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Introduction GOAL To develop “very accurate” FV schemes with curved domains Model problem: 2D steady state convection-diffusion problems with Dirichlet, Neumann, and Robin boundary conditions



STATE OF THE ART To consider very refined polygonal meshes •



cons: the number of degrees of freedom (worst for the 3D case...)



To consider curved elements •



cons: the need of “complex” meshing algorithms with potential problematic situations and the need of nonlinear transformations for a reference element (worst for the 3D case...)



IDEA To consider polygonal meshes and high-order polynomial reconstructions with a particular treatment of the boundary conditions Introduction
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Problem formulation



Two-dimensional steady-state convection-diffusion problem



∇ (uφ − κ∇φ ) = f ,



Γ



•



Ω



n



in Ω



φ = gD ,



on ΓD



− κ∇φ · n = gN ,



on ΓN



σ φ + ρ∇φ · n = gR ,



on ΓR



data: domain Ω (non polygonal), boundary Γ = {ΓD ∪ ΓN ∪ ΓR } (regular Jordan curves with local parameterization), n, u, κ, f , gD , gN , gR



•



Problem formulation



unknown function: φ
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Curved boundary treatment | Curved cells



Classical method is the isoparametric elements (FEM, DG) Ollivier-Gooch method for FVM Curved mesh elements to fit the physical boundary Constrained least-squares for polynomial reconstructions Collocation points = flux integration points on the physical boundary Complex and computational intensive meshing algorithms for curved meshes Non-trivial quadrature formulas for curved elements Particularly complex for 3D geometries



niB,1 qiB,1



niB,2 qiB,2



eiB ΓB



Curved boundary treatment



ci
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Curved boundary treatment | Polygonal cells Physical domain Ω/boundary Γ



6=



Computational domain Ωh /boundary Γh



•



Fluxes are computed on the computational boundary (edges)



•



Numerical integration on polygonal elements only



•



No curved mesh element is required



•



No geometrical transformation is required



•



No quadrature points for integration on the physical boundary



•



Independent of the spacial dimension and the shape of the mesh elements



ΓB eiB



eij qij,1



qiB,2 miB qiB,1 niB



Curved boundary treatment



mi ci



mij qij,2



mj cj



nij
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Polynomial reconstruction method | Ingredients



Polynomial ϕ(x): local approximation of the underlying unknown function over a reference element (cell or edge)



d d−α



ϕ(x; m, η) = η T pd (x − m) =



∑ ∑ η(α,β ) (x − mx )α (y − my )β



α=0 β =0



•



d – polynomial degree



•



 η = η(α,β ) – coefficients



•



m = (mx , my ) – reference point



•



pd (x) – polynomial function basis



Stencil S: m mesh cells in the vicinity of the reference element •



m = 1.5× (number of coefficients in polynomial) for stability purposes



Stencil weights ωi : ωi = ω(di ; δ , γ) = Mean-values φi : φi ≈



1 |ci | ci



R



1 , (δ di )γ + 1







∑ ωi



i∈S



Polynomial reconstruction method



δ,γ > 0



φ (x) dx



f(η) = Weighted minimization functional: F “s.t.”)



di = |mi − m|,



1 |ci |



Z ci



2 ϕ(x ) dx − φi



(with or without
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Polynomial reconstruction method | Types ΓB



Physical domain/boundary – the real



eiB



eij qij,1



qiB,2



domain/boundary Ω/Γ



miB



mi



qiB,1



Computational domain/boundary – the mesh



ci



mj cj



nij



niB



domain/boundary



mij qij,2



Mesh element



Polynomial



Reference point



Type



Inner edge eij



ϕeij (x)



mij



Unconstrained —



Cell ci



ϕbi (x)



mi



Constrained (Mean-value)



1 Gbi (η) = |ci |



Dirichlet edge eiD



ϕbiD (x)



miD



Constrained (Dirichlet)



GbiD (ηiD ) = ϕiD (piD ) − gD (piD ) = 0



Neumann edge eiN



ϕbiN (x)



miN



Constrained (Neumann)



GbiN (ηiN ) = −κ (piN ) ∇ϕiN (piN ) · viN −gN (piN ) = 0



Robin edge eiR



ϕbiR (x)



miR



Constrained (Robin)



GbiR (ηiR ) = σ (piR )ϕiR (piR ) +ρ(piR )∇ϕiR (piR ) · viR − gR (piR ) = 0



Least-squares constraint



Z ci



ϕi (x) dx − φi = 0



piB – collocation point in the vicinity of edge eiB , viB – associated outward unit vector at piB Polynomial reconstruction method
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Curved boundary treatment | Naive method



Least-squares constraint ϕiD (miD ) = gD,iD



piB and viB from the computational boundary Collocation point: piB = miB Outward unit vector: viB = niB ΓD



No physical boundary needed



eiD



miD ci



Needed an extrapolation of gD , gN , gR (a) Dirichlet boundary condition.



