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Objectives



Log-GARCH and EGARCH are two models for the log-volatility. Probabilistic properties and estimation of asymmetric Log-GARCH models. Differences and similarities between the log-GARCH and EGARCH models. Testing log-GARCH against EGARCH, or the reverse.
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The standard GARCH model Engle (1982), Bollerslev (1986)



Standard GARCH models: (



²t = σt η t , (η t )t∈Z iid(0, 1) Pp Pq σ2t = ω + i=1 αi ²2t−i + j=1 βj σ2t−j



with positivity constraints ω > 0, αi , βj ≥ 0. Under relevant conditions on the parameter, the model is able to mimic some properties of the financial returns: this is a conditionally heterosckedastic white noise; the squares are positively autocorrelated; the model generates volatility clustering; the marginal distribution can be leptokurtic. Francq, Wintenberger and Zakoïan
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Two drawbacks of the standard GARCH 1



Do not allows for asymmetries in volatility (leverage effects): decreases of prices have an higher impact on the future volatility than increases of the same magnitude. Leverage effects



2



The positivity constraints on the volatility coefficients entail numerical and statistical difficulties (e.g. non standard asymptotic distribution of constrained estimators at the boundary of the parameter space).



⇒ numerous extensions (see Bollerslev "Glossary to ARCH (GARCH)", 2009)
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Two log-volatility models ²t = σt η t , η t iid (0, 1)



Exponential-GARCH model: Nelson (1991) log σ2t



= ω+



Pp



j=1



βj log σ2t−j +



P`



+ − i=1 γi+ η t−i + γi− η t−i



Asymmetric log-GARCH model: log σ2t



Pp = ω + j=1 βj log σ2t−j ¢ Pq ¡ + i=1 αi+ 1{²t−i >0} + αi− 1{²t−i 0. Easily invertible, contrary to the EGARCH. The volatility is not bounded below by a strictly positive constant. Small values have persistent effects on volatility. Francq, Wintenberger and Zakoïan
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Basic features of the log-GARCH model Symmetric log-GARCH(1,1): log σ2t



= ω + β log σ2t−1 + α log ²2t−1 = ω + (α + β) log σ2t−1 + α log η2t−1 .



Symmetric EGARCH(1,1): log σ2t



= ω + β log σ2t−1 + γ|η t−1 | ¯ ¯ ¯ ²t−1 ¯ 2 ¯. ¯ = ω + β log σt−1 + γ ¯ σt−1 ¯



No positivity constraint on the parameters, but |η t | > 0. Easily invertible, contrary to the EGARCH. The volatility is not bounded below by a strictly positive constant. Small values have persistent effects on volatility. Francq, Wintenberger and Zakoïan
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Basic features of the asymmetric log-GARCH model Asymmetric log-GARCH(1,1): log σ2t



¡ ¢ = ω + β log σ2t−1 + α+ 1{²t−1 >0} + α− 1{²t−1 0} + α− 1{ηt−1 0} + α− 1{ηt−1 0} + αi− 1{²t−i 0} log ²2t , 1{²t 0} , (ω + log η2t )1{ηt 0} α+ C t =  1{ηt 0} α− 1{ηt 0} β 1{ηt 0} + αi− 1{²t−i 0} + αi− 1{ηt−i 0 . Also the case for | log ²2t | in the log-GARCH model, if the condition E log+ | log η20 | < ∞ is slightly reinforced. Existence of some log-moment of order s > 0 Assume γ(C) < 0 and E| log η20 |s0 < ∞ for some s0 > 0: ∃s > 0 such that E| log ²2t |s < ∞ and E| log σ2t |s < ∞.
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Stationarity conditions Existence of log-moments Existence of moments



Existence of E| log ²2t | Let A(m) = E{Abs(A1 )}⊗m where Abs(A) = (|Aij |). Existence of a log-moment of order 1 Assume that γ(C) < 0 and that E| log η20 | < ∞. If ρ(A(1) ) < 1,



then E| log ²2t | < ∞



and



E| log σ2t | < ∞.



