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Abstract



We present the spectral element method to simulate elastic-wave propagation in realistic geological structures involving complicated free-surface topography and material interfaces for two- and three-dimensional geometries. The spectral element method introduced here is a high-order variational method for the spatial approximation of elastic-wave equations. The mass matrix is diagonal by construction in this method, which drastically reduces the computational cost and allows an efficient parallel implementation. Absorbing boundary conditions are introduced in variational form to simulate unbounded physical domains. The time discretization is based on an energy-momentum conserving scheme that can be put into a classical explicit-implicit predictor/multi-corrector format. Long-term energy conservation and stability properties are illustrated as well as the efficiency of the absorbing conditions. The associated Courant condition behaves as At c < 0 (n~ lind N-2), with nel the number of elements, na the spatial dimension, and N the polynomial order. In practice, a spatial sampling of approximately 5 points per wavelength is found to be very accurate when working with a polynomial degree of N = 8. The accuracy of the method is shown by comparing the spectral element solution to analytical solutions of the classical two-dimensional (2D) problems of Lamb and Garvin. The flexibility of the method is then illustrated by studying more realistic 2D models involving realistic geometries and complex free-boundary conditions. Very accurate modeling of Rayleigh-wave propagation, surface diffraction, and Rayleigh-to-bodywave mode conversion associated with the free-surface curvature are obtained at low computational cost. The method is shown to provide an efficient tool to study the diffraction of elastic waves by three-dimensional (3D) surface topographies and the associated local effects on strong ground motion. Complex amplification patterns, both in space and time, are shown to occur even for a gentle hill topography. Extension to a heterogeneous hill structure is considered. The efficient implementation on parallel distributed memory architectures will allow to perform real-time visualization and interactive physical investigations of 3D amplification phenomena for seismic risk assessment. Introduction bility of a low-order method with the exponential convergence rate associated with spectral techniques and suffers from minimal numerical dispersion and diffusion. Two types of problems have motivated this study. One is elastic waveform modeling, in order to understand and extract quantitative information from complex seismic data. Realistic geological media that present complicated wave phenomena require methods providing solutions of high accuracy that correctly simulate boundary conditions, surface topography, and irregular interfaces with nonhomogeneous properties. The other problem is related to the assessment of site effects in earthquake ground motion. In particular, 3D surface topography, local velocity variations, and layering can produce complicated amplification patterns and energy



The use of elastic-wave equations to model the seismic response of heterogeneous geophysical media with topography and internal interfaces is a subject that has been intensively investigated by seismologists. The challenge is to develop high-performance methods that are capable of solving the elastic-wave equations accurately and that allow one to deal with large and complicated computational domains as encountered in realistic 3D applications. This article describes a practical spectral element method to solve the 2D and 3D elastic-wave propagation in complex geometry. The method, which stems from a weak variational formulation, allows a flexible treatment of boundaries, or interfaces, and deals with free-surface boundary conditions naturally. It combines the geometrical flexi368
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scattering. Such effects can modify the ground shaking to a large extent and are relevant for the seismic design of structures. The need of new high-performance methods for the elastic-wave propagation can be simply assessed when looking back to the continuous efforts that have been devoted to this subject. Finite-difference methods have been widely implemented with a varying degree of sophistication. Unfortunately, conventional schemes suffer from "grid dispersion," near large gradient of the wave field, or when too-coarse computational grids are used. For realistic applications (Frankel, 1993; Olsen and Archuleta, 1996; Pitarka and Irikura, 1996), balancing of the trade-off between numerical dispersion and computational cost turns out to be rather difficult. For classical second-order centered finite-difference methods, at least 15 points must be used for the wavelength corresponding to the upper half-power frequency (Kelly et al., 1976; Alford et al., 1974). Grid dispersion and anisotropy can be reduced when using the staggered-grid formulation (Madariaga, 1976; Virieux, 1986; Levander, 1988), which is based on the symmetric first-order hyperbolic form of linear elastodynamics (Hughes and Marsden, 1978). This can also be achieved by using fourth-order centered schemes both in space and time, based on modified wave-equation techniques (Dablain, 1986; Bayliss et al., 1986). Another difficulty with finite differences is their inability to implement free-surface conditions with the same accuracy as in the interior regions of the model and their lack of geometrical flexibility. Even though some techniques have incorporated surface topographies using methods based on grid deformation or vacuum-to-solid taper (Boore, 1972; Jih et al., 1988; Robertsson, 1996; Ohminato and Chouet, 1997) combined with the staggered grid formulation, they often remain limited to simple geometrical transformations and may affect the stability criterion in the case of grid-deformation techniques, or they require up to 15 grid points per shortest wavelength in the case of vacuum-to-solid techniques, which puts some limitations for narrow free-surface structures. All these ripples make finite-difference methods difficult to use for simulating Rayleigh and interface waves in practical situations. Although more suited to heterogeneous media with complicated geometries, finite-element methods, based on a variational formulation of the wave equations that allows a natural treatment of free-boundat-y conditions, have attracted somewhat less interest among seismologists (Lysmer and Drake, 1972; Toshinawa and Ohmachi, 1992). Apparently, the main reason for that is that low-order finite-element methods exhibit poor dispersion properties (Marfurt, 1984), while higher-order classical finite elements raise some troublesome problems like the occurrence of spurious waves. Recently, space-time finite-element methods based on Hamilton's principle, or on time-discontinuous Galerkin formulation, have been introduced for elastodynamics (Hulbert and Hughes, 1990; Richter, 1994).