Least-squares constraint σiR ϕiR (miR ) + ρiR ∇ϕiR (miR ) · niR = gR,iR



Least-squares constraint −κiN ∇ϕiN (miN ) · niN = gN,iN



ΓN



eiN



miN



ΓR ci



eiR



miR ci



(c) Robin boundary condition. (b) Neumann boundary condition.



Schemes with polygonal meshes
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Curved boundary treatment | ROD method



Least-squares constraint ϕiD (biD ) = gD,iD



ROD – Recontruction for Off-site Data piB and viB from the physical boundary



biD



Collocation point: piB = biB ΓD



Outward unit vector: viB = riB



eiD ci



Physical boundary needed (a) Dirichlet boundary condition.



Least-squares constraint σiR ϕiR (biR ) + ρiR ∇ϕiR (biR ) · riR = gR,iR



Least-squares constraint −κiN ∇ϕiN (biN ) · riN = gN,iN



biR



biN ΓN



ΓR



eiN ci



eiR ci (c) Robin boundary condition.



(b) Neumann boundary condition.



Schemes with polygonal meshes
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Curved boundary treatment | AROD method



ROD – Recontruction for Off-site Data Least-squares solution depends on the physical boundary by construction  Boundary displacements (> O hd ) invalidate ROD method (wrong collocation points) Recompute least-squares can be expensive (matrices, minimization method, etc.) AROD – Adaptive Recontruction for Off-site Data Small displacements of the boundary Unsteady and time-dependent problems with moving boundaries/interfaces One-operation least-squares updating procedure



Schemes with polygonal meshes
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Curved boundary treatment | AROD method Fitting condition ϕiD (biD ) = gD,iD



piB and viB from the computational boundary



biD



Collocation point: piB = miB ΓD



Outward unit vector: viB = niB



eiD



miD ci



Physical boundary needed Least-squares constraint ϕiD (miD ) = g (a) Dirichlet boundary condition.



ΓN



eiN



Fitting condition −κiN ∇ϕiN (biN ) · riN = gN,iN



Fitting condition σiR ϕiR (biR ) + ρiR ∇ϕiR (biR ) · riR = gR,iR



biN



biR



miN ci



ΓR



eiR



miR ci



Least-squares constraint −κiN ∇ϕiN (miN ) · niN = g



Least-squares constraint σiR ϕiR (miR ) + ρiR ∇ϕiR (miR ) · niR = g



(b) Neumann boundary condition.



(c) Robin boundary condition.



Schemes with polygonal meshes
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Curved boundary treatment | AROD method



ϕiB (x) – constrained polynomial reconstruction on edge eiB LS constraint GbiB (ηiB ) is defined at miB with free-parameter g (instead of the real BC value): •



LS still depends on the mesh but not on the physical boundary



•



miB , niB – collocation point and associated outward unit normal vector on the computational boundary



•



Free-parameter g is determined to satisfy the BC



•



biB depends linearly on g! LS solution η



biB (g) is defined at biB with the real BC value: Fitting condition functional B •



biB , riB – collocation point and associated outward unit normal vector on the physical boundary



biB (g) = 0, therefore satisfies ϕbiB (biB ) = gB (biB ) Parameter g ∗ is sought to satisfy B g ∗ = g0 − ε



biB (g0 ) B , biB (g0 + ε) − B biB (g0 ) B



g0 ∈ R, ε 6= 0



Since GbiB (ηiD ) = 0 is satisfied, g ∗ is an “equivalent” BC value at miB



Schemes with polygonal meshes
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Curved boundary treatment | AROD-XY method



AROD-XY – Adaptive Recontruction for Off-site Data X transformed into Y LS constraint and fitting condition do not need to be of same the type X – the fitting condition type (D, N, or R) Y – the LS constraint type (D, N, or R) X is mandatory the same type as the boundary condition (prescribed/original information) Y is freely of any type (transformed/equivalent information) Same formulation as AROD method apart from the LS constraint type



Schemes with polygonal meshes
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Curved boundary treatment | AROD-XY method Fitting condition: biX , riX — physical domain



X



Equation



D



biD (g) = ϕiD (biD ) − gD (biD ) B



N



biN (g) = −κiN ∇ϕiN (biN ) · riN − gN (biN ) B



R



biR (g) = σiR ϕiR (biR ) + ρiR ∇ϕiR (biR ) · riR − gR (biR ) B



Least-squares constraint: miX , niX — mesh



Y



Equation



D



GbiX (ηiX ) = ϕiN (miN ) − g = 0



N



GbiX (ηiX ) = −κ(miX )∇ϕiX (miX ) · niX − g = 0



R



GbiX (ηiX ) = ρ(miX )ϕiX (miX ) + σ (miX )∇ϕiX (miX ) · niX − g = 0



Schemes with polygonal meshes
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Very high-order finite volume scheme | Numerical fluxes Integration over each cell ci and divergence theorem Z ∂ ci



