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Exponential Versus Hyperbolic Discounting of Delayed Outcomes: Risk and Waiting Time1 LEONARD GREEN AND JOEL MYERSON



Department of Psychology, Washington University, St. Louis, Missouri 63130 SYNOPSIS. Frequently, animals must choose between more immediate, smaller rewards and more delayed, but larger rewards. For example, they often must decide between accepting a smaller prey item versus continuing to search for a larger one, or between entering a leaner patch versus travelling to a richer patch that is further away. In both situations, choice of the more immediate, but smaller reward may be interpreted as implying that the value of the later reward is discounted; that is, the value of the later reward decreases as the delay to its receipt increases. This decrease in value may occur because of the increased risk involved in waiting for rewards, or because of the decreased rate of reward associated with increased waiting time. The present research attempts to determine the form of the relation between value and delay, and examines implications of this relation for mechanisms underlying risk-sensitive foraging. Two accounts of the relation between value and delay have been proposed to describe the decrease in value resulting from increases in delay: an exponential model and a hyperbolic model. Our research demonstrates that, of the two, a hyperbola-like discounting model consistently explains more of the variance in temporal discounting data at the group level and, importantly, at the individual level as well. We show mathematically that the hyperbolic model shares fundamental features with models of prey and patch choice. In addition, the present review highlights the implications of a psychological perspective for the behavioral biology of risksensitive foraging, as well as the implications of an ecological perspective for the behavioral psychology of risk-sensitive choice and decision-making.



INTRODUCTION



Many aspects of behavior by both human and nonhuman animals suggest that the value of future rewards is discounted with time to their receipt. When an animal can engage in two different behaviors, either of which would produce a similar positive outcome except that one outcome would occur sooner than the other, the animal is likely to opt for the more immediate outcome. In fact, animals will often choose a smaller reward if it is available sooner over a larger reward that is not available until later, in spite of the fact that waiting for the larger reward 1
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would maximize their rate of energy intake during experimental sessions {e.g., Rachlin and Green, 1972). Consider two common situations, one in which an animal must decide whether to acce l a P smaller prey item or continue to search for a larger one, and another in wh ich it must decide whether to travel to a richer P a t c h th at is further away or to a closer but leaner > Patch- I n b o t h t h e s e Sltua «"°ns, if choice of the smaller reward produces a lower overall reward rate, then preference for more immediate, but smaller rewards implies that the subjective value of a later reward is discounted; that is, the subjective value of the later reward decreases aS
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EXPONENTIAL VS. HYPERBOLIC DISCOUNTING



associated with waiting for delayed rewards (Kagel et at., 1986). After all, as delay to an outcome increases, the probability of receiving that outcome usually decreases. Thus, there is an implicit risk involved with delayed outcomes. With food, for example, there is an increasing likelihood of its spoiling; there also is an increasing likelihood that competitors might consume the food first, or that a predator might drive a foraging animal away from the food source. The mathematical relation between subjective value and delay is termed a temporal discounting function. It may be important to determine the form of this discounting function for two reasons. First, different mathematical functions may lead to quantitatively (and even qualitatively) different predictions regarding behavior. Second, the form of the mathematical function may provide clues as to the mechanism underlying risk-sensitive behavior and the temporal discounting of future outcomes. For example, temporal discounting may reflect increases in the risk that a future reward will not be received as waiting time increases. As we will show, different mathematical functions assume different ways in which this risk changes with waiting time. MATHEMATICAL MODELS OF DISCOUNTING



Two major models have been proposed to describe the temporal discounting of future outcomes. Economists studying human choice behavior have favored an exponential discounting model of the form V =



