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Work Sessions of Plasma Theory. The 5-th meeting. Collision operators Florin Spineanu and Madalina Vlad September 25, 2017 Abstract The exchange of momentum and energy in plasma is mediated by collisions. The balance of forces, which establishes a cuasi-equilibrium of ‡ows and loss ‡uxes is governed by collisions. In the kinetic approach the details of collisional exchanges of momentum are complex and take into account the distinctive types of neoclassical orbits (trapped or circulating). We will examine the collisional processes …rst on general grounds then in a series of applications. This should help us understand not only the role of collisions but the way we must choose to place emphasis on certain particularities, i.e. to adapt the operators to various regimes. This should prepare us for the review of the connections between friction forces and transport ‡uxes. [provisional, raw, text will be found on the web page http://‡orin.spineanu.free.fr]
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Introduction



First part: generalities Second part: applications.



2 2.1



Collisional relaxation Collision frequency



Parameter of collisionality The e¤ective neoclassical collision frequency i



="



3=2



i



and this is compared with the transit frequency wt =



1



vth;i qR



2.2



Test particle s colliding with …eld particles s0



The expressions of the rates in Fundamenski Garcia. De…nition: collision rate between a test particle and the …eld particles is the time needed to change the direction of the test particles by a right angle from their initial ‡ow direction. This is 90 degrees - de‡ection. This is therefore momentum exchange. I.E. de‡ection NOT slowing down. The slowing down rate for a test particle @vks = @t t ss0



t ss0



vks



@ ln vks @t 1 ms 4 ss0 2 1 + ms ms0



= =



(v) v



ns 0 3 vth;s 0



The rate of transversal de‡ection of a test particle t;? ss0



1 @ 2 v vs2 @t s? ? 2Dss 0 = vs2 1 (v) = 4 ss0 2 ms v3 =



(v)



ns0 3 vth;s 0



The rate of dispersion or parallel di¤usion of a test particle t;k ss0



=



1 @ 2 v vs2 @t sk



=



Dss0 vs2



=



4



k



ss0



(v) 1 m2s v 3



ns 3 vth;s 0



2 The dispersion is caused by collisions that change randomly the velocity vks , around an average value. The rate of energy loss of a test particle t; ss0



= =



1 @ 2 K Ks2 @t s (v) 1 16 ss0 2 3 ms v 2



ns 0 3 vth;s 0



We have separated systematically the physical factor ns0 ns0 3 3=2 vth;s 0 T0 s



as it occurs in numerical calculations. The condition of conservation of energy imposes t; ss0



t;? ss0



(v) +



t;k ss0



(v) +



(v) = 2



t ss0



(v)



The kinetic energy of the test particle (s) Ks =



ms vs2 2



The quantities that speci…es the …eld particles ns0 ; Vs0 ; Ts0 ns0



=



ns0 Vs0



=



3 ns0 Ts0 2



=



Z Z Z



d3 v fs0 d3 v vfs0 d3 v



1 ms0 jv 2



2



Vs j fs0



The velocity vs of the test particle is normalized to the thermal velocity of the …eld particles vs = vth;s0 r 2Ts0 vth;s0 = ms0 The error function Z v 2 2 d exp ( )= p 0



The Chandrasekhar function ( )=



1 2



2



d d



Fundameski Garcia explain the limiting values taken by these functions. For a velocity of the test particle much less than the thermal velocity of the …eld particles vs =



vth;s0 vs vth;s0 3



1



the error function and the Chandraskhar function are close to zero 2 ( )! p



lim



!0



!0



2 ( )! p !0 3 Then, the rate of slowing down tends to a constant lim



!0



t ss0



! 4



1 m2s



1 m2s const



! 4 =



ss0



ss0



2 p



1+



ms ms0



3



1+



ms ms0



2 p 3



ns0 3 vth;s 0 ns0 3 vth;s 0



We have the series expansion erf (z)



