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55.1 Introduction This chapter covers the basic mathematical and physical aspects of modeling the size and shape of the earth and its gravity field. Terrestrial and space geodetic measurement techniques are reviewed. Extra attention is paid to the relatively new technique of satellite surveying using the Global Positioning System (GPS). GPS surveying has not only revolutionized the art of navigation, but also brought about an efficient positioning technique for a variety of users, engineers not the least. It is safe to say that any
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geometry-based data collecting scheme profits in some sense from the full constellation of 24 GPS satellites. Except for the obvious applications in geodesy, surveying, and photogrammetry, the use of GPS is applied in civil engineering areas such as transportation (truck and emergency vehicle monitoring, intelligent vehicle and highway systems, etc.) and structures (monitoring of deformation of such structures as water dams). Even in areas such as forestry and agriculture (crop yield management), GPS provides the geometric backbone to the (geographic) information systems. Modern geodetic measurement techniques, using signals from satellites orbiting the earth, necessitate a new look at the science of geodesy. Classical measurement techniques divided the theoretical problem of mapping small or large parts of the earth into a horizontal issue and a vertical issue. Three-dimensional measurement techniques “solve” the geodetic problem at once. However, careful interpretation of these three-dimensional results is still warranted, probably even more so than before. This chapter will center around this three-dimensional approach. Less attention has been devoted to classical issues such as the computation of a geodesic on an ellipsoid of revolution. Although this issue still has some importance, the reader is referred to the textbooks listed at the end of this chapter. More than in classical texts, three-dimensional polar (spherical) coordinate representations are used, because the fundamental issues pertaining to various geodetic models are easier to illustrate by spherical coordinates than by ellipsoidal coordinates. Moreover, the increased influence of the satellite techniques in everyday surveying revives the use of three-dimensional polar coordinate representations, because the three-dimensional location of a point is equally accurately represented by Cartesian, spherical, or ellipsoidal coordinates. Throughout this chapter all coordinate frames are treated as right-handed orthogonal trihedrals. Because this also applies to curvilinear coordinates, the well-known geographic coordinates of latitude and longitude are presented in the following order: 1. Longitude (positive in east direction), l 2. Latitude, y or f 3. Height, h In short, {l, y, h} or {l, f, h}. Local Cartesian and curvilinear coordinates are treated in a similar fashion.



55.2 Coordinate Representations For a detailed discussion on coordinate frames and transformations, the reader is referred to Chapter 53.



Two-Dimensional In surveying and mapping, two-dimensional frames are widely used. The different representations are all dependent, because only two numbers suffice to define the location of a point in 2-space. Cartesian frames consist of two often perpendicular reference axes, denoted as x and y, or e (easting) and n (northing). Points in two-dimensional frames are equally well represented by polar coordinates r (distance from an origin) and a (polar angle, counted positive counterclockwise from a reference axis). We have x = r cos a y = r sin a



(55.1)



The polar coordinates {r, a} are expressed in terms of the Cartesian counterparts by r =



x2 + y2



a = arctan( y x ) © 2003 by CRC Press LLC
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FIGURE 55.1 (Geographic) spherical coordinates: longitude l, latitude y, and height h.



Three-Dimensional Three-Dimensional Cartesian Coordinates There are various ways to represent points in a three-dimensional space. One of the most well known is the representation by the so-called Cartesian coordinates x, y, z; we represent the position of a point A through three distances x, y, z (coordinates) to three perpendicular planes, the yz-, xz-, xy-planes, respectively. The intersecting lines between the three planes are the perpendicular coordinate axes. The position of point A is thought to be represented by the vector x with elements {x, y, z}: Ê xˆ Á ˜ x = Á y˜ ÁÁ ˜˜ Ëz¯



(55.3)



Three-Dimensional Polar Coordinates: Spherical We may want to represent the position of these points with respect to a sphere with radius R. We make use of so-called spherical coordinates. The earth’s radius is about R = 6371.0 km. The sphere is intersected by two perpendicular planes, both of which pass through the center O of the sphere: a reference equatorial plane (perpendicular to the rotation axis) and a reference meridian plane (through the rotation axis). The angle between the vector and the reference equatorial plane is called latitude, y. The angle between the reference meridian plane (through Greenwich) and the local meridian plane (through A) is called longitude, l (positive east). The distance to the surface of the sphere we call height, h. Consequently, the position of a point A is represented by {l, y, h} or {l, y, r} or {l, y, R + h}; see Fig. 55.1. Three-Dimensional Polar Coordinates: Ellipsoidal The earth is flattened at the poles, and the average ocean surface has about the shape of an ellipsoid. For this reason, ellipsoidal coordinates are more often used in geodesy than spherical coordinates. We express the coordinates with respect to an ellipsoid of revolution with an equatorial semimajor axis a and a polar semiminor axis b. The semimajor axis thus represents the equatorial radius, and b is the distance between the ellipsoidal origin and the poles. The equation of such an ellipsoid of revolution is x2 y2 z2 + + =1 a2 a2 b2 © 2003 by CRC Press LLC



(55.4)
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FIGURE 55.2 (Geodetic) ellipsoidal coordinates: longitude l, latitude f, and height h.



For the earth we have a semimajor axis a = 6378.137 km and a semiminor axis b = 6356.752 km. This means that the poles are about 21.4 km closer to the center of the earth than the equator. The flattening of the earth is expressed by f and the (first) eccentricity by e: a-b (ª 1 298.257) a



(55.5)



a2 - b2 (ª 0.00669438) a2



(55.6)



f = e2 = See also Fig. 55.2.



Coordinate Transformations We have to distinguish between two classes of transformations: • Transformations between dissimilar coordinate representations. An example would be the transformation between Cartesian coordinates and curvilinear coordinates, such as the ellipsoidal (geodetic) coordinates. • Transformations between similar coordinate frames. An example is the relation between geocentric Cartesian coordinates and topocentric Cartesian coordinates. The latter group is to be discussed subsequently in this section, after we consider transformations between dissimilar coordinate representations. Transformations of Different Kind If the xy-plane coincides with the equator plane and the xz-plane with the reference meridian plane, then we have the following: From spherical to Cartesian: Ê xˆ Ê cos y cos lˆ Á ˜ Á ˜ Á y ˜ = ( R + h) Á cos y sin l ˜ ÁÁ ˜˜ ÁÁ ˜˜ Ëz¯ Ë sin y ¯ © 2003 by CRC Press LLC



(55.7)



55-5



Geodesy



From Cartesian to spherical: Ê l ˆ = Ê arctan ( y x ) Á ˜ ÁÁ Á ˜ Á 2 2 Á y ˜ = Á arctan z x + y Á ˜ Á Á ˜ Á Á h ˜ = Á x2 + y2 + z2 - R Ë ¯ Ë



(



ˆ ˜ ˜ ˜ ˜ ˜ ˜˜ ¯



)



(55.8)



From ellipsoidal to Cartesian: Ê [N + h] cos f cos lˆ Ê xˆ ˜ Á Á ˜ + h] cos f sin l ˜ Á y ˜ = Á [N ˜ Á ÁÁ ˜˜ ˜ Á N 1 - e 2 + h sin f Ë z¯ ¯ Ë



[(



) ]



(55.9)



with N=



a W



(55.10)



and W = 1 - e 2 sin 2 f



(55.11)



In these equations the variable N has a distinct geometric significance: it is the radius of curvature in the prime vertical plane. This plane goes through the local normal and is perpendicular to the meridian plane. In other words, N describes the curvature of the curve obtained through the intersection of the prime vertical plane and the ellipsoid. The curve formed through the intersection of the meridian plane and the ellipsoid is given by M; see Fig. 55.3. The varying radius of curvature M of the elliptic meridian is given by



M=



(



a 1 - e2 W3



)



(55.12)
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FIGURE 55.3 Meridian plane through point A. © 2003 by CRC Press LLC
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From Cartesian to ellipsoidal: l = arctan( y x )



(55.13)



The geodetic latitude f can be obtained by the following iteration scheme, starting with an approximate value for the geodetic latitude f0:



[



f0 = arctan z N0 = a



x2 + y2



]



1 - e 2 sin 2 f0



[(



f = arctan z + N 0e 2 sin f0



(55.14)



)



x2 + y2



]



If |f – f0 | > e, then set f0 equal to f and go back to the computation of N. After the iteration, h can be computed directly:



(



)



2



h = [x 2 + y 2 + z + Ne 2 sin f ] - N



(55.15)



Through more cumbersome expressions an analytical solution for the geodetic latitude f as a function of the Cartesian coordinates {x, y, z} is possible. Transformations of Same Kind Orthogonal Transformations: Translation and Rotation When groups of points are known in their relative position with respect to each other, the use of Cartesian coordinates (3n in total) becomes superfluous. As a matter of fact there are 6° of freedom, since the position of the origin with respect to the group is arbitrary, as is the orientation of the frame axes. Two groups of identical points or, for that matter, one and the same group of points expressed in two arbitrary but different coordinate frames may be represented by the following orthogonal transformation: x ¢ = Rx + t ¢



(55.16)



x ¢ = R( x - t )



(55.17)



or



The vector t represents a translation. In Eq. (55.16) t¢ represents the vector of the old origin in the new frame (x¢ - t¢ = Rx); in Eq. (55.17) t represents the coordinates of the origin of the new frame in the old coordinate frame. The relation between the two translation vectors is represented by t ¢ = -Rt



(55.18)



The rotation matrix describes the rotations around the frame axes. In Eq. (55.16) R describes a rotation around axes through the origin of the x frame; in Eq. (55.17) R describes a rotation around axes through the origin of the x¢ frame. We define the sense of rotations as follows: the argument angle of the rotation matrix is taken positive if one views the rotation as counterclockwise from the positive end of the rotation axis looking back to the origin. For an application relating coordinates in a local frame to coordinates in a global frame, see Section 55.3. In the above equations we assume three consecutive rotations, first around the z axis with an argument angle g, then around the y axis around an argument angle b, and finally around the x axis with the argument angle a. So we have R = R1 (a ) R 2 (b)R 3 ( g ) © 2003 by CRC Press LLC



(55.19)
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Ê cos b Á R = Á - cos a sin g + sin a sin b cos g ÁÁ Ë sin a sin g + cos a cos b cos g



cos b sin g cos a cos g + sin a sin b sin g - sin a cos g + cos a sin b sin g



- sin b



ˆ ˜ sin a cos b ˜ ˜ cos a cos b˜¯



(55.20)



