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2D DUAL-TREE COMPLEX BIORTHOGONAL M -BAND WAVELET TRANSFORM Caroline Chaux1 , Jean-Christophe Pesquet1 and Laurent Duval2 1 Institut Gaspard Monge and UMR-CNRS 8049 Universit´e de Marne-la-Vall´ee, Champs-sur-Marne 77454 Marne-la-Vall´ee, France e-mail: {chaux,pesquet}@univ-mlv.fr



ABSTRACT Dual-tree wavelet transforms have recently gained popularity [1] since they provide low-redundancy directional analyses of images. In our recent work, dyadic real dual-tree decompositions have been extended to the M -band case, so adding much flexibility to this analysis tool. In this work, we propose to further extend this framework on two fronts by considering (i) biorthogonal and (ii) complex M -band dualtree decompositions. Denoising results are finally provided to demonstrate the validity of the proposed design rules. Index Terms— Wavelet transforms, Hilbert transforms, Image analysis, Image processing, Gaussian noise. 1. INTRODUCTION Natural images often require a transformed domain processing in order to improve their quality (denoising or restoration tasks) or to be efficiently compressed. Powerful tools allowing improved representations of images have been developed in the last ten years. They aim at capturing directional features and often introduce some redundant analysis. They can be classified into different categories: steerable filters, “lets” transforms including bandelets [2], curvelets [3], contourlets [4], ... Meanwhile, the dual-tree wavelet decomposition has been introduced by N. Kingsbury [5]. This transform is based on a combination of classical wavelet decompositions. It has been further investigated by I. Selesnick [6]. The standard real dual-tree decomposition is 2 times redundant and is nearly shift-invariant. In the 2-band case, in two dimensions, a complex version of this decomposition has been obtained (then, the redundancy becomes equal to 4) and, more recently, it has also been extended to biorthogonal representations [7]. The dual-tree transform is interesting for several reasons: good directional analysis, low redundancy, improved shift-invariance property, simplicity of implementation, reduced computational cost,... However, a limiting factor lies in its dyadic structure which introduces some inherent design constraints. For example, it is well-known that is impossible to obtain real, orthogonal, symmetric and compactly supported dyadic wavelets, except for the Haar one. In one of our recent works [8], we have extended the real dual-tree
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transform to the M -band case, which allowed us to gain more freedom in the choice of the filters while providing a more accurate frequency analysis. In this work, we propose to extend the real 2D dual-tree M -band wavelet transform to the biorthogonal complex case, for an arbitrary integer value of the decimation factor M . The paper is organized as follow: in Section 2 we show how to design Hilbert pairs of biorthogonal wavelets. Then, Section 3 is devoted to the complex decomposition. Finally, denoising applications are reported in Section 4. Throughout the paper, the following notations will be used: let M be an integer greater than or equal to 2, NM = {0, . . . , M − 1} and N?M = {1, . . . , M − 1}. Besides, b a denotes the Fourier transform of a function a, due denotes the upper integer part of a real u, (δm )m∈Z is the Kronecker sequence (equal to 1 if m = 0 and 0 otherwise). 2. BIORTHOGONAL HILBERT PAIRS OF WAVELETS We address in this section the problem of constructing a Hilbert pair of M -band biorthogonal wavelets in the one dimensional case. A biorthogonal wavelet basis corresponding to a multiresolution analysis of L2 (R) is associated to an analysis and a synthesis filter bank and the problem is then equivalent to the design of 2M filters. 2.1. Problem statement Let us start from an M -band biorthogonal wavelet decomposition of L2 (R). This decomposition is based on the joint use of two sets of basis functions: (ψm )0≤m 
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