesh is also inelegant as all variables are not conserved over the same space. High resolution cell centred Lagrangian Godunov schemes could overcome some of these problems. 2



Introduction (2)



However, while Eulerian Godunov methods have been well established for a long time progress has been slow in extending these ideas to Lagrangian and ALE schemes.  This has largely been due to the difficulty in defining consistent Lagrangian nodal velocities with which to move the computational mesh.  However, significant progress has been made recently in solving this problem (Bruno Despres, Pierre-Henri Maire, Don Burton, Misha Shashkov and Gabi Luttwak). 
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Introduction (3) 







Most Lagrangian Godunov schemes either define the nodal velocities as an average of adjacent cell centred or edge velocities (from the Riemann solver), or introduce a special nodal Riemann solver [1]. This talk will focus on an alternative transient dual grid method. The first order version of this scheme was presented in [2]. This talk will present a second order version of the scheme and compare results against a staggered compatible scheme.



_____________________________________________________ [1] Maire P-H. A high-order cell-centred Lagrangian scheme for twodimensional compressible fluid flows on unstructured meshes, J. of Comput. Phys. 2009; 228(7):2391-2425. [2] Barlow AJ, Roe PL. ‘A cell centred Lagrangian Godunov scheme for shock hydrodynamics’. Comput. Fluids. (2010), doi:10.1016/j.compfluid.2010.07.017
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Transient dual grid idea 



All variables conserved at element centres.







Nodal velocities at the start of each time step are reconstructed from element centred data.







Acceleration of nodes during the time step is calculated by solving an additional momentum equation on transient dual grid.







The finite volume update of the conserved element centred variables is performed using fluxing volumes that are consistent with the motion of the nodes.



Construction of nodal velocities  An acoustic approximate Riemann solver is used to define the normal velocity v* on each cell edge va*



=



ρ1a c1a u1a + ρ 2 a c2 a u2 a + p1a − p2 a ρ1a c1a + ρ 2 a c2 a



 A system of equations is then solved to determine a corner velocity uc which match v* on the two adjacent edges a and b *



va



=



r



nˆa ⋅ uc



*



vb



=



r



nˆb ⋅ uc



 The nodal velocity is then obtained by averaging all the corner velocities associated with the node 6



Nodal acceleration calculation  P* is required on each of the



internal dual grid boundaries in order to solve the nodal momentum equation  duC   M D   dt 



n+ 1 2



= − ∫∂D ( p



*



n+ 1 r



)



2



dn



 The P* for each median mesh line



is obtained by solving a collision Riemann problem using the zonal state variables and the nodal velocities reconstructed at the start of the time step.



vn 3



p



*



1 n+ * duzn +1 Mz = − ∫s p 2 n dA dt k



ρ z , cz , pz



vn 2



Approximate Riemann Solver (1)  Artificial viscosity methods are often designed to only act



normal to the shock front or in the direction of the velocity jump.  The same idea has been applied here to the acoustic approximate Riemann solver to make it into a simple multi-dimensional solver



z1a p2 a + z 2 a p1a p = z1a + z 2 a *



where



z1a



q



*



=



z1a z 2 a (v2 a



= ρ1a c1a + Γ v2 a − v1a (



|



z1a



− v1a )



+ z2a



|)



 This effectively introduces linear and quadratic artificial



viscosity like terms as suggested by Dukowicz.



Approximate Riemann Solver (2)  The zonal and nodal momentum equations can now be



written as



n+



1



 du z D  n+ r   = − ∫∂D Z ( p ) dn − ∫∂D Z q ds M z D   dt   The right hand side of these equations can now be viewed as the gathering of forces that are acting on a zone or node.  From this analogy it is clear how to modify the total energy update to allow for the new approximate Riemann solver. 1
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,



1



= −



∫∂Z



* n+ 2 u (p )



r



dn − ∫



.



∂Z



1



n+ (q ) 2



⋅



u



n+



1 2



ds



where ue is the average velocity of the two nodes defining edge e.



Time Discretization (1) Construct nodal velocities, un x



n+



V



1 2



= xn + 1 u n ∆t∀nodes 2



n+



1 2



ρ



1 n+   = V  x 2 ∀cells   n+



1 2



=



Me V



n+



1 2



Define edge velocity ue as average velocity of two nodes defining edge



Solve Riemann problem for Pn* n+



Mz



P



n+



dE z dt 1 2



=



1 2 = −



   



Pε



n+



n*



∫sk ( pe 1 2,



ρ



n+



1 2



uen .nen + qen* ⋅ uen )dA    



Predictor total energy update



Equation of State call



n+



εz



1 2



n+



= Ez



1 2



−



1 || 2



u zn ||2 10



Time Discretization (2)



Solve Riemann problem for Pn+1/2* at cell boundaries 1 1 + n+ * n+ * du zn +1 2 2 Mz = − ∫s ( pe ne + qe dt n



k



1 * 2



) dA



Zonal accelerations



Solve Riemann problem for Pn+1/2* at dual mesh boundaries Mp



du pn +1 dt



1 2



n+ *



1 2



n+ *



= − ∫s ( pd nd k



1 2



n+ *



+ qd



Nodal accelerations



) dA



x n +1 = x n + u∆t∀nodes V n +1



dE zn +1 Mz dt



P



n +1



=V( x 1 2



n+ *



= −



∫s k ( pe



n+



ue



1 2



n +1



)



n+



.ne



1 2



n +1 n +1 ε = P( ,ρ )



Acceleration calculation centred pressure for 2nd order accuracy in time



where



u=



ρ



1 n n +1 (u + u ) 2



n +1



∀cells n+



+



qe



1 * 2



n+



⋅



ue



1 2



) dA



Me = n+1 V



Corrector total energy update



Define edge velocity ue as average velocity of two nodes defining edge Equation of State call ε zn +1 = E zn +1 − u zn +1 2 1



||



||



2
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2nd order extension (1) Slope extrapolation is used to determine the velocities and pressures at the cell edges, when the a solution to the Riemann problem is required across cell edges.  Three slopes are calculated in volume coordinates in each isoparametric direction. 