One outcome of these orthogonal transformations is an inventory of variables that are invariant under these transformations. Without any proof, these include lengths, angles, sizes and shapes of figures, and volumes — important quantities for the civil or survey engineer. Similarity Transformations: Translation, Rotation, Scale In the previous section we saw that the relative location of n points can be described by fewer than 3n coordinates: 3n – 6 quantities (for instance, an appropriate choice of distances and angles) are necessary but also sufficient. Exceptions have to be made for so-called critical configurations such as four points in a plane. The 6 is nothing else than the 6° of freedom supplied by the orthogonal transformation: three translations and three rotations. A simple but different reasoning leads to the same result. Imagine a tetrahedron in a three-dimensional frame. The four corner points are connected by six distances. These are exactly the six necessary but sufficient quantities to describe the form and shape of the tetrahedron. These six sides determine this figure completely in size and shape. A fifth point will be positioned by another three distances to any three of the four previously mentioned points. Consequently, a field of n points (in three-dimensional) will be necessarily but sufficiently described by 3n – 6 quantities. We need these types of reasoning in three-dimensional geometric satellite geodesy. If we just consider the shape of a figure spanned by n points (we are not concerned any more about the size of the figure), then we need even one quantity fewer than 3n – 6 (i.e., 3n – 7); we are now ignoring the scale, in addition to the position and orientation of the figure. This constitutes just the addition of a seventh parameter to the six-parameter orthogonal transformation: the scale parameter s. So we have x ¢ = sRx + t ¢



(55.21)



x ¢ = sR( x - t)



(55.22)



or



Here also the vector t represents a translation. In Eq. (55.21) t ¢ represents the vector of the old origin in the new scaled and rotated frame (x¢ – t ¢ = sRx); in Eq. (55.22) t represents the coordinates of the origin of the new frame in the old coordinate frame. The relation between the two translation vectors is represented by t ¢ = - sRt



(55.23)



One outcome of these similarity transformations is an inventory of invariant variables under these transformations. Without any proof, these include length ratios, angles, shapes of figures, and volume ratios, which are important quantities for the civil or survey engineer. The reader is referred to Leick and van Gelder [1975] for other important properties.



Curvilinear Coordinates and Transformations One usually prefers to express coordinate differences in terms of the curvilinear coordinates on the sphere or ellipsoid or even locally, rather than in terms of the Cartesian coordinates. This approach also facilitates the study of effects due to changes in the adopted values for the reference ellipsoid (so-called datum transformations). © 2003 by CRC Press LLC
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Curvilinear Coordinate Changes in Terms of Cartesian Coordinate Changes Differentiating the transformation formulas in which the Cartesian coordinates are expressed in terms of the ellipsoidal coordinates (see Eq. (55.9)), we obtain a differential formula relating the Cartesian total differentials {dx, dy, dz} as a function of the ellipsoidal total differentials {dl, df, dh}: Ê dlˆ Ê dx ˆ Á ˜ Á ˜ Á dy ˜ = J Á df ˜ ÁÁ ˜˜ ÁÁ ˜˜ Ë dh ¯ Ë dz ¯



(55.24)



The projecting matrix J is nothing else than the Jacobian of partial derivatives: J=



∂( x , y , z ) ∂(l, f, h)



(55.25)



Carrying out the differentiation, one finds È-(N + h) cos f sin l Í Í J = Í (N + h) cos f cos l Í 0 ÍÎ



-( M + h) sin f cos l -( M + h) sin f sin l



(M + h) cos f



cos f cos l ˘ ˙ cos f sin l ˙ ˙ ˙ sin f ˙ ˚



(55.26)



On inspection, this Jacobian J is simply a product of a rotation matrix R(l, f) and a metric matrix H(f, h) [Soler, 1976]: J = RH



(55.27)



or, in full, È- sin l Í R = Í cos l Í ÍÎ 0



- sin f cos l



cos f cos l ˘ ˙ cos f sin l ˙ ˙ sin f ˙˚



- sin f sin l cos f



È(N + h) cosf Í H=Í 0 Í Í 0 ÍÎ



0



( M + h) 0



0˘ ˙ 0˙ ˙ ˙ 1˙˚



(55.28)



(55.29)



It turns out that the rotation matrix R(l, f) relates the local {e, n, u} frame to the geocentric {x, y, z} frame; see further the discussion of earth-fixed coordinates in Section 55.3. The metric matrix H(f, h) relates the curvilinear coordinates’ longitude, latitude, and height in radians and meters to the curvilinear coordinates, all expressed in meters. The formulas just given are the simple expressions relating a small arc distance ds to the corresponding small angle da through the radius of curvature. The radius of curvature for the longitude component is equal to the radius of the local parallel circle, which in turn Ê dl m ˆ Ê dl rad ˆ Á Á ˜ ˜ Á dfm ˜ = H(f, h) Á dfrad ˜ Á Á ˜ ˜ Á dh ˜ Á dh ˜ Ë m¯ Ë m ¯ © 2003 by CRC Press LLC



(55.30)
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equals the radius of curvature in the prime vertical plane times the cosine of the latitude. The power of this evaluation is more apparent if one realizes that the inverse Jacobian, expressing the ellipsoidal total differentials {dl, df, dh} as a function of the Cartesian total differentials {dx, dy, dz}, is easily obtained, whereas an analytic solution expressing the geodetic ellipsoidal coordinates in terms of the Cartesian coordinates is extremely difficult to obtain. So, we have Ê dx ˆ Ê dlˆ Á ˜ Á ˜ -1 Á df ˜ = J Á dy ˜ ÁÁ ˜˜ ÁÁ ˜˜ Ë dz ¯ Ë dh ¯



(55.31)



With the relationship in Eq. (55.27) J –1 becomes simply J -1 = (RH) = H -1R T -1



(55.32)



or, in full, È sin l Í + N h) cos f ( Í sin f cos l Í J -1 = Í M +h Í Í cos f cos l Í Î



cos l (N + h) cos f - sin f sin l M +h cos f sin l



˘ ˙ ˙ cos f ˙ M +h˙ ˙ sin f ˙ ˙ ˚ 0



(55.33)



This equation gives a simple analytic expression for the inverse Jacobian, whereas the analytic expression for the original function is virtually impossible. Curvilinear Coordinate Changes Due to a Similarity Transformation Differentiating Eq. (55.21) with respect to the similarity transformation parameters a, b, g, t ¢x , t y¢ , t ¢z , and s, one obtains Ê da ˆ Á ˜ Á db ˜ Á ˜ Á dg ˜ Ê dx ˆ Á ˜ Á ˜ Á dy ˜ = J 7 Á dt x¢ ˜ Á ˜ ÁÁ ˜˜ Á dt ¢ ˜ Ë dz ¯ 7 Á y˜ Á ˜ Á dt z¢ ˜ Á ˜ Ë ds ¯



(55.34)



with J7 =



(



∂( x , y , z )



∂ a, b, g , t x¢ , t ¢y , t z¢ , s



)



(55.35)



The Jacobian J7 is a matrix that consists of seven column vectors



[



J 7 = j1 j 2 j3 j 4 j5 j6 j7 © 2003 by CRC Press LLC



]



(55.36)
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with j1 = sL1R1 (a )R 2 (b)R 3 ( g )x = sL1Rx



(55.37)



= L1x ¢ j 2 = sR1 (a ) L 2R 2 (b)R 3 ( g )x j3 = sR1 (a )R 2 (b)R 3 ( g )L 3 x = sRL 3 x



[j



]



j j =I



4 5 6



(3 ¥ 3) identity matrix



(55.38)



(55.39)



(55.40)



j7 = R1 (a )R 2 (b)R 3 ( g )x = Rx



(55.41)



= ( x ¢ - t ¢) s since ∂R1 ∂a = L1R1 (a ) = R1 (a )L1



(55.42)



∂R 2 ∂b = L 2R 2 (b) = R 2 (b)L 2



(55.43)



∂R 3 ∂g = L 3R 3 ( g ) = R 3 ( g )L 3



(55.44)



and Ê0 Á L1 = Á 0 ÁÁ Ë0 Ê0 Á L2 = Á0 ÁÁ Ë1 Ê0 Á L 3 = Á-1 ÁÁ Ë0



0 0 -1 0 0 0 1 0 0



0ˆ ˜ 1˜ ˜ 0˜¯



(55.45)



-1ˆ ˜ 0˜ ˜ 0 ˜¯



(55.46)



0ˆ ˜ 0˜ ˜ 0˜¯



(55.47)



The advantage of these L matrices is that in many instances the derivative matrix (product) can be written as the original matrix pre- or postmultiplied by the corresponding L matrix [Lucas, 1963].
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Curvilinear Coordinate Changes Due to a Datum Transformation Differentiating Eq. (55.9) with respect to the semimajor axis a and the flattening f, one obtains Ê dx ˆ Ê daˆ Á ˜ Á dy ˜ = J a , f Á ˜ Ë df ¯ ÁÁ ˜˜ Ë dz ¯ a , f



(55.48)



with (see Soler and van Gelder [1987]) Ja, f =



∂( x , y , z ) ∂(a, f )



(55.49)



˘ a(1 - f ) sin 2 f cos f cos l W 3 ˙ ˙ a(1 - f ) sin 2 f cos f sin l W 3 ˙ ˙ ˙ 2 M sin f - 2N (1 - f ) sin f ˙ ˚



(55.50)



and



Ja, f



È Ícos f cos l W Í = Ícos f sin l W Í Í 2 ÍÎ 1 - e sin f W



(



)



(



)



Also see Soler and van Gelder [1987] for the second-order derivatives. Curvilinear Coordinate Changes Due to a Similarity and a Datum Transformation The curvilinear effects of a redefinition of the coordinate frame due to a similarity transformation and a datum transformation are computed by adding Eqs. (55.34) and (55.48) and substituting them into Ê dx ˆ Ê dlˆ Á ˜ Á ˜ -1 Á df ˜ = J Á dy ˜ ÁÁ ˜˜ ÁÁ ˜˜ Ë dz ¯ Ë dh ¯



(55.51)



Ê dx ˆ Ê dx ˆ Ê dx ˆ Á ˜ Á ˜ Á ˜ Á dy ˜ = Á dy ˜ + Á dy ˜ ÁÁ ˜˜ ÁÁ ˜˜ ÁÁ ˜˜ Ë dz ¯ Ë dz ¯ 7 Ë dz ¯ a , f



(55.52)



with



55.3 Coordinate Frames Used in Geodesy and Some Additional Relationships Earth-Fixed Earth-Fixed Geocentric From the moment satellites were used to study geodetic aspects of the earth, one had to deal with modeling the motion of the satellite (a point mass) around the earth’s center of mass (CoM). The formulation of the equations of motion is easiest when referred to the CoM. This point became almost naturally the origin of the coordinate frame in which the earthbound observers were situated. For the orientation of © 2003 by CRC Press LLC
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FIGURE 55.4 A geocentric and a local Cartesian coordinate frame.