= =



1 2 X p



n



( 1) z 2n+1 n! (2n + 1) n=0



2 p



d erf (z) dz



z 2 p



=



1 1 3 z + z5 3 10



:::



1 z2 + z4 2



:::



1



2 p exp



z2



Let is try d erf (z) dz 1 1 1 3 z + z 5 ::: z 1 z2 + z4 z 3 10 2 1 3 1 1 5 z z + z 5 ::: z + z 3 z 3 10 2 2 3 2 5 z z + ::: 3 5



erf (z) =



2 p



=



2 p



=



2 p



z



and (z)



= = =



1 d erf (z) z erf (z) 2z 2 dz 1 2 2 3 2 5 p z z + ::: 2z 2 3 5 2 1 z3 p z + ::: 3 5 4



:::



And the limit close to zero is lim



!0



2 ( )= p 3



!0



Further (z)



(z) z3



= =



p2



1 3 3z



z



+



1 5 10 z



p2



::: z3



2 1 2 p 3 z z 3



2 3 z 15



h



1 3z



z3 5



i + :::



:::



We obtain the possibility to express the limits of the formulas for the rates ( )



lim



!0



( )



2 2 1 ! p !1 3 2 3



( ) 3



!



1 for



!0



divergent Note this should be connected with the statement that the magnetic helicity A B is conserved when the resistivity goes to zero, but the mechanical helicity v ! is not conserved since the zero of collisionality means divergent rate of transversal dispersion. END. NOTE Another calculation (z)



= =



=



1 d erf (z) z erf (z) 2z 2 dz 1 2 1 3 1 p z z + z 5 ::: 2z 2 3 10 1 2 1 p 1 z 2 + z 4 ::: 2z 2 2 1 1 1 p z + z3 2z 6 20 1 1 1 3 + z z + ::: 2z 2 4 2 (z) = p



1 z 3



z3 + ::: 5



END Other limiting values (remember the velocity is normalized to the thermal v velocity, v vth;a ) lim ( ) = erf (1) = 1 !1
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lim



( )=0



!1



and two particular valus (1)



0:8



(1)



0:2



The constant in SI ss0



=



1 2 2 e e 0 ln 8 "20 s s



ss0



The logarithm ln



ss0



rmax rmin



= ln



The minimum distance in the collisions is the larger between the de Broglie length 1 hui



} 2



ss0



the classical distance of closest approach 1 es es0 1 4 "20 ss0 hui2 where u = vs



vs0



is the relative velocity hi



average over fs and fs0



ss0



=



1 ms



1 +



1 ms0



= reduced mass The maximum distance is the Debye length rmax



=



=



ef f D



0



11=2



B "0 Ts C BX C @ A na e2a a
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2.3



Fluid exchange of momentum: a test-particle species s colliding with a …eld particle species s0



This time the test particle s is not an isolated (i.e. individualized) particle, - it is an ensemble of species s particles with the distribution function fs and the …eld particles have the distribution function fs0 The force of friction on the species s by collisions with the species s0 is Z Fss0 = d3 v ms v Css0 (fs ; fs0 ) which is expressed as a linear dependence on the relative average ‡ow velocities Fss0 =



m s ns



ss0



(Vs



Vs0 )



This is the de…nition of ss0 . There is a ‡ow velocity Vs for the ‡uid of species s. The momentum balance for the species s will include this friction with s0 ; ms ns



@ + Vs r Vs @t



=



rps



r



s



+es ns (E + v X + Fss0



B)



s0



The ‡uid quantities are de…ned as ns =



Z



ns Vs = 3 ns Ts = 2



Z



Z



d3 v



d3 v fs d3 v vfs



1 ms jv 2



2



Vs j fs



Taking separately only the friction force e¤ect, the change of the momentum is



X



@ + Vs r Vs = @t



ss0



(Vs



Vs0 )



the force is proportional with the di¤erence in the ‡ow velocities of the two ‡uids.
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Explicit form of the collision operator. The form of the collision operator Css (fs ; fs0 ) will permit to calculate the coe¢ cient For large Css0



ss0 .