Similarly, log-moments of order m exist if γ(C) < 0,



E| log η20 |m < ∞,
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Stationarity conditions Existence of log-moments Existence of moments



Existence of E| log ²2t |m for all m ∈ N∗ A(∞) = ess sup Abs(A1 ) be the essential supremum of Abs(A1 )



term by term. Existence of log-moments of any order Assume that γ(C) < 0. If ρ(A(∞) ) < 1 ⇔



r X



¯ ¯ ¯ ¯ max(¯αi+ + βi ¯ , ¯αi− + βi ¯) < 1,



i=1



then E| log ²2t |m < ∞



and



E| log σ2t |m < ∞



for all m such that E| log η20 |m < ∞. Symmetric case
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Stationarity conditions Existence of log-moments Existence of moments



Existence of moments



Existence of moments of any order Assume that γ(C) < 0, ρ A(∞) < 1, E(|η 0 |s ) < ∞ for some s > 0 and η 0 admits a density f around 0 such that f (y −1 ) = o(|y|δ ) for δ < 1 when |y| → ∞. Then E|²0 |2s1 < ∞ for some 0 < s1 ≤ s. ¡



¢



Sufficient conditions for the existence of E|²0 |2s < ∞ are also available. See Bauwens , Galli and Giot (2008) for an explicit expression of moments in the symmetric case.
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Asymptotic properties of the QMLE LM tests for Log-GARCH and EGARCH Portmanteau tests



1



Probabilistic properties of the log-GARCH



2



Estimating and testing the Log-GARCH Asymptotic properties of the QMLE LM tests for Log-GARCH and EGARCH Portmanteau tests
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Numerical illustrations
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Asymptotic properties of the QMLE LM tests for Log-GARCH and EGARCH Portmanteau tests



Definition of the QMLE



Log-GARCH(p, q) with unknown parameter θ 0 = (ω0 , α0+ , α0− , β0 ) ∈ Θ compact subset of Rd , d = 2q + p + 1. A QMLE is any measurable solution of ( ) n ²2t 1 X 2 ˆ e t (θ) , + log σ θ n = arg min θ∈Θ n t=r +1 σ e 2t (θ) 0 e 2t (θ) is defined recursively for t = 1, . . . , n, where r0 is fixed and σ e 20 (θ), . . . , , σ e 21−p (θ). with positive initial values ²20 , . . . , ²21−q , σ On the choice of the initial values
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Asymptotic properties of the QMLE LM tests for Log-GARCH and EGARCH Portmanteau tests



Pq



Let the polynomials A + (z) = i=1 αi,+ zi , Aθ− (z) = θ Pp j Bθ (z) = 1 − j=1 βj z . Write C(θ 0 ) instead of (Ct ).



Pq



i=1



αi,− zi and



Strong consistency of the QMLE b n → θ 0 as n → ∞ under the assumptions Almost surely, θ



θ 0 ∈ Θ and Θ is compact. γ {C(θ 0 )} < 0



and



∀θ ∈ Θ,



|Bθ (z)| = 0 ⇒ |z| > 1.



The support of η 0 contains at least two positive values and two negative values, Eη20 = 1 and E| log η20 |s0 < ∞ for some s0 > 0 . If p > 0, Aθ+0 (z) and Aθ−0 (z) have no common root with Bθ0 (z). Moreover Aθ+ (1) + Aθ− (1) 6= 0 and 0 0 |α0q+ | + |α0q+ | + |β0p | 6= 0. ¯ ¯ E ¯log ²2t ¯ < ∞. Francq, Wintenberger and Zakoïan



Remark on the moment assumption
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Asymptotic properties of the QMLE LM tests for Log-GARCH and EGARCH Portmanteau tests



Asymptotic distribution In addition to the assumptions of the consistency, assume ◦



θ 0 ∈Θ and κ4 := E(η40 ) < ∞,



there exists some s0 > 0 such that E exp(s0 | log η20 |) < ∞, and



ρ(A(∞) ) < 1.



Interpretation of the Cramer’s moment condition



Asymptotic normality of the QMLE Under the previous assumptions, we have p d bn − θ0 ) → n(θ N (0, (κ4 − 1)J−1 ) as n → ∞, where 2 J = E[∇ log σt (θ 0 )∇ log σ2t (θ 0 )0 ].
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Asymptotic properties of the QMLE LM tests for Log-GARCH and EGARCH Portmanteau tests
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Probabilistic properties of the log-GARCH Stationarity conditions Existence of log-moments Existence of moments
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Estimating and testing the Log-GARCH Asymptotic properties of the QMLE LM tests for Log-GARCH and EGARCH Portmanteau tests
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Numerical illustrations An application to exchange rates Monte Carlo experiments Francq, Wintenberger and Zakoïan
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Asymptotic properties of the QMLE LM tests for Log-GARCH and EGARCH Portmanteau tests