the x and z axes, see the discussion of spherical three-dimensional polar coordinates in Section 55.2 and the discussion of polar motion in this section. Earth-Fixed Topocentric Cartesian An often used local frame is the earth-fixed topocentric coordinate frame. The origin resides at the position of the observer’s instrument. Although in principle arbitrary, one often chooses the x axis pointing east, the y axis pointing north, and the z axis pointing up. This e, n, u frame is again a righthanded frame. With respect to the direction of the local z or u axis, various choices are possible: the u axis coincides with the negative direction of the local gravity vector (the first axis of a leveled theodolite) or along the normal perpendicular to the surface of the ellipsoid. An Important Relationship Using an Orthogonal Transformation The transformation formulas between a geocentric coordinate frame and a local coordinate frame are (see Fig. 55.4): ˆ Ê Ê e ˆ Á N a + ha cos fa cos l a ˜ Ê xˆ Á ˜ ˜ pˆ Ê pˆÁ ˜ Á Ê Á y ˜ = R 3 Á - l a - ˜ R1 Á+ fa - ˜ Á n˜ + Á N a + ha cos fa sin l a ˜ Ë ¯ Ë ¯ 2 2 Á ˜ Á ÁÁ ˜˜ ˜ Á u˜ Ë ¯ Á N 1 - e 2 + h sin f ˜ Ëz¯ a a a ¯ Ë



[ [



] ]



(55.53)



[ ( ) ]



One should realize that this transformation formula is of the orthogonal type shown in Eq. (55.16): x ¢ = Rx + t ¢



(55.54)



whereby x¢ = the geocentric Cartesian vector R = R3(–la – p/2)R1(fa – p/2) t¢a = the location of a in the (new) geocentric frame and is equal to: ˆ Ê N + h cos fa cos l a ˜ Á a a ˜ Á t ¢a = Á N a + ha cos fa sin l a ˜ ˜ Á Á N 1 - e 2 + h sin f ˜ a a¯ Ë a



[ [



] ]



[ ( ) ]



© 2003 by CRC Press LLC



(55.55)
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The rotation matrix R = R3(–la – p/2)R1(fa – p/2) is given in Section 55.2 as Eq. (55.28). Given the geocentric coordinates {x, y, z} of an arbitrary point (e.g., a satellite), if one wants to compute the local coordinates {e, n, u} of that point, the local frame being centered at a, then one obtains for the inverse relationship



[ [



] ]



È Ê N + h cos f cos l ˆ ˘ Êe ˆ a a ˙ ÍÊ x ˆ Á a a ˜ Á ˜ pˆ Ê p ˆ ÍÁ ˜ Á Ê ˜˙ R R = + + + cos sin f l f l n y N h + ˜ 3Á a ˜ ÍÁ ˜ Á a a Á ˜ 1Á a a a ˜˙ Ë ¯ Ë ¯ 2 2 ÁÁ ˜˜ ÍÁÁ ˜˜ Á ˜˙ ÍË z ¯ Á N (1 - e 2 ) + h sin f ˜ ˙ Ë u¯ a a¯ Ë a Î ˚



[



(55.56)



]



The rotation matrix R1 = (–fa + p/2)R3(+la + p/2) is the transpose of the matrix given in Section 55.2 as Eq. (55.28). Earth-Fixed Topocentric Spherical Satellites orbit the earth at finite distances. For such purposes as visibility calculations, one relates the local e, n, u coordinates to local spherical coordinates El (elevation or altitude angle), Az (azimuth, clockwise positive from the north), and Sr (slant range to the object): Ê cos El sin Az ˆ Êe ˆ ˜ Á Á ˜ Á n˜ = Sr Á cos El cos Az˜ ˜˜ ÁÁ ÁÁ ˜˜ ¯ Ë sin El Ë u¯



(55.57)



The inverse relationships are



[



Ê arctan u e 2 + n 2 Ê El ˆ Á Á Á ˜ arctan(e n) Á Az˜ = Á Á ÁÁ ˜˜ Á Ë Sr ¯ Á e 2 + n2 + u 2 Ë



]ˆ˜ ˜ ˜ ˜ ˜ ˜ ¯



(55.58)



Note again that El, Az, and Sr form themselves a right-handed (curvilinear) frame. Some Important Relationships Using Similarity and Datum Transformations Increasing measurement accuracies and improved insights in the physics of the earth often cause reference frames to be reviewed. For instance, if coordinates of a station are given in an old frame, then with current knowledge of similarity transformation parameters relating the old x frame to the new x¢ frame, the new coordinates can be computed according to x ¢ = sRx + t ¢



(55.59)



In many instances the translation and rotation transformation parameters are small, and the scale parameter s deviates little from 1, so we introduce the following new symbols: s = 1 + ds a=dŒ b = dy © 2003 by CRC Press LLC



(55.60)
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g = dw t x¢ = Dx t ¢y = Dy t z¢ = Dz Neglecting second-order effects, the rotation matrix R can be written as the sum of an identity matrix I and a skew-symmetric matrix dR: R = R1 (d Œ)R 2 (dy )R 3 (dw ) = I + dR



(55.61) (55.62)



with -dy ˆ ˜ de ˜ ˜ 0 ˜¯



(55.63)



x ¢ = (1 + ds) (I + dR ) x + Dx



(55.64)



x ¢ = x + dx



(55.65)



dx = dsx + dRx + Dx



(55.66)



Ê 0 Á dR = Á -dw ÁÁ Ë dy



dw 0 -d Œ



Equation (55.59) becomes



or, neglecting second-order effects,



with



See Section 55.8 for a variety of parameter sets relating the various reference frames and datum values.



Inertial and Quasi-Inertial Inertial Geocentric Coordinate Frame For the derivation of the equations of motion of point masses in space we need so-called inertial frames. These are frames where Newton’s laws apply. These frames are nonrotating, where point masses either have uniform velocity or are at rest. Popularly speaking, in these frames the stars or, better, extragalactic points or quasars, are “fixed” (i.e., not moving in a rotational sense). Since the stars are at such large distances from the earth, it is often sufficient in geodetic astronomy to consider the inertial directions. Instead of the inertial coordinates of the stars we consider the vector d, consisting of the three direction cosines. One has to realize that these direction cosines are dependent on only two angles. Consequently, only two direction cosines contain independent information because the three direction cosines squared sum up to 1. The two angles are (see Fig. 55.5)
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a



right ascention



d



declination
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FIGURE 55.5 Direction to a satellite or star: right ascension, a, and declination, d.



Ê Xˆ Á ˜ Á Y ˜ = ld ÁÁ ˜˜ ËZ¯



(55.67)



with Ê cos d Á d = Á cos d ÁÁ Ë sin d



cos aˆ ˜ sin a ˜ ˜˜ ¯



(55.68)



The right ascension is counted counterclockwise positive from the X axis and is defined as the intersection of the earth’s equatorial plane and the plane of the earth’s orbit around the sun. One of the points of intersection is called the vernal equinox: it is that point in the sky among the stars where the sun appears as viewed from earth at the beginning of spring in the northern hemisphere. The declination is counted from the equatorial plane in the same manner as the latitude; see Fig. 55.6. Quasi-Inertial Coordinate Frame In the previous section the position of the origin was not defined yet: the origin of the inertial frame is not to coincide with the center of mass of the earth; since the earth itself orbits around the sun, the center of mass of the earth is subject to accelerations. Similarly, the center of mass of the sun and all its planets is rotating around the center of our galaxy, and the galaxy experiences gravitational forces from other galaxies. A continuation of this reasoning will improve the quality of “inertiality” of the coordinate frame, but the practical application for the description of the motion of earth-orbiting satellites has been completely lost. In Section 55.5 a practical solution is presented: in orientation the frame is as inertial as possible, but the origin has been chosen to coincide with the earth’s center of mass. Such frames are called quasiinertial frames. The apparent forces caused by the (small) accelerations of the origin have to be accounted for later.



Relation between Earth-Fixed and Inertial Satellite equations of motion are easily dealt with in an inertial frame, but we observers are likely to model our positions and relatively slow velocities in an earth-fixed frame. The relationship between these two frames has to be dealt with. © 2003 by CRC Press LLC
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FIGURE 55.6 The (quasi-)inertial reference frame with respect to sun and earth.



Time and Sidereal Time The diurnal rotation of the earth is given by its average angular velocity: w e = 7.292115 ¥ 10 –5 rad s



(55.69)



This inertial angular velocity results in an average day length of



T=



2p = 86164.1 sec we



(55.70)



This sidereal day, based on the earth’s spin rotation with respect to the fixed stars, deviates from our 24 x 60 x 60 = 86,400-sec day by 3 min, 55.9 sec. That is why we see an arbitrary star constellation in the same position in the sky each day about 4 min earlier. Our daily lives are based on the earth’s spin with respect to the sun, the solar day. Since the earth advances about 1° per day in its orbit around the sun, the earth has not completed a full spin with respect to the sun when it completes one full turn with respect to the stars; see Fig. 55.7. For practical purposes the angular velocity must include the effect of precession; see the next section. We have w *c = 7.2921158553 * 10 –5 rad s



(55.71)



The angle between the vernal equinox and the Greenwich meridian as measured along the equator is Greenwich apparent sidereal time (GAST). This angle increases in time by wc* per second. With the help of the formula of Newcomb, we are able to compute GAST [IERS, 1992]: GAST(t ) = a + bTu + cT u2 + dT u3 + ee with
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(55.72)
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FIGURE 55.7 The earth’s orbit around the sun: sidereal day and solar day.



a = 18 h 41 min 50.54841 s b = 8, 640,184.812866 s century 3 c = 0.093104 s century 3



(55.73)



d = -0.0000062 s century 3 ee = the equation of the equinoxes Tu is measured in Julian centuries of 36,525 universal days, since 1.5 January 2000 (JD0 = 2,451,545.0). This means that Tu , until the year 2000, is negative. Tu can be computed from Tu =



(JD – 2, 451, 545.0) 36, 525



(55.74)



when the Julian day number, JD, is given. Polar Motion Polar motion, or on a geological time scale “polar wandering,” represents the motion of the earth’s spin axis with respect to an earth-fixed frame. Polar motion changes our latitudes, since if the z axis were chosen to coincide with the instantaneous position of the spin axis, our latitudes would change continuously. Despite the earth’s nonelastic characteristics, excitation forces keep polar motion alive. Polar motion is the motion of the instantaneous rotation axis, or celestial ephemeris pole (CEP), with respect to an adopted reference position, the conventional terrestrial pole (CTP) of the conventional terrestrial reference frame (CTRF). The adopted reference position, or conventional international origin (CIO), was the main position of the CEP between 1900 and 1905. Since then the mean CEP has drifted about 10 m away from the CIO in a direction of longitude 280°.
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FIGURE 55.8 Local curvilinear pole coordinates xp , yp with respect to the conventional terrestrial reference frame.