ss0 ,



the Landau-Boltzmann operator Z 1 @ 1 = ss0 d3 v 0 fs (v) fs0 (v0 ) I ms @v u ss0



(v; v0 ) =



1 @ ln fs ms @v



uu u3



ss0



(v; v0 )



1 @ ln fs0 ms0 @v0



This form for Coulombian collisions can be written in the form Fokker-Planck Css0



= =



@ 1 @ Ass0 fs (Dss0 fs ) @v 2 @v @ 1 @2 (Ass0 fs ) + : Dss0 fs @v 2 @v@v



where Ass0 Dss0



2.4



h viss0 dynamical friction t h v viss0 velocity space di¤usion t



The Rosenbluth potentials



The expression for the collision operator of a population s of test particles with a population s0 of …eld particles Z 1 @ 1 uu Css0 = d3 v 0 fs (v) fs0 (v0 ) I ss0 ms @v u u3 1 @ 1 @ ln fs (v) ln fs0 ms @v ms0 @v0 1 @2 @ (Ass0 fs ) + : Dss0 fs = @v 2 @v@v can be rexpressed using the Rosenbluth potentials. Z 0 gs (v) = d3 v 0 u fs0 (v0 ) hs0 (v) =



Z



d3 v 0
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1 fs0 (v0 ) u



where v0 j



u = juj = jv



The dynamical friction vector Ass0 = 2



ss0



1 m2s



1+



ms ms0



@ hs0 @v



The velocity-space di¤ usion tensor Dss0 = 2



ss0



1 @2 gs0 2 ms @v @v



Now one takes the simplest case where the …eld particles have Maxwellian distribution, no ‡ow Vs0 = 0, temperature Ts0 then gs0 M (v) = ns0



vth;s0 2



d + 1+2 d



and hs0 M (v) = ns0



1 vth;s0



2



( )



( )



and with these formukas the dynamical friction vector and the velocity-space di¤ usion tensor can be calculated Ass0 M = ns0 Dss0 M = ns0



2 ms0



1 1 ms0 m2s



where F1 ( ) = F2 ( ) =



v d ( ) v3 d i Ts0 h vv ss0 3 I F1 ( ) + 3 2 F2 ( ) v v ss0



d + 2 d 2 2 1 3



2



1 ( )



( ) d d



The collision operator with …eld species Maxwellian The replacement of the two expressions (vector and tensor) in the Collision Operator Css0 M =



ns0



ss0



2 1 1 2 ms ms0 vth;s0 vth;s



1
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Ts0 Ts



Ts =ms Ts0 =ms0



d d



fsM



3



Collision operators used in various applications C (f; f ) =



X



Cjk (f; f )



k



3.1



Fokker-Planck operator in the Landau form



This is Karney review for NBI. The operator of collisions is of Fokker-Planck form Z Z d Cab (f ) = d3 vb0 ab ( ) jva



vb0 j



[fa (va ) fb (vb )



fa (va00 ) fb (vb00 )]



wher va ; vb0



velocities before collisions



va00 ; vb00



velocities after collisions cross section



ab



The Fokker-Planck collision operator with the Landau collision integral Z @2u @ d3 v 0 Cjk (f; f ) = cjk @v @v@v @fj (v) mj @fk (v0 ) fk (v0 ) fj (v) @v mk @v0 cjk = 2



e2j e2k ln m2j



where the relative velocity is u



v



v0



@2u 1 = 3 u2 I @v@v u



uu



The paper Fokker Planck and quaslinear codes Karney The Fokker Planck equation in the presence of electric …eld X @fa qa @fa + E = C (fa ; fb ) @t ma @v b



NOTES
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We observe the absence of the spatial convective term v



