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Abstract— This paper presents a state-dependent Riccati equation (SDRE) flight control approach and its application to autonomous helicopters. For our experiments, we used two different vehicles: an X-Cell-90 small hobby helicopter and a larger vehicle based on the Yamaha R-Max. The control design uses a 6-DOF nonlinear dynamic model that is manipulated into a pseudo-linear form where system matrices are given explicitly as a function of the current state. A standard Riccati equation is then solved numerically at each step of a 50 Hz control loop to design the nonlinear state feedback control law on-line. In addition, a static nonlinear compensator is designed to address issues with the mismatch between the original nonlinear dynamics and its pseudo-linear transformation.



I. NOMENCLATURE u, v, w p, q, r φ, θ, ψ x, y, z ulon , ulat ucol , utcol uw , v w , w w m Ixx , Iyy , Izz T λ0 µ µz Vtip a CT Vi ρ S σ ηw Sxf us h xtr X, Y, Z L, M, N Qe a1 , b 1 Kβ τf b Klon , Klat



vehicle velocities along X, Y and Z fuselage axes vehicle angular (roll, pitch, yaw) velocities Euler angles: roll, pitch and yaw vehicle position in inertial frame longitudinal and lateral cyclic control inputs main and tail rotors collective control inputs wind velocities along X, Y, and Z fuselage axes helicopter mass main moments of inertia rotor thrust inflow ratio advance ratio normal airflow component speed of the rotor blade tip rotor blade lift curve slope rotor thrust coefficient rotor induced velocity air density rotor disk area rotor solidity ratio coefficient of non-ideal wake contraction frontal fuselage drag area rotor hub height above center of gravity (c.g.) tail rotor hub location behind c.g. forces along X, Y, Z fuselage axes rolling, pitching and yawing moments engine torque longitudinal and lateral main rotor flapping angles main rotor hub torsional stiffness time constant of a rotor with a stabilizer bar longitudinal and lateral cyclic control to flap gains



The following subscripts are used with variables: mr (main rotor), tr (tail rotor), f us (fuselage), ht (horizontal tail), vt (vertical tail).



II. INTRODUCTION Autonomous flight control systems for helicopters present significant challenges due to their highly nonlinear and unstable nature. Our goal is to develop nonlinear controllers capable of autonomous operations through a broad spectrum of maneuvers and in-flight situations. A technique that



has shown considerable promise involves manipulating the system dynamic equations into a pseudo-linear or statedependent coefficient (SDC) form in which system matrices are given explicitly as a function of the current state. Treating the system matrices as constant, the approximate solution of the nonlinear state-dependent Riccati equation is obtained for the reformulated SDC dynamical system in discrete time steps. The solution is then used to calculate a feedback control law that is optimized around the system state estimated at each time step. This technique, referred to as State-Dependent Riccati Equation (SDRE) control [1], provides an approximate solution for the optimal control problem with a linear quadratic (LQ) cost function. To ensure real-time computation of the SDRE solution, we utilize an iterative algorithm that enables an efficient computational performance. In this paper, we present results from flight tests on an instrumented X-Cell-90 small-scale acrobatic R/C helicopter and a second larger vehicle based on the Yamaha R-Max. The SDRE design uses a nonlinear dynamic model of a helicopter [2] consisting of a 6 degree of freedom (6-DOF) rigid body model augmented with simplified nonlinear models of the rotor torque and thrust, rotor flapping dynamics, and aerodynamic forces and moments. As cited previously by the authors [3], direct application of the SDRE technique to a helicopter model results in the necessity to further simplify the vehicle model due to a number of terms that cannot be effectively presented in the SDC form. This results in a model mismatch between the original nonlinear dynamics and the transformed model used in the SDRE design. To overcome this problem, a fixed or scheduled “trim” control can be added (usually to provide altitude and heading hold in hover or level flight). However, it is more appropriate to design a compensator that cancels the differences between the original model and the model used in the SDRE design. This will provide an approximate match of the vehicle response to the one of the SDC model used by the SDRE. III. THE EXPERIMENTAL VEHICLES Our X-Cell-90 helicopter and avionics (Fig. 1) is a clone of an MIT research vehicle [4]. It is a small scale model weighing only 8 kg (main rotor diameter is 1.5 m). The custom avionics package weighs 3 kg and includes an Inertial Sciences ISIS IMU (inertial measurement unit) with three rate gyros and three accelerometers, a 10 Hz GPS