(uφ − κ∇φ ) · ni ds =



Z



f dx ci



Gaussian quadrature with R points (of order 2R) "



∑ j∈ν(i)



|eij |



R



∑ ζr



FCij,r + FD ij,r



r =1



# 



− fi |ci | = O(hi2R )



Physical fluxes FCij,r = (u(qij,r ) · nij ) φ (qij,r ),



FD ij,r = −κ(qij,r )∇φ (qij,r ) · nij



Numerical fluxes on inner edge eij C C Fij,r = Fji,r = [u(qij,r ) · nij ]+ ϕbi (qij,r ) + [u(qij,r ) · nij ]− ϕbj (qij,r ) D D Fij,r = Fji,r = −κ(qij,r )∇ϕeij (qij,r ) · nij



Numerical fluxes on boundary edge eiB , B ∈ {D, N, R} – same for all! C FiB,r = [u(qiB,r ) · niB ]+ ϕbi (qiB,r ) + [u(qiB,r ) · niB ]− ϕbiB (qiB,r ) D FiB,r = −κ(qiB,r )∇ϕbiB (qiB,r ) · niB



Very high-order finite volume scheme
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Very high-order finite volume scheme | Implementation aspects



Residual operator for free-matrix GMRES solver



" Ri (Φ) =



∑



j∈Ni



|eij |



R



C D + Fij,r ∑ ζr Fij,r



# 



r =1



− fi |ci |



Solution Φ? is found solving the linear system R(Φ) = 0



Preconditioned with new technique



Implemented in an homemade Fortran library (FVL Library)



Parallel implementation for HPC platforms (SeARCH, STAMPEDE)



Very high-order finite volume scheme
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8 Conclusions and further work



Numerical tests
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Numerical benchmark | Annulus domain Boundary parametrization:     x cos(θ ) ΓI : = rI , y sin(θ ) rI – interior ray



ΓE :



    x cos(θ ) = rE y sin(θ )



rE – exterior ray



Analytic solution: φ (r ) = a (exp (R(r )) + exp (−R(r )) + b) + 1,



R(r ) =



2r − (rE + rI ) rE − rI



Unstructured triangular Delaunay mesh (polygonal) Naive, ROD, and AROD methods



x2



1



1



0.5



0.75



x2



0



0.25



-0.5



-1



0 -1



-0.5



0 x1



Numerical tests
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Numerical benchmark | Annulus domain



Pure convection: κ = 0, u(r , θ ) = (cos (θ ) , sin (θ )) Dirichlet BC: gD (x) = 1 on ΓI



DOF



d =1 E1



E∞



O∞



d =3 E1



O1



E∞



O∞



d =5 E1



O1



E∞



O∞



— 2.09 1.91 1.90 1.94



1.48E−02 5.25E−03 1.87E−03 6.47E−04 2.21E−04



— 1.54 1.47 1.55 1.57



2.72E−03 7.73E−04 1.94E−04 5.01E−05 1.27E−05



— 1.87 1.97 1.98 2.00



4.11E−03 1.15E−03 2.89E−04 7.49E−05 1.91E−05



— 1.89 1.97 1.97 2.00



2.78E−03 7.79E−04 1.95E−04 5.02E−05 1.27E−05



— 1.89 1.98 1.98 2.00



4.05E−03 1.15E−03 2.90E−04 7.49E−05 1.91E−05



— 1.87 1.97 1.98 2.00



— 2.01 1.92 1.90 1.90



1.19E−02 4.66E−03 1.73E−03 6.09E−04 2.02E−04



— 1.39 1.42 1.52 1.61



6.64E−05 7.19E−06 4.82E−07 3.65E−08 2.38E−09



— 3.30 3.85 3.77 3.99



2.12E−04 2.52E−05 1.95E−06 2.22E−07 1.33E−08



— 3.17 3.65 3.18 4.11



1.15E−05 4.34E−07 7.73E−09 1.71E−10 2.98E−12



— 4.87 5.74 5.57 5.91



4.04E−05 1.25E−06 2.36E−08 6.18E−10 1.41E−11



— 5.17 5.66 5.32 5.52



O1



Naive method with Pd 736 2828 11500 45248 177880



3.65E−03 8.96E−04 2.35E−04 6.37E−05 1.69E−05



ROD method with Pd 736 2828 11500 45248 177880



Numerical tests



2.96E−03 7.66E−04 2.00E−04 5.43E−05 1.48E−05
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Numerical benchmark | Annulus domain