@fa @x



and this means that the problem is con…ned to the space of velocity. This will happen in every spatial point x and possible variations with x come only from parameters like Ta or na . If there is an external wave that injects energy in the population a then we must include another term in the equation. It is a wave-induced quasilinear ‡ux in velocity space: some particles will be in resonance with the wave and will increase some of their velocity components (implicitely the energy) and the con…guratio of the distribution function in the velocity space v will change). This is represented as the velocity-space-divergence of a ‡ux in the velocity space @ Swave @v The fact that the divergence of the ‡ux Swave is not zero is clearly due to the existence of a source in velocity space: this is the momentum and energy coming from exterior with the wave. Another observation is about the term of electric acceleration which clearly has e¤ect in the velocity space qa @fa E ma @v It can be written as a velocity-space-divergence qa @fa E ma @v



= =



@ qa E fa @v ma @ Selec @v



Finally the collision term C (fa ; fb ) =



r Sa=b c



if the collisions are small-angle. It results that the Fokker Planck equation is @fa +r S=0 @t where the ‡ux in the velocity space S = Sc + Swave + Selec 11



and the collisional ‡ux is produced by contributions X Sc = Sa=b c b



The Landau form of the collision operator Sa=b c



Sa=b c



‡ux rate of collisions (c) of test population a



with the background population b Z 1 @fb (v0 ) 1 qa2 qb2 1 3 0 a=b d v U (u) f (v) = ln a 8 "20 ma mb @v0



where U (u) =



1 I u



fb (v0 )



u u u3



u=v



v0



Z



d3 v 0



The Rosenbluth potentials b (v) =



b



1 8



(v) =



1 4 Z



fb (v0 ) jv v0 j



d3 v 0 jv



v0 j fb (v)



The name potentials is suggested by equations of Poisson type r2



b



(v) = fb (v)



r2



b



(v) =



b



(v)



the Landau collision operator can be reexpressed Sa=b c



Da=b rfa (v) c



=



+Fa=b c fb (v) where Da=b c



Fa=b c



=



=



1 r r b (v) nb a tensor of di¤usion in v space 4



a=b



1 r b (v) nb velocity of convection in v space 4



a=b
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1 @fa (v) ma @v



The notations a=b



1 qa2 qb2 1 ln 4 "20 m2a



=



a=b



here we note (from Karney) a=b ab



=



3 vth;a



The integrands in the two Rosebluth potentials contain p jv v0 j = v 2 + v 02 2v v 0 cos (v; v0 )



To …nd the angle between the two velocityis it is assumed that one of them, v is taken as reference. If this velocity is directed along the magnetic …eld vkB then the other velocity is v0 = v 0 ;



jv



0



vj =



v



2



v2



=



s



1+



v0 v



p 1 + x2



0



2



2 2x cos



v0 v



cos



0



0



The expression of the radical also occurs at denominator in the …rst Rosenbluth potential. This integrands suggest to use the expansion in series of Legendre polynomials. The occurence of the expression p



x2



1 2x cos + 1



in the Rosenbluth potential suggests the expansion in Legendre functions. In Morse Feshbach page 1574 ch11 exp (ikR) R



=



for r0



>



ik



1 X



(2n + 1) Pn (cos ) jn (kr) hn (kr0 )



n=0



r>0



where R= with the particular form



q r2 + r02



exp (ikr cos ) =



1 X



2rr0 cos



(2n + 1) in Pn (cos ) jn (kr)



n=0
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And, in Morse Feshbach page 1734 ch12 we …nd 8 n r1 1 < n+1 X for r2 > r1 1 r2 = Pn (cos 12 ) r2n : n+1 for r1 > r2 r12 n=0 r 1



NOTES on the spherical harmonic functions Yl;m ( ; ') =



1=2



(l m)! 2l + 1 (l + m)! 4



exp (im') Plm (cos )



The equation for the Legendre functions P (x) 1



x2



d2 w dx2



2x



dw + ( + 1) w = 0 dx



and the equation for the associated Legendre functions P (x) 1



x2



d2 w dx2



2x



dw + dx



( + 1)



1



x2



w=0



END Coordinates in the velocity space v? ; vk ; '



cylindrical ' is azimuthal around



k



direction



and (v; ; ') spherical where angle between v and the magnetic …eld (pitch angle) '



azimuthal angle, around the magnetic …eld direction



The connections v2 cos



2 = vk2 + v? vk = v



Using these coordinates the divergence of the velocity-space-‡ux is @ 1 @ @ S= (v? S? ) + Sk @v v? @v? @vk 14



with the components of the vector-‡ux Sa=b c



Da=b rfa (v) c



=



+Fa=b c fb (v)



expressed in these coordinates (we remove the indices) S?