Fig. 1.



was further refined numerically [7]. The additional computational load of that approach, however, appears prohibitive for implementation on our current on-board hardware. For digital implementation purposes, we discretize A(x), B(x) into Φ(xk ), Γ(xk ) at every sampling interval and then compute the digital control



X-Cell 90 helicopter with sensors and avionics box



uk = −R−1 ΓT (x)P(xk )(xk − xdes k ) ≡ −K(xk )ek , where xdes is a desired state, and P(xk ) is the solution of k the discrete-time algebraic Riccati equation (DARE) ΦT [P − PΓ(R + ΓT PΓ)−1 ΓT P]Φ − P + Q = 0 (3)



Fig. 2.



Yamaha R-Max helicopter (GTMAX)



receiver, a barometric altimeter, wireless communications, and an on-board Geode GX1 300 MHz microprocessor. The second helicopter is the GTMAX, a larger vehicle developed at the Georgia Institute of Technology [5]. The GTMAX is based on the Yamaha R-Max industrial helicopter airframe1 with the following characteristics: rotor diameter: 3.1 m, gross weight: 93 kg, payload: over 30 kg, 21 hp gasoline engine, generator and battery, and an electric starter. The GTMAX avionics package weighs about 16 kg and includes general purpose processing capabilities and sensing: 2 embedded PCs (266 MHz and 850 MHz), ISIS IMU, NovAtel RT-2 differential GPS, 3-Axis magnetometer, sonar altimeter, radar altimeter, and wireless telemetry. Servo commands are given as raw data via a modified Yamaha Attitude Control System (YACS) interface. IV. SDRE CONTROL DESIGN The SDRE approach [1] involves manipulating the vehicle dynamic equations x˙ = f (x, u)



(1)



into an SDC form in which system matrices are explicit functions of the current state: x˙ = A(x)x + B(x)u .



(2)



The approach assumes input-affine dynamics: f (x, u) ≡ f1 (x) + f2 (x)u with f1 (0) = 0, and is also known as “extended linearization”. If the pair (A(x), B(x)) is pointwise controllable2 , a standard Riccati Equation can then be solved at each time step on-line to design the state feedback control, corresponding to the local solution to the LQ optimal control problem. Our earlier work on LQ optimal control applications for helicopter control was based on the Model Predictive Control framework and utilized the SDRE to generate an initial control solution, which then 1 The Yamaha R-Max was designed as an unmanned vehicle to distribute agricultural chemicals over farm crops. 2 Controllability of the original dynamics is not guaranteed by this condition alone [6].



using state-dependent matrices Φ(xk ) and Γ(xk ), which are treated as being constant at each time step. The SDRE gain scheduling is very similar to the linear parameter varying (LPV) framework [8], [9]. In the LPV structure, the coefficient matrices are functions of a parameter while in the SDC structure, the coefficient matrices are functions of the state. The LPV control is designed to stabilize a system throughout the whole range of the parameter values while SDRE design is based on the LQ cost function minimization. The SDRE control generally exhibits greater stability and better performance than linear control laws (e.g. LQR), and empirical experience often shows that in many cases the domain of attraction is as large as the domain of interest [1]. For helicopter control, we define the observable states to correspond to the standard 12 state variables of a 6-DOF rigid body model: x = (u, v, w, p, q, r, φ, θ, ψ, x, y, z)T , and vector of controls u = (ulon , ulat , ucol , utcol )T corresponding to rotor blade pitch angles. Additionally, we introduce a wind vector w = (uw , vw , ww )T . To stress the dependence of the vehicle dynamics on the wind, we will include the vector w in further system equations. Unfortunately, SDC reformulation of the nonlinear dynamic equations specific to the helicopter does not yield an exact parameterization due to various approximations, disturbances and non-parameterizable terms in the original dynamics. This results in an additional term ∆f (x, w, u) characterizing a mismatch between the original dynamics and its SDC parameterization: f (x, w, u) = A(x, w)x + B(x, w)u + ∆f (x, w, u) . In this case, one may expect the dynamic response of the actual and approximated systems to differ. To overcome this problem, the control is generated as u = usd + uc , i.e. we supplement the SDRE control usd with a static nonlinear compensator uc that provides model matching: f (x, w, usd + uc ) ≈ A(x, w)x + B(x, w)usd .