369



Alternatively, numerical solutions to the wave equation have been sought via techniques based on integral representations of the problem relating quantities on the physical boundaries. Integral formulations make use of fundamental solutions as weighting functions together with Green's theorem (Manolis and Beskos, 1988; Bonnet, 1995). In seismology, these methods can be traced back to the pioneering work of Aki and Lamer (1970) who used a discrete superposition of plane waves. They have since been extended by many authors (Bouchon, 1979; S~inchez-Sesma and Rosenblueth, 1979; Dravinski and Mossessian, 1987; Horike et al., 1990; Ohori et al., 1992). While direct boundary element methods formulate the problem in terms of the unknown tractions and displacements (Zhang and Chopra, 1991), indirect methods make use of a formulation in terms of force and moment boundary densities (S~nchez-Sesma and Campillo, 1993). The combination of discrete wavenumber expansions for Green's functions (Bouchon and Aki, 1977; Bouchon, 1979), either with indirect boundary integral representations (Campillo and Bouchon, 1985; Gaffet and Bouchon, 1989) or with direct methods (Kawase and Aki, 1989; Kim and Papageorgiou, t993), has lead to successful methods with the advantage of seeking solutions over a domain one dimension lower than the original form of the problem, with sources at the boundary (removing the uncertainty about their location), and an a priori satisfaction of the radiation condition. On the other hand, methods of this kind are most often limited to linear and homogeneous problems and are known to encounter difficulties, such as possible nonuniqueness of the solution of the continuous boundary integral equations at characteristic wavenumbers of the corresponding interior problems, leading to ill-conditioned discrete equations if left uncorrected. Moreover, the resulting linear systems of equations in these methods are very large, nonsymmetric, and dense. The computational advantage in processing time and storage requirements that would be expected intuitively is therefore not always realized in the case of realistic problem sizes. Spectral methods, introduced in fluid dynamics around 20 years ago by S. A. Orszag, have also been proposed for elastodynamics (Gazdag, 1981; Kosloff and Baysal, 1982). To deal with general boundary conditions, a set of algebraic polynomials (Chebyschev or Legendre in space) replaced the original set of truncated Fourier series. The so-called global pseudo-spectral method (Kosloff et al., 1990) became one of the leading numerical techniques in the 1980s in view of its accuracy, in terms of the minimum number of grid points needed to represent the Nyquist wavelength for nondispersive propagation. In these methods, numerical solution is derived so as to satisfy the wave equation in differential form at some suitably chosen collocation points. The accuracy is shown to depend strongly on this choice. Unfortunately, global spectral methods suffer from severe limitations: nonuniform spacing of the collocation points for algebraic polynomials puts stringent constrains on the time step that cannot be easily removed (Kosloff and Tal-Ezer,
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1993); complicated geometries and heterogeneous material properties cannot be handled easily nor, when the method is based on a strong formulation of the differential equations, realistic free-surface boundary conditions. The use of curvilinear coordinate systems has been proposed to overcome such a limitation (Fomberg, 1988; Tessmer et al., 1992; Carcione and Wang, 1993; Komatitsch et al., 1996) but remains restricted to smooth global mappings of little use for realistic geological models. Another idea is to couple domain decomposition techniques to spectral discretization (Canuto and Funaro, 1988; Carcione, 1991); however, this requires a significant increase of the computational cost. Understanding of the similarity between collocation methods and variational formulations with consistent quadrature (Gottlieb, 1981; Maday and Quarteroni, 1982) leads in fluid dynamics to the spectral element method (Patera, 1984; Maday and Patera, 1989) that may be related to thep and h - p versions of the finite-element methods (Babugka et al., 1981; Babugka and Don', 1981). These methods, which bring new flexibility to treat complex geometries, have been proposed for wave propagation recently by Priolo et al. (1994) and Faccioli et al. (1996). This article describes a practical spectral element method to solve 2D and 3D elastic-wave propagation in complex geometry. The potentialities of the method are demonstrated on various 2D and 3D problems. In contrast with the method used by Priolo et al. (1994), our formulation is based on Legendre polynomials and Gauss-Lobatto Legendre quadrature, leading to fully explicit schemes while retaining the efficient sum-factorization techniques (Orszag, 1980). Although the particular choice of the sets of algebraic polynomials (Chebyshev or Legendre) and collocation points (related to the numerical quadrature) does not generally affect the error estimates significantly, it greatly affects the conditioning and sparsity of the resulting set of algebraic equations and is critical for the efficiency of a parallel iterative procedure (Fisher, 1990).