=



@f @v?



D?k



@f @v?



Dkk



D?? +F? f



Sk



=



Dk? +Fk f



@f @vk



@f @vk



In the other system (v; ) @ 1 @ 1 @ S= 2 v 2 Sv + (sin S ) @v v @v sin v@ Sv



=



S



=



@f @v +Fv f Dvv



@f @v +F f D



v



Dv



@f v@



D



@f v@



Karney shows how to connect these components of the tensor of "velocityspace-di¤usion" 0 0 1 1 Dvv D?? B D?k C B Dv C B C B C @ Dk? A = M @ D v A Dkk D and



F? Fk



=N



Fv F



sc s2 c2 sc



sc c2 s2 sc



The two matrices are M = 0 M



1



s2 B sc = B @ sc c2
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1 c2 sc C C sc A s2



and N



1



= N =



s c



c s



s



sin



c =



cos



with the notations



The expansion of the function f (v; ) is f (v; ) =



1 X



f (l) (v) Pl (cos )



l=0



The coe¢ cient can be obtained by the orthogonality properties of the Legendre functions Z 2l + 1 d f (v; ) Pl (cos ) sin f (l) (v) = 2 0 Using this and the expansion of the expression jv v0 j is Pl (cos ), one obtains Z 1 Z v 0l+2 1 v l (l) (l) (l) 0 0 v dv 0 0l 1 fb (v 0 ) dv l+1 fb (v ) + b (v) = 2l + 1 0 v v v and (l) b



(v) =



1 2 (4l2



1)



"Z



0



v



v 0l+2 dv 0 l 1 v



02



1



l v2 l + 32 v 2



!



(l) fb



(v 0 ) +



Z



1



dv 0



v



Particular cases. The isotropic background. This means fb (v) = fb (v) with no dependence of fb on . This only refers to the background. The Rosenbluth potentials are also isotropic, =



(v)



=



(v)



16



2



vl v 0l



3



1



l v2 l + 32 v 02



!



(l) fb



#



(v 0 )



The ‡ux vector of the Fokker Planck equation is composed of the part coming from the diagonal di¤usion tensor and the convection tensor a=b v



Sc



a=b vv



=



Dc



@fa @v



a=b v fa



+Fc



and the part of di¤usion which is not diagonal a=b



Sc



a=b



=



Dc



@fa v@



The expressions of the di¤usion tensor components is now easier Z 1 Z v 4 a=b 1 v 04 a=b Dc vv = dv 0 v 0 fb (v 0 ) dv 0 3 fb (v 0 ) + 3 nb 0 v v Z v Z 1 4 a=b 1 v 02 a=b 2 02 0 Dc = 3v v f (v ) + dv 0 dv 0 fb (v 0 ) b 3 nb 0 2v 3 v Z 4 a=b 1 ma v 0 3v 03 a=b dv fb (v 0 ) Fc v = 3 nb mb 0 v2 there is still another, most interesting case, where the distribution of the background population is Maxwellian. this case can be calculated explicitely (Trubnikov) a=b vv



Dc a=b



Dc



= a=b v



Fc with the notations



=



a=b



=



a=b



1 4v a=b



1 erf (u) 2v u2 1 u2



2



1 d erf (u) u du



erf (u) +



1 ma erf (u) v 2 mb



2 erf (u) = p



Z



u



1 d erf (u) u du



d erf (u) du



u



x2



dx exp



0



d erf (u) 2 = p exp du v u p 2vth;b
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u2



3.2



Landau collision frequency for the electron-ions collisions



From Galeev Sagdeev Stei ffe g =



3.3



@ 2 e4 Z 2 ln v v n @v m2e v v3 p 4 2 16 e Z ln n ei = 3 3m2e vth



@fe @v



v fe T



Krook collision operator



The simplest model C (g) =



3.4



kg



Coulomb collisions



For Coulomb collisions, scattering through the angle 1 where



3.5



v=v occurs in the time



2



v v



is the collision frequency for the scattering through =2 angle.