Pure diffusion: κ = 1, u(r , θ ) = (0, 0) Dirichlet-Dirichlet BC: gD (x) = 1 on ΓI , gD (x) = 1 on ΓE



DOF



d =1 E1



E∞



O∞



d =3 E1



O1



E∞



O∞



d =5 E1



O1



E∞



O∞



— 1.79 1.95 2.00 2.11



1.40E−02 4.15E−03 1.11E−03 3.09E−04 8.37E−05



— 1.80 1.89 1.86 1.91



1.49E−03 4.06E−04 1.03E−04 2.63E−05 6.65E−06



— 1.93 1.96 1.99 2.01



3.84E−03 1.13E−03 2.87E−04 7.45E−05 1.90E−05



— 1.82 1.95 1.97 2.00



1.50E−03 4.06E−04 1.03E−04 2.63E−05 6.65E−06



— 1.94 1.96 1.99 2.01



3.90E−03 1.13E−03 2.87E−04 7.46E−05 1.90E−05



— 1.84 1.95 1.97 2.00



— 1.82 1.94 2.00 2.12



1.29E−02 3.73E−03 1.01E−03 2.64E−04 7.35E−05



— 1.84 1.86 1.95 1.87



3.03E−05 2.00E−06 2.55E−07 1.84E−08 8.63E−10



— 4.04 2.94 3.84 4.47



1.06E−04 1.24E−05 1.30E−06 8.70E−08 5.53E−09



— 3.19 3.21 3.95 4.02



3.92E−06 1.29E−07 1.16E−09 2.55E−11 5.36E−13



— 5.07 6.72 5.57 5.64



1.93E−05 9.48E−07 9.83E−09 2.74E−10 6.55E−12



— 4.48 6.51 5.23 5.46



O1



Naive method with Pd 736 2828 11500 45248 177880



7.71E−03 2.31E−03 5.90E−04 1.50E−04 3.54E−05



ROD method with Pd 736 2828 11500 45248 177880



Numerical tests



7.52E−03 2.21E−03 5.68E−04 1.44E−04 3.38E−05
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Numerical benchmark | Annulus domain Pure diffusion: κ = 1, u(r , θ ) = (0, 0) Dirichlet-Neumann BC: gD (x) = 1 on ΓI , gN (x) = 4a(exp(1) − exp(−1)) on ΓE DOF