Testing for Log-GARCH Let the general volatility "model" log σ2t



¢ Pq ¡ = ω0 + i=1 α0,i+ 1{²t−i >0} + α0,i− 1{²t−i 0} + α0,i− 1{²t−i 0} + α0,i− 1{²t−i 0} + α0,i− 1{²t−i 1.



i=1 Return
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An application to exchange rates Monte Carlo experiments



Another Markovian representation log-GARCH(1,1) case



The log-GARCH(1,1) model ²t = σt η t with ¡ ¢ log σ2t = ω + α+ 1{²t−1 >0} + α− 1{²t−1 0} log ²2 1{η >0} α+ t t t    1{η 0} {²t−1 >0} log ²t−1 t t     2 2 1{η 0} + α− 1{ηt−1 0} + α− 1{ηt−1 0} + α− 1{η0 0). Stationarity of the log-GARCH(1,1) Assume that E log+ | log η20 | < ∞. A sufficient condition for the existence of a (unique) strictly stationary (and non anticipative) solution to the log-GARCH(1,1) model is |β + α+ |a |β + α− |1−a < 1. Return
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Symmetric case
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An application to exchange rates Monte Carlo experiments



p-values of LM adequacy tests Log-GARCH(1,1) ` or q



Currency USD JPY GBP CHF CAD



1 0.110 0.000 0.902 0.000 0.001



2 0.136 0.000 0.554 0.000 0.003



3 0.216 0.000 0.801 0.000 0.004



4 0.362 0.000 0.860 0.000 0.011



6 0.543 0.000 0.862 0.000 0.001



8 0.452 0.000 0.888 0.000 0.000



10 0.213 0.000 0.929 0.000 0.000



12 0.128 0.000 0.981 0.000 0.000



0.060 0.801 0.308 0.063 0.972



0.031 0.908 0.297 0.146 0.995



0.018 0.440 0.255 0.071 0.975



EGARCH(1,1) USD JPY GBP CHF CAD



0.364 0.710 0.596 0.961 0.369



0.022 0.626 0.392 0.206 0.504



0.004 0.831 0.421 0.018 0.719



0.013 0.769 0.594 0.023 0.872



0.024 0.855 0.448 0.073 0.956
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An application to exchange rates Monte Carlo experiments



Log-GARCH(1,1) adequacy tests under the null portmanteau test m



Iter 1 2 3 4 5



1 0.722 0.628 0.338 0.491 0.057



2 0.068 0.599 0.590 0.623 0.133



3 0.088 0.690 0.788 0.236 0.257



4 0.119 0.674 0.764 0.291 0.370



6 0.251 0.787 0.671 0.527 0.374



8 0.258 0.894 0.816 0.338 0.594



10 0.102 0.955 0.773 0.454 0.757



12 0.128 0.928 0.710 0.327 0.631



6 0.035 0.729 0.466 0.416 0.843



8 0.018 0.833 0.602 0.614 0.723



10 0.033 0.829 0.725 0.666 0.429



12 0.057 0.704 0.808 0.797 0.469



Lagrange-Multiplier test q



Iter 1 2 3 4 5



1 0.148 0.842 0.651 0.358 0.802



2 0.154 0.927 0.569 0.607 0.529



3 0.084 0.472 0.706 0.673 0.608



4 0.151 0.615 0.702 0.805 0.646
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An application to exchange rates Monte Carlo experiments



Power of Log-GARCH(1,1) tests portmanteau test m



Iter 1 2 3 4 5



1 0.019 0.199 0.066 0.002 0.006



2 0.009 0.060 0.000 0.000 0.003



3 0.009 0.001 0.000 0.000 0.000



4 0.001 0.003 0.000 0.000 0.000



6 0.000 0.000 0.000 0.000 0.000



8 0.000 0.000 0.000 0.000 0.000



10 0.000 0.000 0.000 0.000 0.000



12 0.000 0.001 0.000 0.000 0.000



6 0.422 0.050 0.516 0.606 0.622



8 0.368 0.076 0.479 0.264 0.542



10 0.181 0.021 0.397 0.074 0.649



12 0.322 0.025 0.463 0.154 0.603



Lagrange-Multiplier test q



Iter 1 2 3 4 5



1 0.290 0.845 0.315 0.150 0.933



2 0.522 0.917 0.544 0.144 0.915



3 0.742 0.330 0.339 0.208 0.983



4 0.154 0.196 0.495 0.350 0.979
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