(1)



where V is the present, discounted value of a reward of amount A available after a delay of D units of time. The parameter k determines the rate at which value decreases with delay: a larger k is associated with steeper discounting, and a smaller k is associated with shallower discounting of the value of a future reward. The exponential decay function may be derived from the assumption that, with each additional unit of time that an animal must wait, there is a constant probability that something will occur to prevent the receipt of a reward. Under this assumption, a larger k implies either greater risk (i.e., a greater probability that
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receipt will be prevented) or greater sensitivity (i.e., aversion) to risk, or both. Psychologists studying both human and nonhuman animals have proposed a hyperbolic discounting function of the form (2) V = Al(\ + kD) where V, A, and D have the same meaning as in Equation 1. As with the exponential decay function (Eq. 1), the larger the k parameter, the steeper the discounting of future rewards. Many psychologists favor the hyperbolic function because it is derived from the assumption that subjective value depends on the ratio of amount to time, consistent with the view that rates of reinforcement (and other biologically significant events) are fundamental determinants of behavior (e.g., Rachlin, 1989). This view is similar to that which underlies models of prey and patch choice. For behavioral psychologists, rate of reward is the currency for subjective value; for behavioral biologists, rate of energy intake is the currency for fitness. In both cases, it is rate (of reward in one case and energy intake in the other) that determines behavior. Whereas the hyperbolic discounting model predicts the point at which subjects will judge alternatives to be of equal subjective value, prey and patch choice models predict which alternative will lead to greater fitness. Nonetheless, despite the differences in their applications and the form in which they express their predictions (i.e., equations versus inequalities), we show in the Appendix that both models start from similar assumptions and lead to similar conclusions. Although part of the appeal of the hyperbolic model has been that it may be interpreted in terms of reward rate, the hyperbolic, like the exponential model, also may be conceptualized in terms of the risks associated with waiting for future rewards. The expected value (or utility) of a reward is equal to its amount multiplied by the probability (P) of its receipt, that is, V = A-P. If P = 1/(1 + kD), then the expected value of a delayed reward is given by Equation 2. Similarly, Equation 1 can be conceptualized in terms of expected value with P = e-*D.
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Fig. 1. Hazard and discount functions for the hyperbolic and exponential models.



Thus, the exponential and hyperbolic functions are similar in that both may be interpreted in terms of risk. However, they differ in their assumptions regarding the nature of the relation between risk and waiting time. As noted previously, the exponential function assumes that as an animal waits for a reward, the risk that something will occur at any given moment so as to prevent the reward's consumption remains constant. In contrast, the hyperbolic function implies that the risk that something will occur so as to prevent a delayed reward's consumption is initially greater, but that each unit of time added to the delay adds progressively less risk. The different assumptions regarding risk underlying the exponential and hyperbolic discounting functions may be visualized by reference to their hazard functions. A hazard function describes mathematically the effect that increases in waiting time have on the risk that something will happen to prevent an event from occurring (Gross and Clark, 1975). In the context of temporal discounting, the hazard represents the probability that an event will occur at time t (or within some interval beginning at time f) to prevent receipt of a reward divided by the probability that no such event has yet occurred by time t. Hazard functions associated with the exponential and hyperbolic discounting functions are shown in Figure 1 A. As may be seen, the hazard rate for the exponential discounting model is



constant: Each additional unit of waiting time adds a constant amount of additional risk. In contrast, the hazard rate for the hyperbolic discounting model decreases with time. In fact, this hazard rate decreases hyperbolically, with each additional unit of waiting time adding successively smaller amounts of risk. These differences in hazard rates are reflected in the fact that, as may be seen in Figure IB, the hyperbolic discounting function predicts that value initially decreases at a faster rate but then decreases at a slower rate than would be predicted by an exponential function fit to the same data. EVALUATION OF DISCOUNTING MODELS



One aspect of our research has involved evaluating the hyperbolic and exponential models of discounting. Before presenting some recent data that bear on the empirical status of the two models, we first will consider an argument that had been presumed to definitively settle the question as to which model was correct. Both human and nonhuman animals exhibit preference reversals (e.g., Green et at, 1981; Green et ai, 1994a; Kirby and Hermstein, 1995). That is, when an animal can engage in either of two different behaviors, one of which would lead to a smaller reward available sooner, the choice depends on the waiting time until the smaller, sooner reward. With a particular set of amounts and delays,
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