d =1 E1



E∞



O∞



d =3 E1



O1



E∞



O∞



d =5 E1



O1



E∞



O∞



— 1.48 2.25 1.54 1.58



1.35E−02 4.12E−03 1.09E−03 3.10E−04 1.03E−04



— 1.76 1.89 1.84 1.60



2.15E−03 5.11E−04 1.35E−04 3.42E−05 8.60E−06



— 2.14 1.90 2.00 2.02



3.94E−03 1.12E−03 2.86E−04 7.44E−05 1.90E−05



— 1.87 1.95 1.96 1.99



2.24E−03 5.21E−04 1.37E−04 3.44E−05 8.63E−06



— 2.16 1.91 2.01 2.02



4.14E−03 1.12E−03 2.86E−04 7.44E−05 1.90E−05



— 1.94 1.95 1.96 1.99



— 1.19 2.42 1.24 1.28



9.39E−03 2.96E−03 8.03E−04 2.35E−04 8.41E−05



— 1.71 1.86 1.80 1.50



3.27E−05 1.06E−05 2.39E−06 3.22E−07 3.68E−08



— 1.67 2.13 2.92 3.17



1.15E−04 2.13E−05 4.02E−06 5.33E−07 6.34E−08



— 2.50 2.38 2.95 3.11



1.93E−05 3.86E−07 1.56E−08 5.12E−10 1.64E−11



— 5.81 4.58 4.99 5.03



3.65E−05 8.84E−07 2.86E−08 9.08E−10 3.64E−11



— 5.53 4.89 5.04 4.70



1.07E−02 3.19E−03 9.21E−04 2.97E−04 1.15E−04



— 1.80 1.77 1.65 1.38



3.35E−05 2.44E−06 6.31E−07 5.01E−08 1.39E−09



— 3.89 1.93 3.70 5.24



1.06E−04 1.25E−05 1.33E−06 8.95E−08 5.51E−09



— 3.18 3.20 3.94 4.07



1.03E−05 3.38E−07 3.36E−09 6.93E−11 5.64E−12



— 5.07 6.57 5.67 —



2.04E−05 9.78E−07 9.97E−09 2.76E−10 6.30E−11



— 4.51 6.54 5.24 —



O1



Naive method with Pd 736 2828 11500 45248 177880



5.85E−03 2.16E−03 4.46E−04 1.55E−04 5.24E−05



ROD method with Pd 736 2828 11500 45248 177880



2.27E−03 1.02E−03 1.87E−04 7.99E−05 3.33E−05



ROD method with Pd /Pd+1 736 2828 11500 45248 177880 Numerical tests



6.07E−03 2.14E−03 4.56E−04 1.57E−04 5.29E−05



— 1.54 2.21 1.55 1.59
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Numerical benchmark | Annulus domain Pure diffusion: κ = 1, u(r , θ ) = (0, 0) Dirichlet-Robin BC: gD (x) = 1 on ΓI , gR (x) = 1 + 4a(exp(1) − exp(−1)) on ΓE DOF



d =1 E1



E∞



O∞



d =3 E1



O1



E∞



O∞



d =5 E1



O1



E∞



O∞



— 1.62 2.12 1.74 1.77



1.36E−02 4.12E−03 1.10E−03 3.09E−04 9.17E−05



— 1.78 1.89 1.85 1.78



1.85E−03 4.62E−04 1.20E−04 3.05E−05 7.69E−06



— 2.06 1.92 2.00 2.01



3.80E−03 1.12E−03 2.86E−04 7.45E−05 1.90E−05



— 1.81 1.95 1.96 2.00



1.90E−03 4.67E−04 1.21E−04 3.06E−05 7.71E−06



— 2.08 1.93 2.00 2.01



3.85E−03 1.12E−03 2.86E−04 7.45E−05 1.90E−05



— 1.83 1.95 1.97 2.00



— 1.51 2.19 1.62 1.67



9.97E−03 3.03E−03 8.14E−04 2.35E−04 8.43E−05



— 1.77 1.87 1.81 1.50



3.00E−05 6.87E−06 1.51E−06 1.98E−07 2.25E−08



— 2.19 2.16 2.97 3.18



1.10E−04 1.52E−05 2.59E−06 3.25E−07 3.82E−08



— 2.94 2.52 3.03 3.13



1.08E−05 2.19E−07 8.95E−09 2.95E−10 9.84E−12



— 5.80 4.56 4.98 4.97



2.24E−05 9.10E−07 1.75E−08 5.52E−10 4.62E−11



— 4.76 5.63 5.05 3.62



1.04E−02 3.08E−03 8.42E−04 2.47E−04 9.53E−05



— 1.80 1.85 1.79 1.39



3.03E−05 1.88E−06 4.30E−07 3.39E−08 5.55E−10



— 4.13 2.11 3.71 6.01



1.06E−04 1.24E−05 1.31E−06 8.74E−08 5.54E−09



— 3.19 3.20 3.96 4.03



8.15E−06 2.58E−07 2.54E−09 5.26E−11 1.73E−11



— 5.13 6.59 5.66 —



2.00E−05 9.67E−07 9.92E−09 2.76E−10 1.11E−10



— 4.50 6.53 5.23 —



O1



Naive method with Pd 736 2828 11500 45248 177880



6.44E−03 2.16E−03 4.89E−04 1.49E−04 4.44E−05



ROD method with Pd 736 2828 11500 45248 177880



3.96E−03 1.44E−03 3.09E−04 1.02E−04 3.25E−05



ROD method with Pd /Pd+1 736 2828 11500 45248 177880 Numerical tests



5.44E−03 1.83E−03 4.09E−04 1.28E−04 3.91E−05



— 1.62 2.13 1.70 1.73
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Numerical benchmark | Rose-shaped domain Boundary parametrization:     x cos(θ ) ΓI : = RI (θ ; rI , αI ) , y sin(θ )   1 RI (θ ; rI , αI ) = rI 1 + sin(αI θ ) , 20 Analytic solution:



ΓE :



    x cos(θ ) = RE (θ ; rE , αE ) y sin(θ )



  1 RE (θ ; rE , αE ) = rE 1 + sin(αE θ ) 20



φ (r , θ ) = a (exp(R(r , θ )) + exp(−R(r , θ )) + b) + 1,



R(r , θ ) =



2r − (RE (θ ) + rI ) RE (θ ) − rI



Unstructured triangular Delaunay mesh (polygonal) ROD, AROD, and AROD-XY methods



x2



1.04



1.04



0.52



0.78



x2



0



0.26



-0.52



-1.04 -1.04



-0.52



0 x1



Numerical tests



0.52



0.52



1.04



0 -1.04



-0.78



-0.52



-0.26



0
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Numerical benchmark | Rose-shaped domain



Convection-diffusion: κ = 1, u(r , θ ) = (cos (θ ) , sin (θ )) Dirichlet-Dirichlet BC