The transformation from the somewhat earth-fixed frame xCEP to xCTRF is



( ) ( )



xCTRF = R 2 - x p R1 - y p xCEP



(55.75)



The position of the pole is expressed in local curvilinear coordinates that have their origin in the CIO. The angle xp (radians) increases along the Greenwich meridian south, whereas the angle yp increases along the meridian l = 270° south; see Fig. 55.8. As we saw in the previous subsection, the earth rotates daily around its (moving) CEP axis. Expanding the transformation of Eq. (55.75) but now also including the sidereal rotation of the earth, we obtain the following relationship between an inertial reference frame and the CTRF: xCEP = R 3(GAST)x in



(55.76)



This relationship is shown in Fig. 55.9. Combining Eqs. (55.75) and (55.76), we have



( ) ( )



xCTRF = R 2 - x p R1 - y p R 3(GAST)x in



(55.77)



xCTRF = R S x in



(55.78)



or, in short,



where RS represents the combined earth rotation due to polar motion and diurnal rotation (length of day). Two main frequencies make up the polar motion: the Chandler wobble of 435 days (14 months, more or less) and the annual wobble of 365.25 days. A prediction model for polar motion is © 2003 by CRC Press LLC



55-19



Geodesy



ZCEP = ZtIN



‡ CIO



Z2000 IN



Z



= ZCTRF



FIGURE 55.9 Relationship between the quasi-earth-fixed frame XCEP and the inertial frame Xin.



˘ ˘ È 2p È 2p x p (t ) = x p (t 0 ) + x˙ p (t - t 0 ) + Asx sin Í (t - t 0 )˙ + Acx cos Í (t - t 0 )˙ ˚ ˚ Î T1 Î T1 ˘ ˘ È 2p È 2p + C sin Í (t - t 0 )˙ + Ccx cos Í (t - t 0 )˙ ˚ ˚ Î T2 Î T2



(55.79)



x s



˘ ˘ È 2p È 2p y p (t ) = y p (t 0 ) + y˙ p (t - t 0 ) + Asy sin Í (t - t 0 )˙ + Acy cos Í (t - t 0 )˙ ˚ ˚ Î T1 Î T1 ˘ ˘ È 2p È 2p + C sin Í (t - t 0 )˙ + Ccy cos Í (t - t 0 )˙ ˚ ˚ Î T2 Î T2



(55.80)



y s



where



T1 = 365.25 days T2 = 435 days



Similarly, the ever-increasing angle GAST has to be corrected for seasonal variations in w. These variations are in the order of ±1 msec. A prediction model for length-of-day variations is dUT1 = a sin 2pt + b cos 2pt + c sin 4 pt + d cos 4 pt with



a = +0.0220 sec b = –0.0120 sec c = –0.0060 sec d = +0.0070 sec t = 2000.000 + [(MJD – 51544.03)/365.2422].
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With Eq. (55.72), we have GAST = GAST(t ) + dUT1



(55.82)



Due to the flattening, f, xin in Eq. (55.77) is not star-fixed but would be considered a proper (quasi-) inertial frame if we froze the frame at epoch t. So, Eq. (55.78) is more properly expressed as xCTRF = R S xtin



(55.83)



The motions of the CEP with respect to the stars are called precession and nutation. Precession and Nutation Precession and nutation represent the motion of the earth’s spin axis with respect to an inertial frame. To facilitate comparisons between observations of spatial objects (satellites, quasars, stars) that may be made at different epochs, a transformation is carried out between the inertial frame at epoch t (CEP at t) and the mean position of the inertial frame at an agreed-upon reference epoch t0. The reference epoch is again 1.5 January 2000, for which JD0 = 2,451,545.0; see the discussion on time and sidereal time earlier in this section. At this epoch we define the conventional inertial reference frame (CIRF). So we have xtin = R NPx 2000 in



(55.84)



All masses in the ecliptic plane (earth and sun) and close to it (planets) exert a torque on the tilted equatorial bulge of the earth. The result is that the CEP describes a cone with its half top angle equal to the obliquity e: precession. The period is about 25,800 years. The individual orbits of the planets and moon cause deviations with respect to this cone: nutation. The largest effect is about 9 sec of arc, with a period of 18.6 years, caused by the inclined orbit of the moon. The transformation RNP is carried out in two steps. The mean position of the CEP is first updated for precession to a mean position at epoch t (now): xtin,mean = R P x 2000,mean in



(55.85)



Subsequently, the mean position of the CEP at epoch t is transformed to the true position of the CEP at epoch t due to nutation: xtin,true = R N xtin,mean



(55.86)



xCTRF = R S R N R P xCIRF



(55.87)



Combining all transformations, we have



CIO and xCIRF is identical to x 2000 where xCTFR is identical to x earth-fixed star-fixed The rotation matrices RP and RN depend on the obliquity e, longitude of sun, moon, etc. We have



R P = R 3 (- z )R 2 (q)R 3 (-z) with (see, e.g., IERS [1992]) z = 2 306≤.218 1Tu + 0≤.301 88Tu2 + 0≤.0.17 998Tu3 q = 2 004≤.310 9Tu – 0≤.426 65Tu2 – 0≤.0.41 833Tu3 z = 2 306≤.218 1Tu + 1≤.094 68Tu2 + 0≤.0.18 203Tu3 and
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R N = R1 (- e - D e)R 3 (- Dy )R1 (e)



(55.89)



with e = 84381≤.448 – 46≤.8150Tu – 0≤.018203Tu2 + 0≤.001813Tu3. For the nutation in longitude, Dy, and the nutation in obliquity, De, a trigonometric series expansion is available consisting of 106 ¥ 2 ¥ 2 parameters and five arguments: mean anomaly of the moon, the mean anomaly of the sun, mean elongation of the moon from the sun, the mean longitude of the ascending node of the moon, and the difference between the mean longitude of the moon and the mean longitude of the ascending node of the moon. There are 2 ¥ 2 constants in each term: a sine coefficient, a cosine coefficient, a time-invariant coefficient, and a time-variant coefficient. For more detail on these transformations, refer to earth orientation literature, such as Mueller [1969], Moritz and Mueller [1988], and IERS [1992].



55.4 Mapping The art of mapping is referred to a technique that maps information from an n-dimensional space Rn to an m-dimensional space Rm . Often information belonging to a high-dimensional space is mapped to a low-dimensional space. In other words, one has n >m



(55.90)



In geodesy and surveying one may want to map a three-dimensional world onto a two-dimensional world. In photogrammetry, an aerial photograph can be viewed as a mapping procedure as well: a twodimensional photo of the three-dimensional terrain. In least-squares adjustment we map an n-dimensional observation space onto a u-dimensional parameter space. In this section we restrict our discussion to the mapping: Rn Æ Rm



(55.91)



n=3



(55.92)



m=2



(55.93)



with



A three-dimensional earth, approximated by a sphere or, better, by an ellipsoid of revolution, cannot be mapped onto a two-dimensional surface, which is flat at the start (plane) or can be made flat (the surface of a cylinder or a cone), without distorting the original relative positions in R3. Any figure or, better, the relative positions between an arbitrary number of points on a sphere or ellipsoid, will also be distorted when mapped onto a plane, cylinder, or cone. The distortions of the figure (or part thereof) will increase with the area. Likewise, the mapping will introduce distortions that will become larger as the extent of the area to be mapped increases. If one approximates (maps) a sphere of the size of the earth, the radius R being R ª 6371.000 km



(55.94)



onto a plane tangent in the center of one’s engineering project of diameter D km, one finds increased errors in lengths, angles, and heights the further one gets away from the center of the project. Table 55.1 lists these errors in distance dS, angle da, and height dh, if one assumes the following case: one measures in the center of the project one angle of 60° and two equal distances of S km. In the plane assumption we would find in the two terminal points of both lines two equal angles of 60° and a distance between them of exactly S km. Basically, we have an equilateral triangle. In reality, on the curved, spherical earth we would measure angles larger than 60° and a distance between them shorter than S km. The error dh shows how the earth curves away from underneath the tangent plane in the center of the project. © 2003 by CRC Press LLC
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TABLE 55.1 Errors in Length dS (km), Angle da (arcseconds), and Height dh (km)a dS



da



Diameter, D (km)



Length, S (km)



(m)



(ppm)



(arcseconds)



(ppm)



dh (m)



0.100 0.200 0.500 2.000 5.000 20.000 50.000 200.000 500.000 2000.000



0.050 0.100 0.250 1.000 2.500 10.000 25.000 100.000 250.000 1000.000



–0.000 –0.000 –0.000 –0.000 –0.000 –0.003 –0.048 –3.080 –48.123 –3084.329



–0.000 –0.000 –0.000 –0.003 –0.019 –0.308 –1.925 –30.797 –192.494 –3084.329



0.000 0.000 0.000 0.001 0.007 0.110 0.688 11.002 68.768 1101.340



0.000 0.000 0.000 0.005 0.032 0.509 3.184 50.937 318.372 5098.796



0.000 0.001 0.005 0.078 0.491 7.848 49.050 784.790 4904.409 78,319.621



a Depending on the diameter D (km) of a project or distance S (=D 12) from the center of the project for an equilateral triangle with sides of S km.



The earth being conformally mapped in the neighborhood of the intersection circle.



FIGURE 55.10 Mapping a sphere to a plane or lowered plane.



The table shows that errors in length and angle of larger than 1 ppm start to occur for project diameters larger than 20 km. Height differences obtained through leveling would be accurate enough, but vertical angles would start deviating from 90° by 1 arcsecond per 30 m. Within an area of 20 km fancy mapping procedures would not be needed to avoid errors of 1 ppm. The trouble starts if one wants to map an area of the size of the state of Indiana. A uniform strict mapping procedure has to be adhered to if one wants to work in one consistent system of mapping coordinates. In practice, a state of the size of Indiana is actually divided into two regions to keep the distortions within bounds. One may easily reduce the errors by a factor of 2 by making the plane not tangent to the sphere, but by lowering the plane from the center of the project by such an amount that the errors of dS in the center of the area are equal, but of opposite sign, to the errors dS at the border of the area (see Fig. 55.10). The U.S. State Plane Coordinate Systems are based on this practice. As an alternative one may choose the mapping plane to be cylindrical or conical so that the mapping plane “follows” the earth’s curvature at least in one direction (see Figs. 55.11 and 55.12). Also, with these alternatives distortions are reduced even further by having the cylindrical or conical surface not tangent to the sphere or ellipsoid, but intersecting the surface to be mapped just below the tangent point. After mapping, the cylinder or cone can be “cut” and made into a two-dimensional map. A cylinder and a cone are called developable surfaces. © 2003 by CRC Press LLC
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The earth being conformally mapped in the neighborhood of two intersection circles.



FIGURE 55.11 A cylinder trying to follow the earth’s curvature.



The earth being conformally mapped in the neighborhood of the two intersection circles.



FIGURE 55.12 A cone trying to follow the earth’s curvature.