(4)



The purpose of the compensator is thus to cancel the term ∆f (x, w, u). This matches the vehicle dynamics (1) to the reference SDRE dynamics (2) and provides performance close to the potential of the ideal SDRE design. In the following sections, we detail the SDC formulation for the SDRE design and the specifics of the compensator.
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Before detailing the specific SDC formulation for the helicopter, let us first consider the general problem of SDC representation. Note that any function f (x) ∈ C 1 can be presented in the form
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Fig. 3.



f (x) = af (x)x + ∆f (x) .



Control diagram



A. State-Dependent Formulation The helicopter model can be described as a generic 6DOF rigid body model with external forces and moments originating from the main and tail rotors, empennage and fuselage drag [2]. u˙ v˙ w˙ p˙ q˙ r˙



= vr − wq − g sin θ + X/m = wp − ur + g cos θ sin φ + Y /m = uq − vp + g cos θ cos φ + Z/m = qr(Iyy − Izz )/Ixx + L/Ixx = rp(Izz − Ixx )/Iyy + M/Iyy = pq(Ixx − Iyy )/Izz + N/Izz T T ˙ = Ψ(φ, θ, ψ) p q r φ θ˙ ψ˙ T T x˙ y˙ z˙ = R(φ, θ, ψ) u v w X Y



= Xmr + Xf us = Ymr + Yf us + Ytr + Yvt



Z = Zmr + Zf us + Zht L = Lmr + Lvt + Ltr M N



(5)



(6)



= Mmr + Mht + Mtr = −Qe + Nvt + Ntr



∂b1 va ∂µv Vtip



∂a1 ua ∂µ Vtip



(7)



∂a1 wa ∂µz Vtip



+ Klon ulon (8) where a1 and b1 are the longitudinal and lateral flapping angles; ua , va , wa are relative velocities to the air (e.g. ∂b1 1 ua = u − uw ); and flapping derivatives ∂a ∂µ = − ∂µv . The approximated flapping then becomes part of the algebraic nonlinear equations of the main rotor induced forces and moments in the 6-DOF equations:3 Xmr = − sin(a1 )Tmr , Ymr = sin(b1 )Tmr , Lmr = sin(b1 )(hmr Tmr + Kβ ), Mmr = sin(a1 )(hmr Tmr + Kβ ). a1 (x, w, ulon ) = −τf b q +



+



+ Klat ulat ,



Two trivial cases are: functions exactly presentable in the SDC form; f (x) ≡ af (x)x, and functions not presentable in the SDC form; f (x) ≡ ∆f (x). Continuously differentiable functions that have the property limx→0 f (x) x ≤ M < ∞ can be exactly presented in an SDC form (af (x) has to be bounded). Examples of such functions include f (x) = αxn , with af (x) = αxn−1 , and f (x) = sin(x), which yields af (x) = sin(x) x . Examples of functions not presentable in an SDC form include f (x) = N (constant functions), f (x) = cos(x), etc. Normally we will encounter functions that are a mixture of the two trivial cases, or smooth functions that can be presented by their Taylor series and thus by (9). Note that the SDC parameterization is not unique. Consider f (x) = A(x)x, in which case f (x) = (A(x) + E(x))x for any matrix that satisfies E(x)x = 0. The nonuniqueness can affect controllability of the parameterized pair (A(x), B(x)), although controllability of this pair is not a test for controllability of the original dynamics [6]. Next, recall that the SDRE approach considers input-affine dynamic models. If T is some nonlinear function of state variables and control inputs, it can be presented as T (x, u) = au (x)x + b(x)u + ∆T (x, u) .



where R(φ, θ, ψ) ∈ SO(3) is a linear velocity transformation matrix, Ψ(φ, θ, ψ) describes angular velocity transformation, and the body frame is aligned with the main axes of inertia. The generic 6DOF dynamic equations are also supplemented with equations of the main rotor lateral and longitudinal flapping dynamics, which are steady state approximated for the purpose of deriving a control law as (see also [2], [3]), b1 (x, w, ulat ) = −τf b p +



(9)



3 The main rotor flapping approximation in steady state results in unaccounted resonant modes in rolling and pitching dynamics. To prevent their excitation, Q and R matrices are designed to keep the control bandwidth below critical. Additionally, notch filters can be used in lateral and longitudinal cyclic controls [10].



