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Optimization of Synthesis Oversampled Complex Filter Banks J´erˆome Gauthier, Student Member, IEEE, Laurent Duval, Member, IEEE and Jean-Christophe Pesquet, Senior Member, IEEE



Abstract An important issue with oversampled FIR analysis filter banks (FBs) is to determine inverse synthesis FBs, when they exist. Given any complex oversampled FIR analysis FB, we first provide an algorithm to determine whether there exists an inverse FIR synthesis system. We also provide a method to ensure the Hermitian symmetry property on the synthesis side, which is serviceable to processing real-valued signals. As an invertible analysis scheme corresponds to a redundant decomposition, there is no unique inverse FB. Given a particular solution, we parameterize the whole family of inverses through a null space projection. The resulting reduced parameter set simplifies design procedures, since the perfect reconstruction constrained optimization problem is recast as an unconstrained optimization problem. The design of optimized synthesis FBs based on time or frequency localization criteria is then investigated, using a simple yet efficient gradient algorithm. Index Terms Oversampled filter banks, inversion, filter design, optimization, time localization, frequency localization, lapped transforms, modulated filter banks.



I. I NTRODUCTION Since the 70s, filter banks (FBs) have become a central tool in signal/image processing and communications: lapped or discrete wavelet transforms can be viewed as instances of FB structures. Likewise, Copyright (c) 2008 IEEE. Personal use of this material is permitted. However, permission to use this material for any other purposes must be obtained from the IEEE by sending a request to [email protected]. L. Duval is with the Institut Franc¸ais du P´etrole, IFP, Technology, Computer Science and Applied Mathematics Division, 1 et 4, avenue de Bois-Pr´eau 92852 Rueil-Malmaison, France. E-mail: [email protected]. J. Gauthier and J.-C. Pesquet are with the Institut Gaspard Monge and CNRS-UMR 8049, Universit´e de Paris-Est, 77454 Marne-la-Vall´ee Cedex 2, France. E-mail: {jerome.gauthier,jean-christophe.pesquet}@univ-paris-est.fr. May 4, 2009
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oversampled FBs (OFBs) constitute an extensively studied instance with remaining open questions. Their development came along under a variety of different appellations, to name a few: general AnalysisSynthesis Systems [1], DFT (discrete Fourier transform) with stack-shift capability, Overlap-Add or Generalized DFT, underdecimated systems, oversampled harmonic modulated filter banks [2], [3], complex lapped transforms [4], generalized lapped pseudo-biorthogonal transform, etc. In a more generic form, OFBs have received a considerable attention both theoretically and in many applications, in the past ten years, following their association with specific types of frames [2], [5], [6]. Their design flexibility, improved frequency selectivity and increased robustness to noise and aliasing distortions have made them useful for subband adaptive filtering in audio processing [7], noise shaping [8], denoising [3], multiple description coding [9], echo cancellation [10], multiple antenna code design [11], channel equalization [12], [13], [14] or channel coding [15]. Two major problems arise when resorting to OFBs: (i) the existence of an inverse for the analysis OFB achieving perfect reconstruction (PR) and (ii) the determination of an “optimal” synthesis FB. Since the additional degrees of freedom gained through redundancy may increase the design complexity, several works have focused on FBs modulated with a single [16], [17] or multiple windows [18]. More general formulations are based on factorizations of OFB polyphase representations with additional constraints (restricted oversampling ratios, symmetry, realness or filter length) into a lattice [19], [20], [21], [22] or a lifting structure [23]. Constructions with near perfect reconstruction (relaxing the PR property) have also been proposed [24], [25], [10], [26]. In [27], [28], [29], more involved algebraic tools (such as Gr¨obner bases) have also been employed. Recently, Chai et al. have proposed a design based on FB state-space representations [30]. The design may use different kinds of optimization criteria based on filter regularity or more traditional cost functions based on filter shape (subband attenuation [21], [10], coding gain [31]). Most of those synthesis FB designs rely on minimum-norm solutions. An interesting approach combining the latters with a null space method was successfully pursued by Mansour [32] for synthesis window shape optimization in a modulated DFT FB. Within the compass of the proposed work is a relatively generic construction and optimization of oversampled synthesis filter banks with Finite Impulse Response (FIR) properties at both the analysis and synthesis sides. We can additionally impose a practically useful Hermitian symmetry on the synthesis side. This work extends the results given in two previous conference papers [33], [34]. A special case has been judiciously devised in [22], for specific filter length and redundancy factor allowing closed form expressions for two design criteria. In Section II we recall the polyphase notation used throughout this paper. Given arbitrary FIR complex oversampled analysis FB, we first describe in Section III-A May 4, 2009
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a simple algorithm to test whether it is FIR invertible or not, based on known results on polynomial matrices [35], [36]. The standard Moore-Penrose pseudo-inverse (PI) solution [37] is studied in Section III-B. In Section III-C, a method is supplied to enforce an Hermitian symmetric FB, which is useful for real data analysis, processing and synthesis. In Section IV, the problem of the optimal design of the synthesis FB is addressed. Although optimization can be studied both on the analysis and synthesis sides [38], [39], we consider here a given analysis FB and work on the synthesis side. We derive in Section IV-A an efficient parameter set size reduction for this purpose. Using time or frequency localization criteria, we then reformulate in Section IV-B the constrained optimization problem as an unconstrained one for both the general and Hermitian symmetric cases. After describing the optimization process, we illustrate, in Section V, the different methods proposed for the inversion and optimization on three classical oversampled real and complex FB types. II. P ROBLEM
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Lapped transforms [40] were introduced in [41] to avoid blocking artifacts in audio processing. Similarly for images, they reduce tiling effects produced by classical block transforms (as can be seen in the JPEG image compression format). Lapped transforms belong to the class of FBs, such as the one represented in Figure 1, with a decimation factor N smaller than the length of each filter. The filters, whose impulse responses are denoted by (hi )0≤i 1. The M outputs of the analysis FB are denoted by (yi (n))0≤i = H , H s 1 (−p1 ), −H1 (−p1 ), · · · , H1 (p2 ), −H1 (p2 ) ∈ R May 4, 2009
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b) Second case: M is odd : Similarly to the first case, Conditions (10) and (11) can be rewritten: (10) ⇔ ∀` ∈ {−p1 , ..., p2 } ,
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with M 0 = (M − 1)/2. Combining these conditions with the PR equation and following the same reasoning as in the previous section, we deduce that 1 δ` I N 2
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c) Conclusion : In both even and odd options, we solve a linear system of the same size as the one of Section III-B, but with real coefficients in this case. More precisely, with the introduced notations, we have: fs = Us = Hs H