DOF



d =1 E1



O1



E∞



O∞



d =3 E1



O1



E∞



O∞



d =5 E1



O1



E∞



O∞



— 1.89 1.97 2.05 1.99



1.31E−02 3.76E−03 1.15E−03 3.03E−04 8.68E−05



— 1.75 1.71 1.92 1.81



7.61E−05 5.03E−06 2.94E−07 2.05E−08 1.28E−09



— 3.79 4.12 3.84 4.01



4.95E−04 3.55E−05 3.46E−06 2.71E−07 1.88E−08



— 3.68 3.38 3.66 3.86



3.64E−05 9.28E−07 1.60E−08 2.85E−10 3.89E−12



— 5.12 5.89 5.80 6.21



3.00E−04 1.62E−05 4.04E−07 1.22E−08 1.75E−10



— 4.07 5.36 5.03 6.14



1.32E−02 3.77E−03 1.16E−03 3.03E−04 8.68E−05



— 1.75 1.71 1.93 1.81



7.51E−05 5.02E−06 2.94E−07 2.05E−08 1.28E−09



— 3.78 4.12 3.83 4.00



4.94E−04 3.51E−05 3.46E−06 2.71E−07 1.88E−08



— 3.69 3.36 3.66 3.86



3.57E−05 9.20E−07 1.60E−08 2.85E−10 3.93E−12



— 5.10 5.87 5.80 6.20



3.00E−04 1.61E−05 4.04E−07 1.22E−08 1.75E−10



— 4.09 5.34 5.04 6.14



ROD method with Pd 750 3144 12482 50102 199636



7.18E−03 1.85E−03 4.77E−04 1.15E−04 2.91E−05



AROD method with Pd 750 3144 12482 50102 199636



Numerical tests



7.19E−03 1.85E−03 4.77E−04 1.15E−04 2.91E−05



— 1.89 1.97 2.05 1.99
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Numerical benchmark | Annulus domain



DOF



d =1 E1



O1



E∞



O∞



d =3 E1



O1



E∞



O∞



d =5 E1



O1



E∞



O∞



— 1.76 1.72 1.97 1.82



6.97E−05 4.92E−06 2.81E−07 1.97E−08 1.27E−09



— 3.70 4.15 3.82 3.97



4.79E−04 3.29E−05 3.27E−06 2.57E−07 1.91E−08



— 3.74 3.35 3.66 3.76



3.48E−05 8.84E−07 1.67E−08 — —



— 5.13 5.76 — —



2.91E−04 1.52E−05 4.28E−07 — —



— 4.11 5.18 — —



— 1.76 1.72 1.97 1.82



6.97E−05 4.92E−06 2.81E−07 1.97E−08 1.27E−09



— 3.70 4.15 3.82 3.97



4.79E−04 3.29E−05 3.27E−06 2.57E−07 1.91E−08



— 3.74 3.35 3.66 3.76



3.48E−05 8.84E−07 1.67E−08 — —



— 5.13 5.76 — —



2.91E−04 1.52E−05 4.28E−07 — —



— 4.11 5.18 — —



AROD/AROD–DN method with Pd 750 3144 12482 50102 199636



6.58E−03 1.67E−03 4.31E−04 1.03E−04 2.63E−05



— 1.92 1.96 2.06 1.98



1.24E−02 3.49E−03 1.07E−03 2.71E−04 7.74E−05



AROD/AROD–DR method with Pd 750 3144 12482 50102 199636



6.58E−03 1.67E−03 4.31E−04 1.03E−04 2.63E−05



— 1.92 1.96 2.06 1.98



1.24E−02 3.50E−03 1.07E−03 2.71E−04 7.74E−05



GMRES iterations



Numerical tests



DOF



d =1 ROD AROD -DN -DR



d =3 ROD AROD -DN



-DR



d =5 ROD AROD -DN



-DR



750 3144 12482 50102 199636



80 80 120 240 520



80 120 200 440 960



120 200 440 920 2240



120 200 440 600 1200



240 400 1440 NC NC



40 80 120 240 520



80 120 200 400 800



80 120 200 400 800



80 120 200 440 960



120 200 440 920 2240



80 160 320 600 1160



280 400 1360 NC NC
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Numerical benchmark | Rose-shaped domain



Convection-diffusion: κ = 1, u(r , θ ) = (cos (θ ) , sin (θ )) Dirichlet-Neumann BC