Depending on the particular case, this may involve either manipulations similar to before, or simple linearization. In either case, ∆T (x, u) is the remaining part that cannot be used in the SDC parameterization. For example, consider T = sin(xu). Then T = xu + ∆T (x, u), where ∆T = P∞ 1 ∂ k sin(xu0 ) uk (i.e. higher order terms in the k=2 k! ∂uk u0 =0 Taylor’s series expansion). Another simple example is T = (x+u)u, which yields T = xu+∆T , where ∆T = u2 . Let us now return to the SDC reformulation for the helicopter. The dynamic equations (5)–(8) can be specified as x˙ = frb (x) + T(x, u, w) , (10) where frb (x) describes the free motion of the rigid body (in the gravity field), and T(x, w, u) =  T M N L X Y Z is a vector defined m , m , m , Ixx , Iyy , Izz , 0, ..., 0 by external forces, which depend on state, wind and control inputs. Reformulation of the free rigid body dynamics frb (x) results in its exact SDC parameterization everywhere except vertical velocity dynamics: the term g cos θ cos φ is not zero in the origin x = 0, thus it has to be excluded from the SDC formulation and contributes to ∆frb (x): frb (x) = Arb (x)x + ∆frb (x) .



(11)



Forces and moments (6) are induced by drag and rotor thrust, thus the vector T(x, u, w) consists of two terms T(x, u, w) = Td (x, u, w) + Tu (x, u, w) .



(12)



Drag-induced forces depend explicitly on the state and wind, and implicitly (via rotors-induced downwash Vi ) on collective control inputs ucol , utcol . Treating the downwash as constant (e.g. substituting its value in the drag forces with its past value), the drag forces are approximated as independent of control inputs, which yields Td (x, w) = Ad (x, w)x + ∆Td (x, w) .



(13)



For example, fuselage drag in the longitudinal direction yields Xf us (x, w) = Xfuus (x, w)u + ∆Xf us (x, w): p Xf us = −0.5ρSxf us u2a + va2 + (wa + Vimr )2 u p + 0.5ρSxf us u2a + va2 + (wa + Vimr )2 uw .



Rotor thrust depends on the vehicle velocity, wind, and the collective control input. Its computation is based on the momentum theory and involves numerical solution of a system of nonlinear equations. Thus we simply linearize it around some fixed (or previous) value of the control input u0col using the current values of the state and wind. For example, the main rotor thrust reformulation yields: Tmr ≈ T (x, w, u0col ) + =



∂Tmr (x,w,u0col ) (ucol ∂ucol



∂Tmr (x,w,u0col ) ucol ∂ucol



+



− u0col ) + O2



∆Tmr (x, w, u0col )



+ O2 .



Furthermore, longitudinal and lateral forces (or moments) are formed by a product of the main rotor thrust (or moment from thrust and blade stiffness) with a corresponding blade flapping angle (7)–(8) (assuming small angle approximation, sin(α) ≈ α). Thus, the SDC reformulation of the rotorinduced forces and moments yields Tu (x, w, u) = Au (x, w)x+B(x, w)u+∆Tu (x, w, u) . (14) For example, the main rotor rolling moment: Lmr ≈ (Kβ +hmr Tmr ) b1 . Let L∗Mβ = hmr ∆Tmr (x, w, u0col )+Kβ , = hmr Tmr (x, w, u0col ) + Kβ . From (7), L Mβ b1 (x, w, ulat ) = b1 (x, 0, 0)+b1 (0, w, 0)+b1 (0, 0, ulat ), thus Lmr = aL (x, w)x + bL (x, w)u + ∆Lmr (x, w, u), where mr aL x = L∗Mβ b1 (x, 0, 0), bL u = b1 (x, w, 0)hmr ∂T ∂ucol ucol + = L∗Mβ b1 (0, w, 0) + LMβ Klat ulat , and ∆Lmr 0 2 mr hmr ∂T ∂ucol (ucol−ucol )Klat ulat+O . Note that in addition to the wind-induced term, ∆Lmr contains a term not suitable for SDC formulation due to its bilinearity w.r.t. control. It can be safely omitted from the SDC formulation due to the dominant influence of stiff blades attached to a hingeless rotor hub (large Kβ ). Rotor thrust derivative   CT amr σλ0 (2/3+µ2 ) amr σ 2 ∂Tmr 2 2 +C a 3 η 2 (µ −λ ) ∂ucol = 4 3 +µ − 4CT σλ −16λ T mr 0 z 0 0 w 2 × ρVtip Smr is obtained from thrust and inflow ratio equations [2], [11].