Lorentz collisions



A simple Lorentz model for the friction force is given in Stacey 1992 Poloidal Rotation X R = nj mj vk ) jk (vj k6=j



valid when



mj



mk



which means that a heavy particles moves in an environment of light particles. For comparison, in Hirschman 1977, the friction force on species a is de…ned as the mean rate of collisional momentum generation Z Ra = d 3 v m a vk C a X where Ca = Cab b



Similar for the heat "friction" " Z 3 Ha = d v ma vk
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v vth;a



2



5 2



#



Ca



3.6



Collision operator in poloidal rotation damping in the plateau regime



The paper of Taguchi arrives at an equation of the form * " ! #+ (0) (0) B @fa1 @ @fa1 (0) Ca fa1 + ea =0 vk @t @t @E v=ct



(See also Hirshman Sigmar Clarke 1976 further below). We note here the presence of the time variation of the elctrostatic potential (0)



ea



@ @fa1 @t @E



This is justi…ed since we are concerned here with the decay of the poloidal rotation. Then, there is a radial electric …eld and this electric …eld has time variation, as in a damping. The distribution function is (0)



fa1



=



vk @fa0 ca @ +ga ( ; ; v; ; t) I



(note that the …rst term is I



vk @f0 ci @



vk = RB' eB mi



1 @f0 RB @r



vk @f0 = c @r



@f0 @r



the usual neoclassical correction. In Hirshman 1976 it is called diamagnetic part) The equation is actually the solubility condition for the equation written for the function of higher order (1)



fa1



1



order ( a )



and (



a)



1



usual neoclassical expansion. (0)



Ca fa1 (0)



is very important in the equation for fa1 which becomes actually an equation for ga . The variable to write the pitch angle scattering is vk v
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The property Ca [' (v) Pl ( )] = Pl ( ) Cal [' (v)] v



k is an eigenfunction of the linearized colliThe Legendre polinomial Pl v sion operator. Approximations. For high order of the Legendre polynomials



l2



1



the pitch angle scattering terms are a good approximation for the collision operator Cal . l (l + 1) D Cal a (v) 2 X D D a (v) = ab (v) b



D ab



1



(v) =



ab v va;th



v



erf



3



Gc



va;th



1 2x erf (x) p exp 2x2 Then the approximation becomes possible (0)



D a



+



vb;th



x2



Gc (x) =



Ca fa1



v



(0)



(v) L fa1



l=2 X



Pl ( ) Cal (fl ) +



l=0



l (l + 1) 2



D a



(v) fl



The functions fl are projections of the unknown perturbation of the distribution (0) function fa1 on the basis of the Legendre polynomials Z 2l + 1 +1 (0) d Pl ( ) fa1 fl = 2 1 The operator L is the pitch-angle scattering operator, vk @ @ L= vk B@ @



In the equation for the solvability condition we have to insert the collision (0) operator in the approximate form and the expression of the function fa1 in terms of ga . It is obtained p



+2



p D a



B 1



(v)



Ca1 +



= + I



B ca



B @ @ D a



ga Dp



1



(v) Ka



Ca1 v



@fa0 @
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B



E @g



a



@



ea @2 vfa0 Ta @t@



where



=



q



p 2 1 = B v? 1 v B (x)



1



vk =v



2



B



= pitch-angle variable



v? h v



Note. The pitch angle variable controlls the extension in the velocity space of the CIRCULATING particles c



=



1 Bmax along a magnetic …eld line



and 
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