Formulation of the Problem Initial Boundary-Value Problem When solutions are assumed to extend to infinity along some directions, a fundamental obstacle to the direct application of numerical methods is the presence of an unbounded domain. The boundary-value problem is therefore converted to a formulation that is defined over a bounded region by introducing an artificial external boundary with appropriate boundary conditions. We consider an elastic inhomogeneous medium occupying an open, bounded region f~ C R he, where nd is the number of space dimensions (2 or 3 here). The boundary of f~ is denoted F and can be decomposed into F = F int t_J F ext, where F e×t is the artificial external boundary. The displacement and velocity vectors are denoted by u(x, t) and v(x, t), respectively, where x E ~ , with ~ the closed region



including physical and external boundaries, and t E I = [0,7], with I the time interval of interest. For elastic-wave propagation, the equations of motion can be written in compact notation form as p+ = div [o1 + f,



(1)



pu = pv,



(2)



with the initial conditions u(x, t) = Uo(X)



(3)



v(x, 0 = v0(x)



(4)



and



on part of the internal boundary 1-'~t, tr(x, t) • n(x) = T(x, t),



(5)



and on the other part F~nt, u(x, t) = g(x, t),



(6)



where p = p(x) is the mass density; fix, t) is a generalized body force; u0(x) and Vo(X) are, respectively, the initial displacement and velocity fields; 6(x, t) is the stress tensor; T(x, t) is the prescribed boundary traction (Neumann condition); and g(x, 0 is the prescribed displacement (Dirichlet condition). A dot over a symbol indicates partial differentiation with respect to time. In component forms, div [a] is o-i:J and 6 - n is aijn j. Two simple source terms are considered here: a point force, f(x, t) = f¢~i 6(x - Xo) 9(t - to),



(7)



and a body force derived from a seismic moment tensor density distribution, f(x, t) =



-div



[mo(x)] 9(t - to),



(8)



where m0(x ) is a symmetric tensor and ~(t) is a Ricker wavelet in time. The stress is determined by the generalized Hooke' s law: aU



(x) = c~jk~(x) u~,t (x, t),



(9)



where uk, l = OutfOx1 is the displacement gradient. The elastic coefficients Cgjk~= Qil, t(x) are positive definite and have all the required symmetries. By the minor symmetries cii~z ---Cjikl = Colk, ~ depends on the symmetric part of the displacement gradient only. The representation of the radiation condition associated with the external boundary is a difficult problem, and nu-
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merous approximate schemes have been proposed in the geophysical literature, see Bayliss and Turkel (1980) and Givoli (1991) for a review. Exact nonlocal boundary conditions employing an asymptotic expansion of the far-field solution to generate a sequence of local boundary operators (Givoli and Keller, 1990) have now been derived. They are, however, computationally expensive. We assumed here a simple local approximation based on the variational formulation of the paraxial condition originally introduced by Engquist and Majda (1977) and Clayton and Engquist (1977). The local transient impedance of the artificial boundary is approximated by use of a limited wavenumber expansion of the elastodynamics equation in the Fourier domain along the boundary surface. Such an approximation is accurate for high-frequency waves and for waves impinging on the boundary at small angles from the normal direction only. In the following, a first-order approximation, close to the one proposed by Stacey (1988), is retained. On the artificial boundary F ext, the condition is therefore expressed as t = Cp p[v" n]n + c,pvr,