DOF



d =1 E1



O1



E∞



O∞



d =3 E1



O1



E∞



O∞



d =5 E1



O1



E∞



O∞



8.50E−03 2.72E−03 8.20E−04 2.28E−04 8.29E−05



— 1.59 1.74 1.84 1.46



9.41E−05 5.29E−06 3.83E−07 3.98E−08 3.00E−09



— 4.02 3.81 3.26 3.74



5.36E−04 3.66E−05 3.44E−06 2.72E−07 1.88E−08



— 3.74 3.43 3.65 3.86



7.51E−05 1.73E−06 2.58E−08 5.07E−10 6.99E−12



— 5.27 6.10 5.66 6.20



5.35E−04 1.63E−05 4.04E−07 1.22E−08 1.75E−10



— 4.87 5.36 5.04 6.14



— 1.58 1.73 1.85 1.46



9.38E−05 5.29E−06 3.82E−07 3.98E−08 3.01E−09



— 4.01 3.81 3.25 3.73



5.34E−04 3.65E−05 3.45E−06 2.72E−07 1.88E−08



— 3.74 3.42 3.66 3.86



7.57E−05 1.72E−06 2.59E−08 5.06E−10 —



— 5.28 6.09 5.66 —



5.40E−04 1.62E−05 4.05E−07 1.22E−08 —



— 4.90 5.35 5.04 —



ROD method with Pd /Pd+1 750 3144 12482 50102 199636



3.33E−03 9.34E−04 2.31E−04 5.78E−05 1.52E−05



— 1.77 2.02 2.00 1.93



AROD method with Pd /Pd+1 750 3144 12482 50102 199636



Numerical tests



3.30E−03 9.30E−04 2.31E−04 5.77E−05 1.52E−05



— 1.77 2.02 2.00 1.93



8.40E−03 2.71E−03 8.20E−04 2.27E−04 8.28E−05
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Numerical benchmark | Rose-shaped domain



DOF



d =1 E1



O1



E∞



O∞



d =3 E1



O1



E∞



O∞



d =5 E1



O1



E∞



O∞



1.04E−04 5.83E−06 3.57E−07 2.45E−08 1.66E−09



— 4.02 4.05 3.86 3.89



5.83E−04 4.02E−05 3.44E−06 2.71E−07 1.88E−08



— 3.73 3.57 3.66 3.86



7.76E−05 1.74E−06 2.53E−08 5.20E−10 6.82E−12



— 5.30 6.13 5.59 6.27



5.37E−04 1.62E−05 4.05E−07 1.22E−08 1.75E−10



— 4.89 5.35 5.04 6.14



9.38E−05 5.29E−06 3.82E−07 3.98E−08 3.01E−09



— 4.01 3.81 3.25 3.73



5.34E−04 3.65E−05 3.45E−06 2.72E−07 1.88E−08



— 3.74 3.42 3.66 3.86



7.57E−05 1.72E−06 2.59E−08 5.06E−10 —



— 5.28 6.09 5.66 —



5.40E−04 1.62E−05 4.05E−07 1.22E−08 —



— 4.90 5.35 5.04 —



AROD/AROD–ND method with Pd /Pd+1 750 3144 12482 50102 199636



3.31E−03 9.34E−04 2.32E−04 5.80E−05 1.53E−05



— 1.77 2.02 1.99 1.93



8.40E−03 2.71E−03 8.20E−04 2.27E−04 8.29E−05



— 1.58 1.73 1.85 1.46



AROD/AROD–NR method with Pd /Pd+1 750 3144 12482 50102 199636



3.30E−03 9.30E−04 2.31E−04 5.77E−05 1.52E−05



— 1.77 2.02 2.00 1.93



8.40E−03 2.71E−03 8.20E−04 2.27E−04 8.28E−05



— 1.58 1.73 1.85 1.46



GMRES iterations



Numerical tests



DOF



d =1 ROD AROD -ND -NR



d =3 ROD AROD -ND



-NR



d =5 ROD AROD -ND



-NR



750 3144 12482 50102 199636



80 120 240 440 840



120 240 360 800 1880



80 200 360 840 1960



160 280 720 1480 5600



200 280 920 4640 NC



80 120 240 440 840



80 120 240 440 800



80 120 240 440 840



80 200 360 840 1960



120 200 400 800 1800



200 280 920 4520 NC



200 320 640 1240 3240
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Numerical benchmark | Rose-shaped domain



Convection-diffusion: κ = 1, u(r , θ ) = (cos (θ ) , sin (θ )) Dirichlet-Robin BC