Finally, to construct system matrices A(x) and B(x), equations (11), (13) and (14) are gathered together yielding A(x, w) = Arb (x) + Ad (x, w) + Au (x, w) ,



(15)



∆f (x, w, u) = ∆frb (x)+∆Td (x, w)+∆Tu (x, w, u) (16) Matrices A(x, w) and B(x, w) are explicitly given as4   A1 (x, w) A2 (x, w) A3 (x) 0  A4 (x, w) A5 (x, w) 0 0  , A(x, w) =   0 Ψ(φ, θ, ψ) 0 0  R(φ, θ, ψ) 0 0 0   B1 (x, w) B(x, w) = , 06×4 where 0 are zero 3 × 3 matrices. In particular for the X-Cell-90, denoting L∗Mβ = hmr ∆Tmr (x, w, u0col ) + Kβ , 0 = Tmr (x, w, u0col ), LMβ = hmr Tmr (x, w, u0col )+Kβ , Tmr 0 0 a1 = a1 (x, w, 0) and b1 = b1 (x, w, 0), the 3 × 3 matrices Ai (x, w) and 6 × 4 matrix B1 (x, w) are defined as follows   u ∂a1 ∆Tmr Xf us− ∂µ V ∂a1 ∆Tmr tip r −q− ∂µz mVtip  m  v   Yfvus +Yvt   − m A1 =  , ∂b1 ∆Tmr p −r   ∂µv Vtip   − m w w Zf us +Zht q −p m   1 0 0 m τf b ∆Tmr 1 1 r  τf b ∆Tmr 0 A2 =  − m , m Yvt 1 q 0 Z 0 m ht   0 −g sinθ θ 0 0 0 , A3 =  g cos θ sinφ φ 0 0 0   L∗ Lv vt −



∂b1



Mβ



∂µv Vtip   0 0 Ixx   L∗  ,  M ∂a β w A4 =  1 M − L∗  ht Mβ ∂µz Vtip 1   − ∂a 0 ∂µ Iyy Vtip Iyy 0 0 0  τ f b L∗  M Lrvt Iyy −Izz Iyy −Izz − Ixx β r q + 2Ixx 2Ixx Ixx   q −τf b L∗ Mht  , Mβ Izz −Ixx A5 =  r q  Izz2I−Ixx  Iyy 2Iyy yy Ixx −Iyy Ixx −Iyy 0 2Izz q 2Izz p  T0 K  a0 mr − mrm lon 0 − m1 ∂T 0 ∂ucol   0 Klat b01 ∂Tmr Tmr 1 ∂Ttr   −m 0 m m ∂ucol ∂utcol   1 ∂Tmr   0 0 − m ∂ucol 0   B1 =  . LMβ Klat b0 hmr ∂T htr ∂Ttr  1 mr  0 Ixx Ixx ∂ucol − Ixx ∂utcol    LMβ Klon  a01 hmr ∂Tmr 0 0   Iyy Iyy ∂ucol xtr ∂Ttr 0 0 0 Izz ∂utcol



4 In the formulation of the system matrices, we treated the engine torque as not presentable in the SDC form: Qe (x, w, ucol ) ≡ ∆Qe (x, w, ucol ), and excluded it from the SDRE design to be compensated by uc as described in the next subsection.