(10)



where t is the traction vector on the boundary, n is the unit outward normal to the surface, vr = v - [v-n]n is the projection of the velocity field on the surface, and cp and c~ are the propagation velocities of P and S waves, respectively. Such a damping condition was originally proposed by Lysmet and Kuhlemeyer (1969). The Variational Form of the Governing Equations While some methods of approximation directly start from the previous formulation of the initial boundary-value problem (strong form)--the most notable example being the finite difference method--a less restrictive approach consists in considering a weak formulation, or variational formulation, of the original problem that admits a broader range of solutions in terms of regularity or smoothness. The most commonly used formulation is based on the principle of virtual work or virtual displacement (Hughes, 1987; Szab6 and Babugka, 1991). The solution is then searched in the space of the kinematically admissible displacements that is defined, according to the Dirichlet boundary conditions, as



u(x, 0 = g(x,t)



(t2)



the weak form of the governing equations can be obtained by multiplying equations (1) through (4) by time-independent test functions w. Integration by parts and the use of boundary conditions lead to the abstract formulation



(w, pi,) + a(w, u) = (w, f) + (w, T)ia¢, + (w, t)rex,, (13) (w, pti) = (w, pv),



(14)



[w, pu(., t)lt=o] = (w, puo),



(15)



[w, pv(., t)l,=o] = (w, pVo),



(16)



with



where a(., .) denotes the bilinear form that expresses the virtual work of the internal stresses, defined as



a(w,u) : f o ' V w



dV=



fnVw'e'Vu



dV,



(17)



where in component form ~ : Vw = aoOwi/Oxi with the implicit summation convention and c is the elastic tensor defined in equation (9). The bilinear forms (., .) can be interpreted as the virtual work of the inertial terms,



(w, pi,) = fn pi, • w



dV,



(18)



and of the external forces,



(w, f) = ~n f" w dV; (w, T)r~7, (W, t)roxt



=



fret T " W dF;



=



frext t " W dF.



(19)



Numerical Discretization



,St = {U(X, t) ~ H 1 (~'~)na : ~'~ × I-~Rne;



q2 = {w(x) E H I ([~),d : f~ ___>Rne; int w(x) = 0 onFg },



on Fignt × I},



(11)



where the subscript t of St refers to time and H 1 denotes the space of square-integrable functions that possess squareintegrable generalized first derivatives. Introducing the space q/of the test functions that, in the case of the virtual work formulation, is also called the space of the virtual displacements,



In this section, the Legendre spectral element discretization of the variational statement of the elastic-wave equations is outlined. Like in a standard finite-element method, the original domain is discretized into ne~ nonoverlapping quadrilateral elements: ~ -- Ue=lne~~e- The restriction of w to the element ~e is denoted Whls~e. Each element ~e is mapped onto a reference volume [ ] that is defined, in a local ~ system of coordinates, as a square or a cube A na with A = [ - 1, 1].
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The invertible element mapping CFeis defined as: C/Ze: [ ] ---) ~'r~e s u c h t h a t x ( ~ )



=



element method, to a coupled system of ordinary differential equations:



CFe(~).



With respect to the spatial discretization, we shall require that the variational statement be satisfied for the piecewise-polynomial approximation spaces S~ × Vh, where h denotes the characteristic length scale associated with the underlying mesh, defined as s)v =



{ u h ~ s : u h ~ C2(f~) "~



(20)



and uhl~e 0 c12e ~ [PN (/7)] rid}



and = {w h ~ v:



w h e L 2 ( ~ ) ~"