DOF



d =1 E1



O1



E∞



O∞



d =3 E1



O1



E∞



O∞



d =5 E1



O1



E∞



O∞



8.55E−03 2.72E−03 8.21E−04 2.28E−04 8.15E−05



— 1.60 1.74 1.84 1.49



8.71E−05 5.00E−06 3.69E−07 3.68E−08 2.71E−09



— 3.99 3.78 3.32 3.77



4.95E−04 3.50E−05 3.44E−06 2.72E−07 1.88E−08



— 3.70 3.36 3.66 3.86



6.89E−05 1.60E−06 2.44E−08 4.67E−10 1.63E−11



— 5.25 6.07 5.70 4.85



4.86E−04 1.63E−05 4.04E−07 1.22E−08 1.75E−10



— 4.74 5.36 5.04 6.14



— 1.59 1.73 1.85 1.49



8.65E−05 5.00E−06 3.68E−07 3.67E−08 2.70E−09



— 3.98 3.78 3.32 3.77



4.93E−04 3.49E−05 3.45E−06 2.72E−07 1.88E−08



— 3.69 3.36 3.66 3.86



6.93E−05 1.59E−06 2.45E−08 4.65E−10 —



— 5.27 6.06 5.70 —



4.91E−04 1.62E−05 4.05E−07 1.22E−08 —



— 4.76 5.35 5.04 —



ROD method with Pd /Pd+1 750 3144 12482 50102 199636



3.50E−03 9.64E−04 2.38E−04 5.87E−05 1.54E−05



— 1.80 2.03 2.02 1.94



AROD method with Pd /Pd+1 750 3144 12482 50102 199636



Numerical tests



3.47E−03 9.60E−04 2.38E−04 5.86E−05 1.50E−05



— 1.79 2.02 2.02 1.97



8.45E−03 2.71E−03 8.21E−04 2.28E−04 8.13E−05
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Numerical benchmark | Rose-shaped domain



DOF



d =1 E1



O1



E∞



O∞



d =3 E1



O1



E∞



O∞



d =5 E1



O1



E∞



O∞



9.48E−05 5.37E−06 3.45E−07 2.38E−08 1.58E−09



— 4.01 3.98 3.85 3.93



5.37E−04 3.83E−05 3.44E−06 2.71E−07 1.88E−08



— 3.69 3.50 3.66 3.86



7.08E−05 1.61E−06 2.41E−08 4.77E−10 6.31E−12



— 5.28 6.10 5.64 6.26



4.88E−04 1.61E−05 4.05E−07 1.22E−08 1.75E−10



— 4.76 5.35 5.04 6.14



8.64E−05 5.00E−06 3.68E−07 3.67E−08 2.70E−09



— 3.98 3.78 3.32 3.77



4.92E−04 3.49E−05 3.45E−06 2.72E−07 1.88E−08



— 3.69 3.36 3.66 3.86



6.93E−05 1.59E−06 2.45E−08 4.66E−10 —



— 5.27 6.06 5.70 —



4.91E−04 1.62E−05 4.05E−07 1.22E−08 —



— 4.76 5.35 5.04 —



AROD/AROD–RD method with Pd /Pd+1 750 3144 12482 50102 199636



3.47E−03 9.61E−04 2.38E−04 5.87E−05 1.51E−05



— 1.79 2.02 2.02 1.97



8.45E−03 2.71E−03 8.21E−04 2.28E−04 8.15E−05



— 1.59 1.73 1.85 1.49



AROD/AROD–RN method with Pd /Pd+1 750 3144 12482 50102 199636



3.47E−03 9.60E−04 2.38E−04 5.86E−05 1.50E−05



— 1.79 2.02 2.02 1.97



8.45E−03 2.71E−03 8.21E−04 2.28E−04 8.13E−05



— 1.59 1.73 1.85 1.49



GMRES iterations



Numerical tests



DOF



d =1 ROD AROD -RD -RN



d =3 ROD AROD -RD



-RN



d =5 ROD AROD -RD



-RN



750 3144 12482 50102 199636



80 200 200 440 840



80 200 320 680 1600



80 160 360 800 2040



160 280 1080 1440 4640



200 280 880 4280 NC



80 120 200 400 960



80 120 240 440 960



80 120 200 400 960



80 160 360 800 2040



120 200 360 760 1880



200 280 840 4320 NC



160 280 600 1200 2840
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Conclusions and further work



It was developed a technology capable to achive the expected order of convergence when the domain is curved but the mesh is polygonal with Dirichlet (R. Costa, S. Clain, R. Loubère and GJM, Very high-order accurate finite volume scheme on curved boundaries for the two-dimensional steady-state convection-diffusion equation with Dirichlet condition, Appl. Math. Model. 54, pp. 752-767, 2018),



Neumann, and Robin boundary conditions



for the 2D steady state convection-diffusion •



ROD method (Reconstruction for Off-site Data) and variants AROD and AROD-XY



•



High-order convergence rates restored in arbitrary curved geometries



•



Standard polygonal mesh elements with no mapping needed



•



Dirichlet, Neumann and Robin boundary conditions



•



Delaunay and also structured meshes



Further numerical benchmark verification to compare the ROD and AROD and AROD-XY methods Discontinuous coefficients and solutions on curved interfaces Nonlinear, time-dependent, and 3D problems



Conclusions and further work
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