∂φα (φα +1 − φα )∆xα2 + (φα − φα −1 )∆xα2 +1 = ∂x ∆xα ∆xα +1 (∆xα + ∆xα +1 )



∆φα +1 =



φα +1 − φα



∆xα +1



∆φα =



φα − φα −1



∆xα



2nd order extension (2) 



A van Leer slope limiter is then use to define the slope use for the extrapolation  ∂φα 1 φα = (sgn(∆φα ) + sgn(∆φα + )) min , ∆φα , ∆φα + 2  ∂x '







1



1



  



A first order approach is used when solving the nodal momentum equation on the dual grid to move the nodes. Since it has been found that there is a lack of sensitivity to whether a first or second order method is used for this part of the algorithm.



Sod’s Shock tube 



100 zones. Ideal gas (γ=1.4). State variables (p, ρ, ε) = (1.0, 0.125, 2.5)L and (0.1, 0.1, 2.0)R.



Adiabatic Release Test Problem    



Test problem defined by Grant Bazan and Rob Rieben at LLNL. Tests shock compression of material to Hugoniot density and ‘release’ down adiabat. 1D Riemann problem on domain z∈[0,0.9] split into two materials with contact at z=0.3. Each material is defined with simplified Gruneison EOS. ρ − 1) ρc 02 p( ρ ) = ( ρ0







with sound speed at reference density c0=0.4 Initial conditions vL=0.5, ρL=16, εL=0.0, vR=0.0, ρR=16, εL=0.0,







An analytical solution can be obtained for the internal energy during release as a function of density.



Adiabatic Release Test Problem



1st order Godunov



2nd order Godunov



Adiabatic Release Test Problem



1st order Godunov



2nd order Godunov



Saltzman’s Piston Problem (1)



1.0 cm/µs







  



Piston moves with unit velocity from left to right generating a shock that passes across a grid that is skewed with respect to the vertical with a half sin wave perturbation. The right end is treated as a reflecting boundary. Ideal gas (γ=1.66) with unity initial density and zero internal energy. Compare mesh quality and density behind before and after reflection. A density of 4 g/cc should be observed behind first shock and 10 g/cc behind reflected shock. 18



Saltzman’s Piston Problem (2)



2nd order Godunov



t=0.7 µs



Compatible FEM hydro



19



Saltzman’s Piston Problem (3)



1st order Godunov



t=0.7 µs



2nd order Godunov
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Saltzman’s Piston Problem (4)



2nd order Godunov



t=0.8 µs



Compatible FEM hydro
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Saltzman’s Piston Problem (5)



1st order Godunov



t=0.8 µs



2nd order Godunov
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Saltzman’s Piston Problem – Density (6)



2nd order Godunov



Compatible FEM hydro



T=0.8 µs 23



Saltzman’s Piston Problem – Density (7)



1st order Godunov



2nd order Godunov



T=0.8 µs 24



Cylindrical Noh Problem  Plane geometry with R θ and X Y mesh variants considered.  Ideal gas (γ=1.66) with unity initial density and zero internal energy.  Initial uniform radial velocity imposed acting towards the origin.



Initial meshes
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Cylindrical Noh in R θ



2nd order Godunov



T=0.6 µs



Density profile comparison 26



Cylindrical Noh in XY (1)



2nd order Godunov



T=0.6 µs



Compatible FEM hydro 27



Cylindrical Noh in XY (2)



1st order Godunov



T=0.6 µs



2nd order Godunov 28



Cylindrical Noh in XY - Density (3)



T=0.6 µs 2nd order Godunov



Compatible FEM hydro 29



Cylindrical Noh in XY - Density (4)



T=0.6 µs 1st order Godunov



2nd order Godunov 30



Sedov blast wave problem in XY (1)



 45 x 45 mesh.  Plane geometry.  Ideal gas (γ=1.66) with unity initial density and zero internal energy.  Except first zone which has an internal energy of 5027.7 Mbcc/g.



Initial mesh 31



Sedov blast wave problem in XY (2)



2nd order Godunov



T=0.24 µs



Compatible FEM hydro 32



Sedov blast wave problem in XY (3)



1st order Godunov



T=0.24 µs



2nd order Godunov 33



Sedov blast wave problem in XY- Density (4)



2nd order Godunov



T=0.24 µs



Compatible FEM hydro 34



Sedov blast wave problem in XY- Density (4)



1st order Godunov



2nd order Godunov



T=0.24 µs 35



Conclusion  



A new second order Lagrangian Godunov scheme is proposed. The new method uses a transient dual grid to determine the vertex velocities, while all variables are conserved at element centres.







A simple multi-dimensional approximate Riemann solver has been found important.







Results have been presented for well known test problems and compared against a first order version of the scheme and a staggered grid compatible finite element scheme.







The second order scheme retains the benefits observed for the first order scheme in terms of reduced mesh imprinting, symmetry preservation and improved robustness.







The second order scheme also provides comparable accuracy and shock capturing to staggered grid methods. 36
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