(21)



and whlae 0 % E [PN (H)lna}, where L2(~) denotes the space of square-integrable functions defined on ~ and [ p ~ ) ] , a denotes the tensor-product space of all polynomials of degree N, or less, in each of the na spatial directions within the reference volume [~. The spectral-element spatial discretization can be characterized by the discretization pair (nel, IV). Each element integral involved in the variational formulation, defined over the domain ~ in the x space, is pulled back, using the local mapping CFe,on the parent domain [ ] and numerically integrated using the numerical quadrature defined as the tensor product of the 1D Gauss-Lobatto Legendre formulas. In order to take advantage of efficient sum-factorization techniques, the (N + 1) na basis points for PN are taken to be the same as the quadrature points on each element ~e and define a collocation grid E~v = {{i, qj, ffk} that is the ha-tensor product of the N + 1 Gauss-Lobatto Legendre integration points. The piecewise-polynomial approximation w~ of w is defined using the Lagrange interpolation operator I u on the Ganss-Lobatto grid --N"~e"XN(Wlae) is the unique polynomial of PN(D) that coincides with wlh~ at the (N + 1)"a points of ~N" "a~ If I~(~) denotes the characteristic Lagrange polynomial of degree N associated with the Gauss-Lobatto point i of the 1D quadrature formula, the approximation of wla~ is defined as



whla, (X, y, z) = xN (win)



(22)



M%



=



1Text



--t



-- Ftint (ut, vt).



(23)



Let nnodebe the total number of nodes of the global integration grid EN defined as the assembly of the element domain ~'e. integration grids EN = tOe--N, then ut and v t denote the n~od~ displacement and velocity vectors, respectively, at a given time t; F int is the internal nodal force vector; and F ext is the external forcing vector that includes the source term and the radiation conditions. An attractive property of the method is that, due to the consistent integration scheme and the use of Gauss-Lobatto Legendre formulas, the mass matrix M is by construction always diagonal. The spectral-element method therefore combines the geometric flexibility of the finite-element method with the fast convergence associated with spectral techniques. Considering only spatial errors, an exponential convergence can be ensured (Bernardi and Maday, 1992) for the spectralelement approximation when n~t is fixed and N --+ oo. Such a superconvergence derives from the good stability and approximation properties of the polynomial spaces and from the accuracy associated with the Gauss-Lobatto Legendre quadrature and interpolation. The discrete solution suffers from minimal numerical dispersion and diffusion, a fact of primary importance in the solution of realistic geophysical problems, see Tordjman (1995) and Komatitsch (1997) for more details. The semi-discrete momentum equation is then enforced in conservative form at t~+ ~, using two parameters fl and 7 (Simo et aL, 1992):



1M At



[Vn+ 1 -- Vn ] = Fen~+ta -



(24)



F int ( n n + a , V n + a ) ,



u,+l = un + At[(l - ~)Vn + fl-Vn+l]y



a~+l - ?At



-



(25)



an,



(26)



N



= ~



If (¢) l~/(tl) l~ (() W~k,



i,j,k = O



with x = qce(~i, t/j, ~k) and W~k = WhNIf~,O C/~e(~i, r/j, ~). A polynomial of degree -'15-
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Figure 17. Transfer function for the response of the 3D homogeneous model to a vertically incident S wave of wavelength 2, = h: (a) response along the major axis for an incident polarization along the minor axis; (b) response along the minor axis for an incident polarization along the minor axis; (c) response along the major axis for an incident polarization along the major axis; and (d) response along the minor axis for an incident polarization along the major axis. The transfer function is computed as the ratio between the spectral amplitude of the component of the displacement vector along the direction of polarization and the spectral amplitude of the incident wave. A strong variation of the amplification pattern can be observed.
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nor axis is clearly modulated by the Rayleigh and surface P waves that travel downward. For a polarization along the major axis, a broad amplification occurs at the top of the hill for low frequencies, up to 10 Hz, while at higher frequencies (15 to 30 Hz), a small deamplification is now observed. Due to the directivity effect, modulation by the surface wave propagating down the minor axis can be observed, while the modulation along the major axis is now due to the diffracted P-wave propagation. The transfer function computed with the results of the simulation done for 2s = h can be convolved with the source function for 2 s = 3h in order to generate the seismograms along the minor and major axes. Comparison of the synthetic seismograms obtained by convolution to the simulated ones for 2~ = 3h allows one to check the accuracy, or at least the consistency, of the different simulations. The result is shown in Figure 18 for an incident polarization along the minor axis and at two receivers along the minor axis only: on top and at the base of the topography. The agreement is very good and attests the consistency of the method over a wide range of frequencies. The wiggle observed at 0.8 sec on the records is due to the fact that the actual simulated time was exactly 0.8 sec.