i> 1h 0N,p1 N , IN , 0N,(p2 +k−1)N . 2



The system is then solved, in the same way as in Section III-B. For increasing values of p (starting with p = 1), for each couple (p1 , p2 ) ∈ N2 such that p = p1 + p2 + 1 we try to invert the generated system



through a Moore-Penrose pseudo-inversion. IV. O PTIMIZATION A. Dimension reduction 1) General case: Before addressing the issue of optimization in itself, let us rewrite the linear system expressing the PR property. The analysis FB is still supposed invertible. Let r be the rank of the matrix H ∈ C(k+p1 +p2 )N ×pM . We assumed that r < M p (with p = p1 + p2 + 1). Performing a Singular Value



Decomposition [47] (SVD) on this matrix yields H = U0 Σ0 V0∗ , where Σ0 ∈ Cr×r is an invertible



diagonal matrix, U0 ∈ CN (k+p−1)×r and V0 ∈ CM p×r are semi-unitary matrices (i.e. U0∗ U0 = Ir and V0∗ V0 = Ir ). Therefore, there exists U1 ∈ CN (k+p−1)×(N (k+p−1)−r) and V1 ∈ CM p×(M p−r) such that



[U0 , U1 ] and [V0 , V1 ] are unitary matrices. When an inverse polyphase transfer matrix exists, a particular e 0 = H] U , where H] = V0 Σ−1 U ∗ is the pseudo-inverse matrix of H. Equation (7) solution to (7) is H 0 0



∗ e−H e 0) = 0 is then equivalent to U0 Σ0 V0∗ (H N (k+p−1)×N . Since U0 U0 = Ir and Σ0 is invertible, we get:



e −H e 0 ) = 0r×N . In other words, the columns of H e −H e 0 belong to Ker(V ∗ ), the null space of V ∗ . V0∗ (H 0 0



Moreover, it can be easily seen that Ker(V0∗ ) is equal to Im(V1 ). We then obtain the following affine



form for H:
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where C ∈ C(M p−r)×N .



(15)



The construction of a synthesis FB thus amounts to the choice of C . If C = 0(M p−r)×N , then the obtained synthesis FB is the PI FB. This expression can be further rewritten into a more convenient form for optimization purposes. First, we define the matrices (V j )j∈{0,...,M −1} by: for all ` ∈ {−p1 , . . . , p2 } and 



n ∈ {0, . . . , M p−r−1}, (V j )`+p1 ,n = V1 (`+p1 )M +j, n , with V1 = [V1 (s, n)]0≤s 
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