The notion of distortion of a figure is applied to different elements of a figure. If a (spherical) triangle is mapped, one may investigate how the length of a side or the angle between two sides is distorted in the mapping plane. © 2003 by CRC Press LLC
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Two Worlds We live in R3, which is to be mapped into R2. In R3 we need three quantities to position ourselves: {x, y, z}, {l, y, h}R , or {l, f, h}a, f ; see Section 55.2. In R2 we need only two quantities, such as two Cartesian mapping coordinates {X, Y} or two polar mapping coordinates {r, a}. Real world Æ Mapped world



{x, y, z}



¸ Ô Ô Ï{X , Y } or Ô Ô Ô {l, y, h}R ˝ Æ ÔÌ or Ô Ô Ô ÔÓ{r , a} or Ô {l, f, h}a, f Ô˛ The mapping M may be written symbolically as



{r, a} = M {x, y, z} }



(55.95)



{X , Y } = M ¢{l, f, h}a, f



(55.96)



or



M represents a mere mapping “prescription” of how the R3 world is condensed into R2 information. Note that the computer era made it possible to “store” the R3 world digitally in R3 (a file with three numbers per point). Only at the very end, if that information is to be presented on a map or computer screen, do we map to R2. The analysis of distortion is, in this view, the mere comparison of corresponding geometrical elements in the real world and in the mapped world. A distance s (x, y, z) between points i and j in the real world is compared to a distance S = S(X, Y) in the mapped world. A scale distortion may be defined as the ratio



s=



(



(



S X i , Yi , X j , Y j



)



)



(55.97)



)



(55.98)



s xi , yi , z i , x j , y j , z j



or, for infinitely small distances, s=



(



d S d X ij , dYij



(



)



d s d x ij , d y ij , d z ij



where x ij = x j - x i



and so forth



(55.99)



Similarly, an angle qjik in point i to points j and k in the real world is being compared to an angle Qjik in the mapped world, the angular distortion dq: d q = Q jik - q jik
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Other features may be investigated to assess the distortion of a certain mapping; for example, one may want to compare the area in the real world to the area in the mapped world. Various mapping prescriptions (mapping equations) exist that minimize scale distortion, angular distortion, area distortion, or combinations of these. In surveying engineering, and for that matter in civil engineering, the most widely applied map projection is the one that minimizes angular distortion. Moreover, there exists a class of map projections that do not show any angular distortion throughout the map; in other words, dq = 0



(55.101)



This class of map projections is known as conformal map projections. One word of caution is needed: the angles are only preserved in an infinitely small area. In other words, the points i, j, k have to be infinitely close together. The surveyor or civil engineer often works in a relatively small area (compared to the dimensions of the earth). Therefore, it is extremely handy for his or her angular measurements from theodolite or total station, made in the real world, to be preserved in the mapped world. As a matter of fact, any of a variety of conformal map projections are used throughout the world by national mapping agencies. The most widely used map projection, also used by the military, is a conformal map projection, the so-called Universal Transverse Mercator (UTM) projection. In the U.S. all states have adopted some sort of a state plane coordinate system. This system is basically a local reference frame based on a certain type of conformal mapping. See the following three subsections. Without proof, the necessary and sufficient conditions for conformality are that the real-world coordinates p and q and the mapping coordinates X and Y fulfill the Cauchy–Riemann equations or conditions: ∂X ∂Y =+ ∂p ∂q ∂X ∂Y =∂q ∂p



(55.102)



Purposely, the real-world variables p and q have not been identified. First we want to enforce the natural restriction on p, q, X, Y: they have to be isometric coordinates. The mapping coordinates are often isometric by definition; however, the real-world coordinates, as the longitude l and the spherical latitude y (or geodetic latitude f), are not isometric. For instance, one arcsecond in longitude expressed in meters is very latitude dependent and, moreover, is not equal to one arcsecond in latitude in the very same point; see Table 55.2.



Conformal Mapping Using Cartesian Differential Coordinates In principle, we have four choices to map from R3 to R2: A1: three-dimensional Cartesian Æ two-dimensional Cartesian A2: three-dimensional Cartesian Æ two-dimensional curvilinear B1: three-dimensional curvilinear Æ two-dimensional Cartesian B2: three-dimensional curvilinear Æ two-dimensional curvilinear Although all four modes have known applications, we treat an example in this section with the B1 mode of mapping, whereas the following subsection deals with an example from the B2 mode. From Eqs. (55.29) and (55.30) we have dl m = (N + h) cos fdl rad dfm = ( M + h) dfrad © 2003 by CRC Press LLC
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TABLE 55.2 Radius of Curvature in the Meridian M, Radius of Curvature in the Prime Vertical N, and Metric Equivalence of 1 Arcsecond in Ellipsoidal or Spherical Longitude l (m) and in Ellipsoidal or Spherical Latitude f/y (m) as a Function of Geodetic Latitude f and Spherical Latitude y Ellipsoid



Sphere



f/y



M



N



1 in. l



1 in. f



1 in. l



1 in. y



00.0 10.0 20.0 30.0 40.0 50.0 60.0 70.0 80.0 90.0



6,335,439 6,337,358 6,342,888 6,351,377 6,361,816 6,372,956 6,383,454 6,392,033 6,397,643 6,399,594



6,378,137 6,378,781 6,380,636 6,383,481 6,386,976 6,390,702 6,394,209 6,397,072 6,398,943 6,399,594



30.922 30.455 29.069 26.802 23.721 19.915 15.500 10.607 05.387 00.000



30.715 30.724 30.751 30.792 30.843 30.897 30.948 30.989 31.017 31.026



30.887 30.418 29.025 26.749 23.661 19.854 15.444 10.564 05.364 00.000



30.887 30.887 30.887 30.887 30.887 30.887 30.887 30.887 30.887 30.887



Note: Ellipsoidal values for WGS84: a = 6,378,137 m, 1/f = 298.257 223 563. Spherical values: R = 6,371,000 m.



A line element (small distance) in the real world (on the ellipsoid, h = 0) is ds 2 = dl2m + dfm2



(55.104)



A line element (small distance) in the mapped world (on paper) is dS 2 = dX 2 + dY 2



(55.105)



2 ds 2 = N 2 cos 2 fdl2rad + M 2dfrad



(55.106)



Ê M2 2 ˆ ds 2 = N 2 cos 2 fÁ dl2rad = 2 2 dfrad ˜ N cos f Ë ¯



(55.107)



Equation (55.104) leads to



or



Since we want to work with isometric coordinates in the real world (note that the mapping coordinates {X, Y} are already isometric), we introduce the new variable dq. In other words, Eq. (55.107) becomes



(



ds 2 = N 2 cos 2 f dl2 + dq 2 So, we have dq =



)



M df N cosf rad



(55.108)



(55.109)



Upon integration of Eq. (55.109) we obtain the isometric latitude q: È Ê p f ˆ Ê 1 - e sin f ˆ e/ 2 ˘ q = ln ÍtanÁ + ˜ Á ˜ ˙ Í Ë 4 2 ¯ Ë 1 + e sin f ¯ ˙ Î ˚



(55.110)



The isometric latitude for a sphere (e = 0) becomes simply Ê p yˆ q = ln tanÁ + ˜ Ë4 2¯ © 2003 by CRC Press LLC
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FIGURE 55.13 Spherical/ellipsoidal quadrangle mapped onto a planar Cartesian quadrangle.



Equating the variables from Eqs. (55.105) and (55.108) we have the mapping M between Cartesian mapping coordinates {X, Y} and curvilinear coordinates {l, q} for both the sphere and the ellipsoid. Note that {l, q} play the role of the isometric coordinates {p, q} in the Cauchy–Riemann equations. So the mapping equations are simply X = sl Y = sq



(55.112)



or, for the sphere, X = sl Ê p yˆ Y = s ln tanÁ + ˜ Ë4 2¯



(55.113)



Equation (55.113) represents the conformal mapping equations from the sphere to R2. These are the formulas of the well-known Mercator projection (cylindrical type). Inspection of the linear scale s reveals that this factor depends on the term M/(N cos f) for the ellipsoid or 1/cos f for the sphere. This means that the linear distortion is only latitude dependent. In order to minimize this distortion, we simply apply this mapping to regions that are elongated in the longitudinal direction, where the linear distortion is constant. In case we want to map an arbitrarily oriented elongated region, we simply apply a coordinate transformation. In the subsection on coordinate transformations and conformal mapping we will perform such a coordinate transformation on these mapping equations. So far, we have mapped a spherical quadrangle dl, dy or ellipsoidal “quadrangle” dl, df to a planar quadrangle dX, dY; see Fig. 55.13.



Conformal Mapping Using Polar Differential Coordinates The alternative is to map an ellipsoidal or spherical quadrangle onto a polar quadrangle. Figure 55.14 shows that one option is to look for a mapping between the polar mapping coordinates {r, a} and the real-world coordinates {l, f} or {l, y}. The similarity of roles played by the radius r and the latitude f or y is more apparent if we view the colatitude q, since this real-world coordinate radiates from one point as the radius r does: © 2003 by CRC Press LLC
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FIGURE 55.14 Spherical/ellipsoidal quadrangle mapped onto a planar polar quadrangle.



q=



p -y 2



(or f)



(55.114)



Considering now the line element ds on a sphere, we have 2 ds 2 = R 2 sin 2 qdl2rad + R 2dqrad



(55.115)



Ê dq 2 ˆ ds 2 = R 2 sin 2 qÁ dl2rad + rad sin 2 q ˜¯ Ë



(55.116)



or



Introducing the new variable dq¢, we have dq ¢ =



dqrad sin q



(55.117)



Integration of Eq. (55.117) gives the isometric colatitude q¢: q¢ =



Ú dq = Ú sind qq



(55.118)



or qˆ Ê q ¢ = - lnÁ cot ˜ Ë 2¯



(55.119)



A line element on the sphere in terms of isometric coordinates is



(



ds 2 = R 2 sin 2 q dl2 + dq ¢ 2



)



(55.120)



A line element dS (small distance) in the mapped world (on paper) is dS 2 = r 2da 2 + dr 2 © 2003 by CRC Press LLC



(55.121)
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Now we want to derive isometric coordinates in the mapped world as well (we do not have a Cartesian, but a polar, representation). Among various options we choose Ê dr 2 ˆ dS 2 = r 2 Á da 2 + 2 ˜ r ¯ Ë



(55.122)



Introducing the new variable dr, dr =



dr r



(55.123)



Upon integration of Eq. (55.123), we obtain the isometric radius r: r= or



Ú dr = Ú drr = ln r + c r = er



r



r 2 = e 2r



(55.124)



(55.125)



The line element dS becomes with the new variable



(



dS 2 = e 2r da 2 + dr2 The line element ds was



)



(



ds 2 = R 2 sin 2 q dl2 + dq ¢ 2



(55.126)



)



(55.127)



So the mapping equations are simply a = sl



(55.128)



r = sq ¢ or a = sl È qˆ ˘ Ê ln r = s Í- lnÁ cot ˜ ˙ Ë 2¯ ˚ Î



(55.129)



If one appropriately chooses the integration constant cr , Eq. (55.126), to be c r = ln 2



(55.130)



È qˆ ˘ qˆ Ê Ê ln r = s Íln 2 - lnÁ cot ˜ ˙ = ln Á 2 tan ˜ Ë Ë ¯ 2 2¯ ˚ Î



(55.131)



the mapping Eq. (55.129) becomes a = sl



or a = sl r = 2s tan © 2003 by CRC Press LLC



q 2



(55.132)
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Equation (55.132) also represents conformal mapping equations from the sphere to R2. They are the formulas of the well-known stereographic projection (planar type). Other choices of integration constants and integration interval would have led to the Lambert conformal projection (conical type). The approaches laid out in this subsection and the preceding one are the theoretical basis of the U.S. State Plane Coordinate Systems. Refer to Stem [1991] for the formulas of the ellipsoidal equivalents.