Case of an Asymmetrical Sedimentary Basin in the Presence of Topography. A two-layer elastic half-space having the same surface topography has also been considered. The



lower layer is characterized by a P - w a v e velocity of 3200 m- s e c - 1, an S-wave velocity of 1847.5 m - s e c - 1, and a density of 2200 kg- m - 3 as before. The upper layer now has a P-wave velocity of 2000 m . s e c - 1, an S-wave velocity of 1155 m . sec -1, and a density of 1500 k g . m -3. The freesurface topography and the dimensions of the model remain the same as in the homogeneous case. The geometry of the lower surface of the sedimentary basin is given by



z(x, y) = Zb h b exp ( -



(x - x0)21



- y0)2/



J exp (-



-Cr7 -J'



with zb = 825 m, h b = 200 m, x o = 900 m, Y0 = 1040 m, and~r x = 2 4 6 m , i f x = < x 0 ; c r x = 2 3 7 m , i f x > x 0 ; % = 320 m, if y _-< Y0; and Cry = 246 m, if y > Y0. The basin is not centered with respect to the free-surface topography, and the edges of this basin themselves are nonsymmetrical (see Fig. 1 lb). Due to the contrast in velocity and Poisson's ratio between the upper and lower layers of the model, this simulation clearly requires more computer resources than in the case of the homogeneous example. In particular, the simulated timescale has to be substantially increased in order to capture the response of the structure. The results presented here are just a preliminary attempt, and extended simulations
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(b) Figure 18. Comparison between the time response of the y component of the displacement vector, at two receivers, obtained from a direct simulation and from the convolution of the transfer function by the source function of the simulation. The receivers are (a) at the top of the hill and (b) at the base of the hill along the minor axis. The simulation was performed for a vertically incident S wave polarized along the minor axis with 2s = 3h. The transfer function is the one of Figure 17a computed from the results of the simulation with an incident wavelength of 2, = h. A very good agreement is observed up to t = 0.8 sec, which is exactly the time at which the numerical simulation ended.
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Figure 19. Time responses of the y (horizontal) and z (vertical) components of the displacement vector at the receivers placed on the free surface, along the major axis (x direction) and the minor axis (y direction) of the topography, for the 3D heterogeneous model of Figure 11 a0 with a vertically incident S wave of wavelength 2s = 2h polarized along the minor axis. The direct S wave is clearly identified on the y component of the displacement (arrow a), with a deflection due to the shape of the basin. The first multiple can be observed (arrow b) on the y component in both directions and produces a distortion of the diffracted Rayleigh (arrow d) and P waves that is particularly clear along the minor axis. For the vertical z component of the displacement, the amplitudes along the major axis have been saturated to a third of the maximal amplitude in order to extract the converted S to P wave at the bottom of the basin (arrow c). Along the minor axis, the Rayleigh wave has a vertical component that can be clearly seen (arrow d). are still required. They are, however, interesting enough to illustrate the application of the spectral-element method to realistic 3D structures. The simulation is performed for an incident plane S wave of wavelength 2~ = 2h, polarized along the minor axis. The seismograms recorded at the free surface along the mi-



nor and the major axes of the topography are shown in Figure 19. The main features, for this incident wavelength, are the result of the superposition of two weakly interacting effects: the shape of the surface topography and the shape of the sedimentary basin. The effects of the basin structure remain
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limited in this simulation. The study of more complex examples would have required larger models (mainly in terms of computer memory) that were beyond our computer resources. In Figures 19a and 19b, the distortion of the direct wave due to the structure of the basin can be seen as well as the first multiple, which is quite strong here due to the high reflection coefficient, of the order of 0.4, that has been assumed in this simulation. In particular, in Figure 19b, the distortion of the diffracted P and Rayleigh waves by the first S-wave multiple is quite clear. Due to the limited timescale of the simulation, only the first multiple has been simulated. In Figure 19c, the amplitudes have been saturated at about a third of the maximal amplitude in order to extract the converted S to P wave at the bottom of the basin that can be seen here as the first arrival. In Figure 19d, the vertical component of a clear Rayleigh wave diffracted by the topography can be observed and must be considered as the complement of the horizontal component observed in Figure 19b, in order to give the classical elliptical polarization. These limited responses already show some of the interesting phenomena produced by the complicated geological structure: smaller Rayleigh-wave velocity in the case of the sedimentary layer, presence of an S-wave multiple created by reflection at the bottom of the basin, and small S-to-P mode conversion generated on the edges of the basin. The arrival time and the waveform of the first multiple, created in the sedimentary layer, have been checked and shown to be consistent with the thickness and the velocities of this layer.