In the above notation explicit dependence on the state and wind was omitted for the sake of space, e.g. L∗Mβ (x, w, u0col ), ∆Tmr (x, w, u0col ), Lvvt (x, w) etc. One can observe that obtained A(x, w) and B(x, w) are bounded and continuous almost everywhere5 on a compact set of x. Discrete system matrices Φ(xk , wk ) and Γ(xk , wk ) are obtained from A(x, w) and B(x, w) by approximate discretization at each time step, i.e. Φ(xk , wk ) ≈ eA(xk ,wk )∆t , Γ(xk , wk ) ≈ B(xk , wk )∆t. Real-time computation of the SDRE control algorithm at 50 Hz using the on-board computer demands a computationally efficient algorithm to solve the DARE (3). Kleinman’s iterative algorithm is often cited as a fast method to solve the continuous algebraic Riccati equation [12]. The solution obtained can then be modified to design a discrete-time linear quadratic regulator. Our solution, however, was to use a direct, iterative propagation of the difference Riccati equation: Pk = ΦT (Pk+1−Pk+1 Γ(R+ΓT Pk+1 Γ)−1 ΓT Pk+1 )Φ+Q By seeding PN with the solution from the previous sampling interval, only a few iterations (less than 10) are necessary for convergence to an approximate solution with sufficient accuracy to calculate the control. With the 300 MHz Geode GX1 processor on the X-Cell-90, we are able to calculate an SDRE control law using a 12-element state vector in approximately 14 ms. This processor also handles sensor inputs, state estimation and data logging within the same 20 ms time frame, providing control at a 50 Hz rate. B. Compensator Design The static compensator is designed to cancel the mismatch ∆f (x, w, u) between the original dynamics and its SDC parameterization. To derive the compensator equations, consider equations (10)–(14) and (16). We can write frb (x)+T(x, w, u) ≡ A(x, w)x+B(x, w)u+∆f (x, w, u) (17) Denoting the SDRE control as usd , we introduce the additional control uc such that the following holds frb (x)+T(x, w, usd+uc ) ≈ A(x, w)x+B(x, w)usd (18) Let us define the vector D(x, w, usd ), D = −frb (x)−Td (x, w)+A(x, w)x+B(x, w)usd . (19) Combining (18) with (19) and (12), we have Tu (x, w, usd + uc ) ≈ D(x, w, usd ) .



(20)



Note that only the first six elements of T(x, w, u) are nonzero (defined by 3 forces and 3 moments), and according to our derivations, ∆frb (x) = (0, 0, ∆f3 , 0, ..., 0)T . Thus 5 The condition does not hold however at pitch angles of ±90 deg due to use of Euler angles (in matrix Ψ(φ, θ, ψ)). To avoid it, we assigned a 5 deg “dead zone” around the critical pitch angles, so that they are not used in computation of A(x) and B(x). Another solution would be using quaternions instead of Euler angles in the SDRE formulation.



only the first six elements of D are also nonzero. Hence, we need 6-element vector fields  only 6 consider the  truncated 6 Tu = Ti i=1 and D = Di i=1 in (20). If the operator Tu (x, w, u) were control-invertible, the compensator output could be computed as uc =  then −1 sd sd Tu x, w, D(x, w, u ) −u . Unfortunately, a helicopter is an underactuated system, and Tu establishes a mapping from U ⊂ R4 (4 control inputs) to a 4-dimensional manifold in R6 . Thus equality in (18) or (20) may be attained only when values of D happen to be on the same manifold, which generally is not the case. Thus, Tu (x, w, u) is not controlinvertible, and an approximate solution must be found. To do this, we note that the translational motion of a helicopter in the XY plane is dominated by the vehicle attitude rather than by the direct effect of the main rotor flapping, thus we can neglect direct coupling between translational dynamics and cyclic control inputs in the compensator design, assuming small flapping magnitude a1 and b1 . Such an assumption is also reinforced by the specific helicopter construction that limits flapping magnitude: hingeless rotor hub and relatively short, stiff rotor blades. Discarding from consideration T1 , T2 , D1 and D2 , we obtain the new operators T∗u (x, w, u) = T  6 Zmr Lmr +Ltr Mmr +Mtr Ntr −Qe , , Izz and {Ti }i=3 ≡ m , Ixx Iyy 6



D∗ (x, w, usd ) = {Di }i=3 . Explicitly,  1 m Tmr (ucol )  (Kβ+hmr Tmr (ucol )) sin(b1 (ulat ))+Ltr (utcol )  Ixx T∗u =  (Kβ+hmr Tmr (ucol )) sin(a 1 (ulon ))+Mtr (utcol )  Iyy 1 Izz (xtr Ttr (utcol ) − Qe (ucol ))