Coordinate Transformations and Conformal Mapping The two examples treated in the preceding two subsections can be treated for any arbitrary curvilinear coordinates. The widely used Transverse Mercator projection for the sphere is easily derived using a simple coordinate transformation. Rather than having the origin of the (co)latitude variable at the pole, we define a similar pole at the equator, and the new equator will be perpendicular to the old equator. Having mapping poles at the equator leads to transverse types of conformal mapping. If the pole is neither at the North Pole nor at the equator, we obtain oblique variants of conformal mapping. For the Transverse Mercator, the new equator may pass through a certain (old) longitude l0. For a UTM projection this l0 has specified values; for a state plane coordinate system the longitude l may define the central meridian in a particular (part of the) state. Two successive rotations will bring the old x frame to the new x¢ frame (see Section 55.2): x ¢ = R1 (p 2)R 3 (l 0 )x



(55.133)



The original x frame expressed in curvilinear coordinates is Ê cos y cos lˆ ˜ Á x = R Á cos y sin l ˜ ˜˜ ÁÁ Ë sin y ¯



(55.134)



The new x¢-frame expressed in curvilinear coordinates is Ê cos y ¢ cos l ¢ˆ ˜ Á x ¢ = R Á cos y ¢ sin l ¢ ˜ ˜˜ ÁÁ Ë sin y ¢ ¯



(55.135)



Multiplying out the rotations in Eq. (55.135) we get Ê x cos l 0 + y sin l 0 ˆ Ê cos y ¢ cos l ¢ˆ ˜ Á ˜ Á x ¢ = R Á cos y ¢ sin l ¢ ˜ = R Á z ˜ ˜˜ ÁÁ ˜˜ ÁÁ Ë sin y ¢ ¯ Ë x sin l 0 + y cos l 0 ¯



(55.136)



Substituting Eq. (55.134) into Eq. (55.136) and dividing by R we obtain Ê cos y ¢ cos l ¢ˆ Ê cos y cos l cos l 0 + cos y sin l sin l 0 ˆ ˜ Á ˜ Á sin y ˜ Á cos y ¢ sin l ¢ ˜ = Á ˜˜ ÁÁ ˜˜ ÁÁ Ë sin y ¢ ¯ Ë cos y cos l sin l 0 - cos y sin l cos l 0 ¯
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(55.137)
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which directly leads to tan l ¢ = tan y ¢ =



sin y tan y = cos y cos (l - l 0 ) cos (l - l 0 ) cos y sin(l - l 0 )



cos 2 y cos 2 (l - l 0 ) + sin 2 y



=



sin (l - l 0 )



(55.138)



cos 2 (l - l 0 ) + tan 2 y



The new longitudes l¢ and latitudes y ¢ are subjected to a (normal) Mercator projection according to X ¢ = sl ¢ È Ê p y¢ ˆ ˘ Y ¢ = sq ¢ = s ln Ítan Á + ˜ ˙ 2 ¯˚ Î Ë4



(55.139)



The Transverse Mercator projection with respect to the central meridian l0 is obtained by a simple rotation, about –90°. The final mapping equations are Ê X ¢ˆ Ê -Y ¢ˆ Ê Xˆ ˜ Á ˜ Ê pˆ Á ˜ Á Á Y ˜ = R 3 Á - ˜ Á Y ¢˜ = Á X ¢ ˜ Ë ¯ 2 Á ˜ Á ÁÁ ˜˜ Á 0 ˜ Á 0 ˜˜ ¯ Ë ¯ Ë Ë 0¯



(55.140)



When we start with ellipsoidal curvilinear coordinates, we cannot apply this procedure directly. However, when we follow a two-step procedure — mapping the ellipsoid conformal to the sphere, and then using the “rotated conformal” mapping procedure as just described — the treatise in this section will have a more general validity. For more details on conformal projections using ellipsoidal coordinates, consult Bugayevskiy and Snyder [1998], Maling [1993], Stem [1991], and others.



55.5 Basic Concepts in Mechanics Equations of Motion of a Point Mass in an Inertial Frame To understand the motion of a satellite around the earth, we resort to two fundamental laws of physics: Isaac Newton’s second law (the law of inertia) and Newton’s law of gravitation. Law of Inertia The second law of Newton (the law of inertia) is as follows: F = ma



(55.141)



The mass of a point mass m is the constant ratio that experimentally exists between the force F, acting on that point mass, and the acceleration that is the result of that force. The acceleration a, the velocity v, and the distance s are related as follows: a=
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dv d 2s = dt dt 2



(55.142)
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FIGURE 55.15 The acceleration of a point mass m.



Equation (55.141) can be written in vector form (see Fig. 55.15):



F = ma or



Ê X˙˙ ˆ Ê ax ˆ Ê Fx ˆ Á ˜ Á ˜ Á ˜ ˙˙ Á Fy ˜ = mÁ a y ˜ = mÁ Y˙˙ ˜ = mX Á ˜ Á ˜ Á ˜ Áa ˜ ÁF ˜ Á Z˙˙ ˜ Ë z¯ Ë z¯ Ë ¯



(55.143)



with d2X X˙˙ = 2 and similarly for Y˙˙ and Z˙˙ dt



(55.144)



Law of Gravitation Until now we did not mention the cause of the force F acting on point mass m. If this force is caused by the presence of a second point mass, then Newton’s law of gravitation says F =G



m1m2 X12



(55.145)



2



Two point masses m1 and m2 attract each other with a force that is proportional to the masses of each point mass and inversely proportional to the square of the distance between them, |X12|. G = 6.67259 ± 0.00085 ¥ 10 -11 m 3 kg -1s -2



(55.146)



is the gravitation constant (e.g., Cohen and Taylor [1988]), and X12 = ( X 2 - X1 ) + (Y2 - Y1 ) + ( Z 2 - Z1 ) 2



2



2



2



(55.147)



The force F will be written in vector form (see Fig. 55.16): Ê X12 X12 ˆ Ê F12 X ˆ Ê sin aˆ Á ˜ ˜ Á ˜ Á F12 = Á F12Y ˜ = F12 Á sin b ˜ = F12 Á Y12 X12 ˜ Á ˜ ˜ Á ˜˜ ÁÁ ÁF ˜ Á ˜ Ë sin g ¯ Ë 12 Z ¯ Ë Z12 X12 ¯ © 2003 by CRC Press LLC



(55.148)
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FIGURE 55.16 The attracting force F12 between two point masses m1 and m2.



with X12 = X 2 - X1



(55.149)



and so forth



Substituting Eq. (55.148) into Eq. (55.145), Ê X12 X12 ˆ Ê X12 ˆ ˜ Á ˜ Á Gm1m2 Á Gm m 1 2 Y12 X12 ˜ = Y12 ˜ F12 = 2 3 Á ˜ X12 Á X12 Á ˜ Á Z ˜ ˜ Á Ë 12 ¯ Ë Z12 X12 ¯



(55.150)



or F12 =



Gm1m2 X12



3



(55.151)



X12



Equations (55.143) and (55.151) applied subsequently to two point masses m1 and m2 yield: For m1, ˙˙ = F = Gm1m2 X F1 = m1X 1 12 12 3 X12



(55.152)



˙˙ = Gm2 X X 1 12 3 X12



(55.153)



or



For m2, ˙˙ = F = -F = F2 = m2 X 2 21 12



-Gm1m2 X12



3



X12



(55.154)



or ˙˙ = -Gm1 X X 2 12 3 X12 © 2003 by CRC Press LLC
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FIGURE 55.17 The inertial frame centered in m1.



By subtracting Eq. (55.153) from Eq. (55.155) we get ˙˙ = X ˙˙ - X ˙˙ = -G(m1 + m2 ) X X 12 12 2 1 3 X12



(55.156)



If m1 resides in the origin of the inertial frame, then the subindices may be omitted: ˙˙ = -G(m1 + m2 ) X X 3 X



(55.157)



Equation (55.157) represents the equations of motion of m2 in an inertial frame centered at m1; see Fig. 55.17. It will be clear that in m1 the origin of an inertial frame can be defined if and only if m1 + m2. For the equations of motion of a satellite m = m2 orbiting the earth M = m1, Eq. (55.157) simplifies to ˙˙ = -GM X X 3 X



(55.158)



In Eq. (55.158) the product of the gravitational constant G and the mass of the earth M appears. For this product, the geocentric gravitational constant, a new equation is introduced: m = GM



(55.159)



˙˙ = -m X X 3 X



(55.160)



Potential The equations of motion around a mass M,



can be obtained through the definition of a scalar function V: V = V ( X ,Y , Z ) =
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m m = 2 X X + Y 2 + Z2



(



)



12 /



(55.161)
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The partial derivatives of V with respect to X are ∂V m ∂X m =- 2 =- 3 X ∂X X ∂X X



(55.162)



∂V m ∂X m =- 2 =- 3Y ∂Y X ∂Y X



(55.163)



∂V m ∂X m =- 2 =- 3 Z ∂Z ∂ Z X X



(55.164)



Consequently, the equations of motion may be written as Ê ∂V ˆ Á ∂X ˜ ˜ Á Á ∂V ˜ ˙˙ ∫ grad V ∫ —V X=Á ∂Y ˜ ˜ Á Á ∂V ˜ ˜ Á Ë ∂Z ¯



(55.165)



V has physical significance: it is the potential of a point mass of negligible mass in a gravity field of a point mass with sizable mass M at a distance |X|.



55.6 Satellite Surveying The Global Positioning System has become a tool used in a variety of fields within and outside engineering. Positioning has become possible with accuracies from the subcentimeter level for high-accuracy geodetic applications — as used in state, national, and global geodetic networks and for deformation analysis in engineering and geophysics — and to the hectometer level in navigation applications. As in the space domain, a variety of accuracy classes may be assigned to the time domain: GPS provides a means to obtain position and velocity determinations averaged over time spans from subseconds (instantaneous) to 1 or 2 days. Stationary applications of the observatory type are used in GPS tracking for orbit improvement. First the physics and mathematics of the space segment will be given (without derivations).