Conclusions A practical spectral-element method for calculating the propagation of seismic waves through 2D and 3D geological structures has been presented. The method is based on a high-order variational formulation of elastodynamics that allows the natural treatment of an irregular free surface. The procedure proposed in this article is based upon semi-discretization: For the spatial discretization, the spectral-element approximation is used, producing a system of ordinary differential equations in time, which in turn is discretized using a finite-difference method for ordinary differential equations. More specifically, an energy-momentum conserving algorithm in time, which can be put into a classical predictor-multi-corrector format, has been used. The spectralelement method is shown on various examples to combine the geometrical flexibility of a low-order finite-element method with the rapid convergence rate associated with spectral techniques, even when dealing with deformed geometries or heterogeneous elastic properties. Classical 2D problems, Lamb and Garvin, for which analytical solutions exist, have been studied to assess the accuracy of the method. The discrete solution is shown to present minimal numerical dispersion and diffusion. A high accuracy is obtained using only 5 points per minimal wave-



length. Moreover, long-term energy-conserving and stability properties of the method have been shown. The capabilities of the method to handle complex freesurface geometries and deformed internal interfaces have been illustrated by solving realistic 2D problems: One involves a step at the free surface, while the other includes a realistic geological topography based on a cross section along the Peruvian Andes. In both cases, Rayleigh waves and complex surface-to-body-wave conversions have been accurately modeled. The method provides a very flexible tool to understand and extract, at low computational cost, quantitative physical information from complicated wave phenomena such as diffraction, conversion, and generation of Rayleigh or interface waves that occur in geophysical applications. Finally, the spectral method is shown to be an efficient tool for studying the diffraction of elastic waves by 3D surface topographies and its effect on strong ground motion. Complex amplification patterns, in space and time, are shown to occur even for a gentle 3D hill. The results obtained in this study are in very good agreement with those obtained by Bouchon et al. (1996) using a boundary integral method. The method allows one to handle a heterogeneous internal structure below the topography, which leads to interesting geophysical applications for seismic risk assessment and microzonation studies. The method can be efficiently implemented on distributed memory parallel machines. The typical CPU time for an average 2D simulation, using a mesh of the order of 100,000 points, and simulating 2000 time steps, is 4 rain on 64 nodes of a CM5. The largest 3D simulation treated in this article involves a 26 × 26 × 14 elements mesh, with a polynomial approximation order of N = 8, leading to a 5,000,000-point curvilinear grid. Such a simulation, with 64 bits computation and 2000 time steps, requires 1.5 hr on 128 nodes of a CM5. This will allow real-time visualization and interactive physical analysis of amplification phenomena and seismic risk assessment using modern distributed memory parallel architectures. Acknowledgments The authors are very grateful to F. J. Sfinchez-Sesma for numerous discussions of the 3D results and for providing them with Garvin's solution. They would also like to thank Y. Maday and R. Madariaga for fruitful discussions all along this work. Stimulating discussions with G. Seriani and E. Priolo are also acknowledged. Many thanks to C. Caquineau and P. Stoclet for their help in the implementation of the code on the CM5. G. Moguilny provided an invaluable support for the 3D visualizations. The constructive remarks of the reviewers T. Ohminato and L.-J. Huang are also acknowledged. This work has been partly supported by the French Centre National de Calcul Parall~le en Sciences de la Terre (CNCPST).
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Appendix A The semi-discrete variational form of the momentum equation, corresponding to equation (13), can be given by
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The Spectral Element Method: An Efficient Tool to Simulate the Seismic Response of 2D and 3D Geological Structures All the mathematical integrations involved at the element level are approximated by numerical ones. With the help of the local geometrical mapping c/re, each integral is pulled back from the global coordinate system x to the local coordinate system {. On each parent domain, the integral is evaluated using the Gauss-Lobatto Legendre quadrature:
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belong to the definition of the spatial support of the moment density distribution. In contrast with classical finite-element methods, the mass matrix is diagonal by construction, leading to fully explicit time schemes. Heterogeneities can be handled naturally in two different ways: either by prescribing different material properties for each spectral element or by assigning different properties at each collocation point, allowing, therefore, for the description of highly variable velocity structures. Appendix B
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