   (21) 



omitting dependence on x and w for brevity. 6 Proposition 1: T∗u (x, w, u) = Ti i=3 is control invert −1 ible and thus, uc = T∗u x, w, D∗ (x, w, usd ) − usd . Proof: The proof is based on the inverse function theorem, which can be found in most texts on advanced calculus, e.g. [13]. It suffices to show that ∂T∗u (x, w, u)/∂u is nonsingular everywhere we compute the compensator output. Using small angle approximation, direct computation of the Jacobian yields:   1 ∂Tmr 0 0 −m 0 ∂ucol  LMβ Klat b h htr ∂Ttr  1 mr ∂Tmr   0 ∂T∗u Ixx Ixx ∂ucol − Ixx ∂utcol  = LMβ Klon  . a h ∂T ∂M 1 1 mr mr tr ∂u 0  Iyy Iyy ∂ucol Iyy ∂utcol  xtr ∂Ttr 0 0 0 Izz ∂utcol



This Jacobian is nonsingular everywhere in the state and control space except the subset of X × W × U where ∂Tmr (x, w, ucol )/∂ucol = 0 or ∂Ttr (x, w, utcol )/∂utcol = 0, which is of no interest for us since this is where the system becomes uncontrollable (e.g. vortex ring condition [11]). Therefore, T∗u is control invertible, and the compensator output can be computed as stated. Although T∗u (x, w, u) is a nonlinear operator, its inverse is easy to compute due to the fact that forces and moments separate well w.r.t. the control inputs. This allows us to



Test trajectory



compute T∗ (x, w, D∗ ) by computing its 4 elements sequentially. Since u = usd + uc , from (21) we have: −1



uclon



The rotor thrust inverse and are computed numerically in a way similar to computation of the rotor thrust. A reader may wonder about similarities between the compensator design scheme and feedback linearization. In general, feedback linearization involves a nonlinear state transformation, such that in the transformed state space the original dynamical system is described by linear equations. A linear control law is then applied [14]. In the trivial case of a “square” system, the state transformation need not be explicit, as nonlinearities can be canceled directly (a typical example is a computed torque method for control of robotic manipulators). In the presented case, a compensator is designed to approximately cancel just the mismatch between the original dynamics and its SDC parameterization. While certain assumptions were necessary to derive the compensator, similar approximations are also required for static feedback linearization of a generic helicopter model [15]. −1 Tmr