Numerical Solution of Three Second-Order Differential Equations Equation (55.158) represents the equations of motion of a satellite expressed in vector form. Written in the three Cartesian components, we have Ê d2X ˆ Á dt 2 ˜ ˜ Á Á d 2Y ˜ -GM Á 2 ˜= 2 dt ˜ Á X + Y 2 + Z2 Á 2 ˜ Ád Z˜ Á 2˜ Ë dt ¯



(
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)



32 /



ÊXˆ Á ˜ ÁY˜ ÁÁ ˜˜ Ë Z¯



(55.166)
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or



(



)



32 /



˘ ˚˙



+ Y 2 + Z2



)



32 /



˘ ˚˙



Z˙˙ = C È Z X 2 + Y 2 + Z 2 ÍÎ



)



X˙˙ = C È X X 2 + Y 2 + Z 2 ÎÍ Y˙˙ = C ÈY ÎÍ



(X



2



(



32 /



(55.167)



˘ ˙˚



with C = GM. Rather than solving for three second-order differential equations (DEs), we make a transformation to six first-order DEs. Introduce three new variables U, V, W: dX U = X˙ = ; dt



dY V = Y˙ = ; dt



dZ W = Z˙ = dt



(55.168)



Equations (55.162) through (55.165) yield the following six DEs: U = X˙ V = Y˙ W = Z˙



(



)



32 /



˘ ˚˙



+ Y 2 + Z2



)



32 /



˘ ˚˙



W˙ = C È Z X 2 + Y 2 + Z 2 ÍÎ



)



U˙ = C È X X 2 + Y 2 + Z 2 ÎÍ V˙ = C ÈY ÎÍ



(X



2



(



32 /



(55.169)



˘ ˙˚



Integration of Eq. (55.169) results in six constants of integration. One is free to choose at an epoch t0 · · · six variables, {X0, Y0, Z0, U0, V0, W0} or {X0, Y0, Z0, X0, Y0, Z0}. These six starting values determine uniquely · · · the orbit of m around M. In other words, if we know the position {X0, Y0, Z0} and its velocity {X0, Y0, Z0} at an epoch t0, then we are able to determine the position and velocity of m at any other epoch t by numerical integration of Eq. (55.169).



Analytical Solution of Three Second-Order Differential Equations The differential equations of an earth-orbiting satellite can also be solved analytically. Without derivation, the solution is presented in computational steps in terms of transformation formulas. In history the solution to the motion of planets around the sun was found before its explanation. Through the analysis of his own observations and those made by Tycho Brahe, Johannes Kepler discovered certain regularities in the motions of planets around the sun and formulated the following three laws: 1. Formulated 1609: The orbit of each planet around the sun is an ellipse. The sun is in one of the two focal points. 2. Formulated 1609: The sun–planet line sweeps out equal areas in equal time periods. 3. Formulated 1611: The ratio between the square of a planet’s orbital period and the third power of its average distance from the sun is constant. Kepler’s third law leads to the famous equation n 2a3 = GM © 2003 by CRC Press LLC



(55.170)
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FIGURE 55.18 Celestial sphere with projected orbit ellipse and equator.



in which n is the average angular rate and a the semimajor axis of the orbital ellipse. In 1665–1666 Newton formulated his more fundamental laws of nature (which were only published after 1687) and showed that Kepler’s laws follow from them. Orientation of the Orbital Ellipse In a (quasi-)inertial frame the ellipse of an earth-orbiting satellite has to be positioned: the focal point will coincide with the center of mass of the earth. Instead of picturing the ellipse itself we project the ellipse on a celestial sphere centered at the CoM. On the celestial sphere we also project the earth’s equator (see Fig. 55.18). The orientation of the orbit ellipse requires three orientation angles with respect to the inertial frame XYZ: two for the orientation of the plane of the orbit (W and I) and one for the orientation of the ellipse in the orbital plane in terms of the point of closest approach, the perigee (w). W represents the right ascension (a) of the ascending node. The ascending node is the (projected) point where the satellite rises above the equator plane. I represents the inclination of the orbital plane with respect to the equator plane. w represents the argument of perigee: the angle from the ascending node (in the plane of the orbit) to the perigee (for planets, the perihelion), which is that point where the satellite (planet) approaches closest to the earth (sun) or, more precisely, the CoM of the earth (sun). We define now another reference frame Xw , of which the XwYw plane coincides with the orbit plane. The Xw axis points to the perigee, and the origin coincides with the earth’s CoM (∫ focal point ellipse ∫ origin of X frame). The relationship between the inertial frames XI and Xw is X I = R I? X ?



(55.171)



R I? = R 3 (-W)R 1(- I )R 3 (-w )



(55.172)



Ê Xw ˆ Á ˜ X w = Á Yw ˜ Á ˜ Á Z = 0˜ Ë w ¯



(55.173)



in which



and
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FIGURE 55.19 The position of the satellite S in the orbital plane.



Reference Frame in the Plane of the Orbit Now that we know the orientation of the orbital ellipse we have to define the size and shape of the ellipse and the position of the satellite along the ellipse at a certain epoch t0. Similarly to the earth’s ellipsoid, discussed in Section 55.2, we define the ellipse by a semimajor axis a and eccentricity e. In orbital mechanics it is unusual to describe the shape of the orbital ellipse by its flattening. The position of the satellite in the orbital XwYw plane is depicted in Fig. 55.19. In the figure the auxiliary circle enclosing the orbital ellipse reveals the following relationships: X w = rw cos n = a(cos E - e )



(55.174)



Yw = rw sin n = a 1 - e 2 sin E



(55.175)



rw = a (1 - e cos E )



(55.176)



in which



In Fig. 55.19 and the Eqs. (55.174) through (55.176), a is the the semimajor axis of the orbital ellipse, b is the semiminor axis of the orbital ellipse, e is the eccentricity of the orbital ellipse, with e2 =



a2 - b2 a2



(55.177)



n is the the true anomaly, sometimes denoted by an f, and E is the eccentric anomaly. The relation between the true and the eccentric anomalies can be derived to be 1-e ÊEˆ Ê nˆ tanÁ ˜ = tanÁ ˜ Ë 2¯ Ë 2¯ 1+e Substitution of Eqs. (55.174) through (55.176) into (55.171) gives
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(55.178)



55-39



Geodesy



Ê a(cos E - e ) ˆ Ê Xˆ ˜ Á Á ˜ Á 2 X I = Á Y ˜ = R 3 (-W)R 1(- I )R 3 (-w ) a 1 - e sin E ˜ ˜ Á ÁÁ ˜˜ ˜ Á Z Ë ¯ ˜ Á 0 ¯ Ë



(55.179)



In Eq. (55.179) the Cartesian coordinates are expressed in the six so-called Keplerian elements: a, e, I, W, w, and E. Paraphrasing an earlier remark: if we know the position of the satellite at an epoch t0 through {a, e, I, W, w, and E0}, we are capable of computing the position of the satellite at an arbitrary epoch t through the Eq. (55.179) if we know the relationship in time between E and E0. In other words, how does the angle E increase with time? We define an auxiliary variable (angle) M, which increases linearly in time with the mean motion n (= (GM/a3)1/2) according to Kepler’s third law. The angle M, the mean anomaly, may be expressed as function of time by M = M 0 + n (t - t 0 )



(55.180)



M = E - e sin E



(55.181)



Through Kepler’s equation



the (time) relationship between M and E is given. Kepler’s equation is the direct result of the enforcement of Kepler’s second law (equal area law). Combining Eqs. (55.180) and (55.181) gives an equation that expresses the relationship between a given eccentric anomaly E0 (or M0 or n0) at an epoch t0 and the eccentric anomaly E at an arbitrary epoch t: E - E 0 = e(sin E - sin E 0 ) + n(t - t 0 )



(55.182)



Transformation from Keplerian to Cartesian Orbital Elements So far, the position vector {X, Y, Z} of the satellite has been expressed in terms of the Keplerian elements. · · · The transformation is complete when we express the velocity vector {X0, Y0, Z0} in terms of those Keplerian elements. Differentiating Eq. (55.171) with respect to time we get X˙ I = R I?X˙ ? + R˙ I? X ?



(55.183)



Since we consider the two-body problem with m1 = M ? m = m2, the orientation of the orbital ellipse is time independent in the inertial frame. This means that the orientation angles I, W, w are time independent as well: R˙ Iw = [0]



(55.184)



X˙ I = R I? X˙ ?



(55.185)



Equation (55.183) simplifies to



Differentiating Eqs. (55.174) through (55.176) with respect to time we have



X˙ w = -a E˙ sin E
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Y˙w = -a E˙ 1 - e 2 cos E



(55.187)



r˙w = a E˙ e sin E



(55.188)



· The remaining variable E is obtained through differentiation of Eq. (55.181): E˙ =



n 1 - e cos E



(55.189)



Now all transformation formulas express the Cartesian orbital elements (state vector elements) in terms of the six Keplerian elements:



[X ◊ X˙ ] = R [X I



Iw



I



w



◊ X˙ w



]



(55.190)



or È X ◊ X˙ ˘ ˙ Í X I ◊ X˙ I = ÍY ◊ Y˙ ˙ = ˙ Í ÍÎ Z ◊ Z˙ ˙ ˚



(55.191)



Èa (cos E - e ) ◊ -a E˙ sin E ˘ Í ˙ Í = R 3 (-W) R 1(- I ) R 3 (-w ) Ía 1 - e 2 sin E ◊ a E˙ 1 - e 2 cos E ˙ ˙ Í ˙ 0 ◊ 0 Í ˙˚ Î



(55.192)



[



]



Transformation from Cartesian to Keplerian Orbital Elements To compute the inertial position of a satellite in a central force field, it is simpler to perform a time update in the Keplerian elements than in the Cartesian elements. The time update takes place in Eqs. (55.180) through (55.182). Schematically the following procedure is to be followed:



{



t 0 : X, Y , Z, X˙ , Y˙ , Z˙ Ø



}



t 0 :{a, e, I, W , w , E 0 } Ø



Conversion to Keplerian, Eq. (55.182)



Ø



Conversion to Cartesian elements, previous subsection



t 1 :{a, e, I, W , w , E 1}



{



Conversion to Keplerian elements, this subsection



t 1 : X, Y , Z, X˙ , Y˙ , Z˙



}



The conversion from Keplerian elements to state vector elements has been treated in the previous subsection. In this section the somewhat more complicated conversion from position and velocity vector to Keplerian representation will be described. Basically we “invert” Eq. (55.192) by solving for the six elements {a, e, I, W, w, E0} in terms of the six state vector elements.
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FIGURE 55.20 The orbital reference frame Xu .