−1 Ttr



C. Bandwidth Modification Closed-loop bandwidth is most directly controlled through the cost matrices Q and R. The combined SDRE and compensator approach provides a second mechanism based more directly on knowledge of the system dynamics. The SDRE loop shaping (e.g. its bandwidth modification) can be achieved through modification of the open-loop SDC parameterized model. The resulting difference between the original dynamics and its new modified SDC form is then attenuated by the compensator. Specifically, we let ˜ A(x, w) = A(x, w) − ∆A(x, w) , ˜ where A(x, w) provides better closed-loop bandwidth and is obtained from the original A(x, w) by changing its elements. The SDC parameterization then results in ˜ f (x, w, u) ≡ A(x, w)x + B(x, w)u + ∆˜f (x, w, u) , where ∆˜f (x, w, u) = ∆f (x, w, u)+∆A(x, w)x. The compensator equation (18) simply becomes ˜ frb (x) + T(x, w, usd +uc ) ≈ A(x, w)x + B(x, w)usd . Theoretically, if the compensator provides exact cancellation of the mismatch between the original dynamics and its SDC form, then nearly any desirable loop shaping can
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be achieved. In practice, however, approximations in the compensator design and the vehicle dynamics limit our ability to arbitrarily change the bandwidth. For example, increasing the bandwidth of the roll and pitch dynamics can result in oscillations due to the steady-state approximations of flapping dynamics used in the control design. Thus one should modify the SDC parameterization as little as necessary. An example is given for an axial roll in the next section. V. EXPERIMENTAL RESULTS A. Software Simulations Below we compare the designed SDRE with compensator versus a SDRE with a simple fixed trim control. Both approaches also employ integral control for altitude and heading. The test trajectory used in the experiment consists of a take-off and rapid ascent at 5 m/s, acceleration to 15 m/s forward flight, diving into a “figure-8” loop at 5 m/s descent speed with an immediate ascent during the second half of the loop at 5 m/s ascent speed, followed by a straight path, and finally a rapid deceleration to 2 m/s (see Fig. 4). To illustrate the performance difference the yaw is also shown. One can easily associate spikes in heading with the onset of specific maneuvers for the SDRE with trim control. The improved performance provided by the compensator is clearly seen. As an example of a more aggressive maneuver, we simulated an axial roll at 5 m/s forward flight. To perform this maneuver at the desired roll rate, we require higher lateral/longitudinal control bandwidth. Consider the linearized
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where K = Ixxβ Klat ≈ 1855.0, ω = Ixx β ≈ 34.5. The slow response is due to the stabilizer bar flapping time constant τf b ≈ 0.1. Simply eliminating the stabilizer bar related components in A4 and A5 results in the SDC parameterization K p(s) = ulat (s) s that provides a faster closed-loop bandwidth. This allowed for a more precise maneuver execution (Fig. 5). Note that the hidden rotor and stabilizer bar flapping resonance [10] in this case will not be significant since the lateral cyclic control is near its maximum throughout the whole maneuver. After the maneuver execution, the original SDC parameterization is used to lower the control bandwidth and avoid undesirable resonances. The next set of plots (Fig. 6) demonstrates the potential improvement in control accuracy when a constant wind disturbance is mitigated by taking the wind into account in the SDRE and compensator design. The desired trajectory consists of several segments: a vertical climb to hover, followed by a square at 5 m/s, then a forward circle at 10 m/s, and a second circle with the nose pointed to the center flown at 10 m/s. Simulation plots show three cases: flight in still air, flight with 5 m/s unaccounted for South-East wind, and the same flight when the wind velocity estimate is used in the control design. When a constant wind is added to the simulated environment but is not compensated for in the controller, tracking quality diminishes. This is a direct result of unaccounted windinduced terms in the SDC formulation, which become more
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dominant as the wind increases. Poorer altitude hold is especially noticeable in mode transitions, where changes in roll and pitch make wind vary quickly relatively to the main rotor disk, thus creating rapid fluctuations in the rotor thrust. Assuming that wind estimation is available, the designed control is able to provide nearly the same accuracy in tracking as if there were no wind (bold solid plots in Fig. 6). B. Flight Tests We have demonstrated our work on a number of real flights using our X-Cell-90 model helicopter and the Georgia Tech’s GTMAX. Fig. 7 illustrates the X-Cell-90 test flight, a 60 × 60 m square with 5 m/s desired speed. The actual flight trajectory differs from the desired due to wind presence, as predicted by simulations when the wind information unavailable. Nevertheless, altitude deviation from the desired never exceeded 2 m, which we consider satisfactory for a lightweight vehicle flying in windy conditions.
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The GTMAX helicopter is a significantly heavier helicopter and is less affected by wind, as is seen from the Fig. 8. The plots demonstrate a similar flight pattern: 183×183 m square flown at 9 m/s. Maximum altitude error did not exceed 1.2 m and position error is less than 2 m. Although less sensitive to the wind and better built, controlling the actuators through the YACS results in a 180–200 ms delay in the control loop, which is equal to 9–10 control cycles. Although this would present a challenge for most control designs, the SDRE approach was robust enough to accommodate this without modification. On August 25, 2004, the SDRE successfully performed during the DARPA Software-Enabled Control (SEC) program “Final Exam” at Fort Benning, GA. The demonstration flight included flying a pattern at 15.2 m/s around a testing field. VI. CONCLUSIONS In this work, we detailed the development of an SDRE controller for small helicopters. We further improved performance of the SDRE controller by introducing a nonlinear compensator that approximately cancels the mismatch between the vehicle dynamic model and its SDC parameterization. As shown by simulations, the combined control design provides significantly better performance than simply using a fixed trim control, which does not account for the vehicle dynamics. The combination allows for additional flexibility in modifying the SDC parameterization modes, thus affecting the control bandwidth. This provided increased performance during aggressive maneuvering, as demonstrated with the axial roll. The feasibility of a realtime implementation has been demonstrated with flight testing on the X-Cell-90 and Yamaha R-MAX (GTMAX) helicopters.
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