First, we introduce another reference frame Xu: XI, YI, ZI: inertial reference frame



(XI axis Æ vernal equinox)



Xw, Yw, Zw: orbital reference frame (Xw axis Æ perigee) Xu, Yu, Zu: orbital reference frame



(Xu axis Æ satellite)



The Xu frame is defined similarly to the Xw frame, except that the Xu axis continuously points to the satellites (see Fig. 55.20). Thus, Ê Xu ˆ Ê Xu ˆ Á ˜ Á ˜ X u = Á Yu ˜ = Á 0 ˜ Á ˜ ÁÁ ˜˜ ÁZ ˜ Ë u¯ Ë 0 ¯



(55.193)



The angle in the orbital plane enclosed by the Xu axis and the direction to the ascending node is called u, the argument of latitude, with u = w +v



(55.194)



As in the discussion of the orientation of the orbit ellipse, the following relationships hold: Xw = RwI X I



(55.195)



Xu = RuI X I



(55.196)



Xu = Ru?X? = Ru?R?I X I



(55.197)



Figure 55.20 reveals that RwI = R3 (w )R I ( I )R 3 (W)



(55.198)



RuI = R3 (u)R I ( I )R 3 (W)



(55.199)



= R3 (v + w )R I ( I )R 3 (W)
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= R3 (v )R3 (w )R I ( I )R 3 (W)



(55.201)



= R3 (v )RwI = R uwR wI



(55.202)



We define a vector h perpendicular to the orbital plane according to Ê sin W sin I ˆ ˜ Á h ∫ X ¥ X˙ = h w = h Á -cos W sin I ˜ ˜˜ ÁÁ Ë cos I ¯



(55.203)



in which w is the unit vector along h. Consequently, Ê h1 ˆ Ê YZ˙ - ZY˙ ˆ ˜ Á ˜ Á h = Á h2 ˜ = Á ZX˙ - XZ˙ ˜ ˜ Á ˜ Á Áh ˜ Á ˙ Ë 3 ¯ Ë XY - YX˙ ˜¯



(55.204)



h represents the angular momentum vector (vector product of position vector and velocity vector). The Keplerian elements W and I follow directly from Eqs. (55.203) and (55.204): tan W =



tan I =



h1 -h2



(55.205)



h12 + h22



(55.206)



h3



From R 3 (-u)X u = R I ( I ) R 3 (W)X I



(55.207)



X u cos u = X cos W + Y sin W



(55.208)



X u sin u = - X cos I sin W + Y cos I cos W + Z sin I



(55.209)



it follows that



and tan u =



– X cos I sin W + Y cos I cos W + Z sin I X cos W + Y sin W



(55.210)



Before determining the third Keplerian element defining the orientation of the orbit (w) from the argument of latitude (u), we define the following quantities: • Length r of the radius vector X:



(



r ∫ X = X2 + Y 2 + Z2
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)



12



(55.211)
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FIGURE 55.21 Illustration of the Vis-Viva equation.



• Length r· of the radial component of the velocity vector: r˙ ∫ X ◊ X˙ r = X X˙ + Y Y˙ + Z Z˙ r



(55.212)



The Vis-Viva equation gives the relationship between the length (magnitude) V of the velocity vector · · and the tangential comX and the length r of the position vector X through the radial component (r) · ponent (r v) (see Fig. 55.21): 2 2 Ê 2 1ˆ V 2 ∫ X˙ = r˙ 2 + (rv˙ )2 = r˙ 2 + h r 2 = GM Á - ˜ Ë r a¯



(55.213)



From Eq. (55.213) it follows that a=



X GM rGM = 2GM - X V 2 2GM - rV 2



(55.214)



In a similar manner one arrives at 2



1 - e2 =



h aGM



(55.215)



From Eqs. (55.188), (55.189), (55.176), and (55.170) the eccentric anomaly E may be computed: tan E =



sin E Ê rr˙ ˆ =Á ˜ cos E Ë e GMa ¯



Ê a-rˆ ˜ Á Ë ae ¯



(55.216)



The mean anomaly M is given by M = E - e sin E



(55.217)



The true anomaly v follows from Eqs. (55.174) and (55.175): tan v =



1 - e 2 sin E cos E - e



(55.218)



after which, finally, the last Keplerian element, w, is determined through Eq. (55.194): w =u-v © 2003 by CRC Press LLC



(55.219)
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Orbit of a Satellite in a Noncentral Force Field The equations of motion for a real satellite are more difficult than reflected by Eq. (55.165). First of all, we do not deal with a central force field: the earth is not a sphere, and it does not have a radial symmetric density. Secondly, we deal with other forces, chiefly the gravity of the moon and the sun, atmospheric drag, and solar radiation pressure. Equation (55.165) gets a more general meaning if we suppose that the potential function is generated by the sum of the forces acting on the satellite: t t V = Vc + Vnct + Vsun + Vmoon +K



(55.220)



with the central part of the earth’s gravitational potential Vc = m X



(55.221)



and the noncentral and time-dependent part of the earth’s gravitational field



[



]



Vnct = see Eq. (52.224)



(55.222)



and so forth. The superscript t has been added to various potentials to reflect their time variance with respect to the inertial frame. The equations of motion to be solved are



(



)



˙˙ = — V + V t + V t + V t + K X nc sun moon c



(55.223)



t t = —Vc + —Vnct + —Vsun + —Vmoon +K



For the earth’s gravitational field we have (in an earth-fixed frame) È m Vc + Vnc = Í1 + r Í ÍÎ



S SÊÁË ar ˆ˜¯ (C •



l



l



e



l =1 m = 0



˘ ˙ + l l f cos m S sin m P sin ( ) ) lm lm lm ˙ ˙˚



(55.224)



With Eq. (55.224) one is able to compute the potential at each point {l, f, r} necessary for the integration of the satellite’s orbit. The coefficients Clm and Slm of the spherical harmonic expansion are in the order of 10–6, except for C20 (l = 2, m = 0), which is about 10–3. This has to do with the fact that the earth’s equipotential surface at mean sea level can be best approximated by an ellipsoid of revolution. One has to realize that the coefficients Clm, Slm describe the shape of the potential field and not the shape of the physical earth, despite a high correlation between the two. Plm sin f are the associated Legendre functions of the first kind, of degree l and order m; ae is some adopted value for the semimajor axis (equatorial radius) of the earth. See Section 55.8 for values of ae , m (= GM), and C20 (= –J2). The equatorial radius ae, the geocentric gravitational constant GM, and the dynamic form factor J2 characterize the earth by an ellipsoid of revolution of which the surface is an equipotential surface. Restricting ourselves to the central part (m = GM) and the dynamic flattening (C20 = –J2), Eq. (55.224) becomes Vc + Vnc =



˘ m È J 2ae2 2 Í1 + 2 1 - 3 sin f ˙ 2r rÎ ˚



(



)



(55.225)



with sin f = (sin d =)



z r



in which f is the latitude and d the declination; see Fig. 55.20. © 2003 by CRC Press LLC
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A solution of the DE (by substitution of Eq. (55.225) in Eq. (55.165)) ˙˙ = —(V + V ) X c 20



(55.227)



in a closed analytical expression is not possible. The solution expressed in Keplerian elements shows periodic perturbations and some dominant secular effects. An approximate solution using only the latter effects is (position only)



(



)



[



]



˙ t ]R (- I ) R - (w + w˙ Dt ) X X I = R 3[- W0 + WD 1 3 0 w



(55.228)



Dt = t - t 0



(55.229)



J 2ae2 ˙ =-3 n cos I W 2 a2 1 - e 2 2



(55.230)



J 2ae2 3 5 Ê ˆ n Á 2 - sin 2 I ˜ w˙ = ¯ 2 a2 1 - e 2 2 Ë 2



(55.231)



with



with



(



(



)



)



È 3 J 2ae2 1 - e 2 n = n0 Í1 + Í 2 a2 1 - e 2 2 ÎÍ



(



)



n0 =



GM a3



˘ 3 2 ˆ˙ Ê 1 sin I Á ˜ ¯˙ Ë 2 ˙˚



(55.232)



(55.233)



whenever we have: I = 0° 0° I = 90° 90° < I < 180° I = 180°



equatorial orbit < I < 90°direct orbit polar orbit retrograde orbit retrograde equatorial orbit



Equation (55.230) shows that the ascending node of a direct orbit slowly drifts to the west. For a satellite at a height of about 150 km above the earth’s surface the right ascension of the ascending node decreases about 9º per day. For satellites used in geodesy and geodynamics, such as STARLETTE (a = 7340 km, I = 50°) and LAGEOS-I (a = 12,270 km, I = 110°), these values are –4° per day and +1/3° per day, respectively. The satellites belonging to the Global Positioning System have an inclination of about 55°. Their nodal regression rate is about –0.04187° per day.



The Global Positioning System Introduction The Navstar GPS space segment consists of 24 satellites, plus a few spare ones. This means that the full satellite constellation, in six orbital planes at a height of about 20,000 km, is completed. With this number of satellites, three-dimensional positioning is possible every hour of the day. However, care must be exercised, since an optimum configuration for three-dimensional positioning is not available on a full day’s basis. In the meantime, GPS receivers, ranging in cost between $300 and $20,000, are readily available. Over 100 manufacturers are marketing receivers, and the prices are still dropping. Magazines such as G.I.M., © 2003 by CRC Press LLC
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GPS World, P.O.B., and Professional Surveyor publish regularly on the latest models; see, for example, the recent GPS equipment surveys in GPS World [2002]. GPS consumer markets have been rapidly expanded. In the areas of land, marine, and aviation navigation, of precise surveying, of electronic charting, and of time transfer the deployment of GPS equipment seems to have become indispensable. This holds for military as well as civilian users. Positioning Two classes of positioning are recognized; standard positioning service (SPS) and precise positioning service (PPS): In terms of positional accuracies one has to distinguish between SPS, with and without selective availability (SA), on the one hand and PPS on the other. Selective availability deliberately introduces clock errors and ephemeris errors in the data broadcast by the satellite. On May 1, 2000, selective availability was suspended. The current positional accuracy using the (civil) signal without SA is in the order of 10 m or better. With SA implemented, SPS accuracy is degraded to 50 to 100 m. In several applications, GPS receivers are interfaced with other positioning systems, such as inertial navigation systems (INSs), hyperbolic systems, or even automatic braking systems (ABSs) in cars. GPS receivers in combination with various equipment are able to answer such general questions as [Wells and Kleusberg, 1990] Absolute positioning: Relative positioning: Orientation: Timing:



Where am I? Where are you? Where am I with respect to you? Where are you with respect to me? Which way am I heading? What time is it?



All of these questions may refer to either an observer at rest (static positioning) or one in motion (kinematic positioning). The questions may be answered immediately (real-time processing, often misnamed DGPS, for differential GPS) or after the fact (batch processing). The various options are summarized in Table 55.3 [Wells and Kleusberg, 1990]. Similarly, the accuracies for time dissemination are summarized in Table 55.4 [Wells and Kleusberg, 1990]. TABLE 55.3



Accuracy of Various GPS Positioning Modes



Absolute Positioning: SPS with SA SPS without SA PPS Relative/Differential Positioning: Differential SPS Carrier-smoothed code Ambiguity-resolved carrier Surveying between fixed points



100 m 40 m 20 m 10 m 2m 10 cm 1 mm to 10 cm



Note: Accuracy of differential models depends on interreceiver distance.



TABLE 55.4 Accuracy of Various GPS Time Dissemination Modes Time and Time Interval: With SA Without SA, correct position Common mode, common view
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