






[image: PDFHALL.COM]






Menu





	 maison
	 Ajouter le document
	 Signe
	 Créer un compte







































Effective Dispersion Equations For Reactive Flows ... - Andro.Mikelic

Jun 15, 2008 - Math. and Comp. Sci., TU Eindhoven, ... engineering, pollution studies etc. In bringing the ...... could come only from higher order calculations. 

















 Télécharger le PDF 






 781KB taille
 2 téléchargements
 334 vues






 commentaire





 Report
























Effective Dispersion Equations For Reactive Flows With Dominant Peclet and Damkohler Numbers C.J. van Duijn Dept. Math. and Comp. Sci., TU Eindhoven, P.O. Box 513, 5600 MB Eindhoven, The Netherlands Andro Mikeli´ c∗ Universit´e de Lyon, Lyon, F-69003, France; Universit´e Lyon 1, Institut Camille Jordan, Site de Gerland, 50, avenue Tony Garnier 69367 Lyon Cedex 07, FRANCE I. S. Pop Dept. Math. and Comp. Sci., TU Eindhoven, P.O. Box 513, 5600 MB Eindhoven, The Netherlands Carole Rosier L.M.P.A., Universit´e du Littoral; 50 rue F.Buisson, B.P. 699, 62228 Calais Cedex, FRANCE June 15, 2008 Abstract: In this paper we study a reactive flow through a capillary tube. The solute particles are transported and diffused by the fluid. At the tube lateral boundary they undergo an adsorption-desorption process. The transport and reaction parameters are such that we have large, dominant Peclet and Damkohler numbers with respect to the ratio of characteristic transversal and longitudinal lengths (the small parameter ε). Using the anisotropic singular perturbation technique we derive the effective equations. In the absence of the chemical reactions they coincide with Taylor’s dispersion model. The result is compared with the turbulence closure modeling and with the center manifold approach. Furthermore, we present a numerical justification of the model by a direct simulation.
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Introduction



In many processes involving reactive flows different phenomena are present at different order of magnitude. It is fairly common that transport dominates diffusion and that chemical reaction happen at different time scales than convection/diffusion. Such processes are of importance in chemical engineering, pollution studies etc. In bringing the models to a non-dimensional form, the presence of dominant Peclet and Damkohler numbers in reactive flows is observed. The problems of interest arise in complex geometries like porous media or systems of capillary tubes. Taylor’s dispersion is one of the most well-known examples of the role of transport in dispersing a flow carrying a dissolved solute. The simplest setting for observing it is the injection of a solute into a slit channel. The solute is transported by Poiseuille’s flow. In fact this problem could be studied in three distinct regimes: a) diffusion-dominated mixing, b) Taylor dispersion-mediated mixing and c) chaotic advection. In the first flow regime, the velocity is small and Peclet’s number is of order one or smaller. Molecular diffusion plays the dominant role in solute dispersion. This case is well-understood even for reactive flows (see e.g. [17], [18], [19], [20], [21], [23], [24], [27] and references therein). If the flow rate is increased so that Peclet’s number Pe>> 1, then there is a time scale at which transversal molecular diffusion smears the contact discontinuity into a plug. In [37], Taylor found an effective long-time axial diffusivity, proportional to the square of the transversal Peclet number and occurring in addition to the molecular diffusivity. After this pioneering work of Taylor, a vast literature on the subject developed, with over 2000 citations to date. The most notable references are the paper [3] by Aris, where Taylor’s intuitive approach was explained through moments expansion and the lecture notes [11], where a probabilistic justification of Taylor’s dispersion is given. In addition to these results, addressing the tube flow with a dominant Peclet number and in the absence of chemical reactions, there is a huge literature on mechanical dispersion for flows through porous media. Since this is not the scope of our paper, we refer to the book [8] for more details about the modeling. For the derivation of Taylor’s dispersion in porous media using formal two-scale expansions, we refer to [4] and the references therein. In the third regime, we observe the turbulent mixing. Our goal is the study of reactive flows through slit channels in the regime of Taylor dispersion-mediated mixing and in this paper we will de2



velop new effective models using the technique of anisotropic singular perturbations. As already said, Taylor’s effective model contains a contribution in the effective diffusion coefficient, which is proportional to the square of the transversal Peclet number. Frequently this term is more important than the original molecular diffusion. After his work, it is called Taylor’s dispersion coefficient and it is generally accepted and used in chemical engineering numerical simulations. For the practical applications we refer to the classical paper [35] by Rubin. The mathematical study of the models from [35] was undertaken in [22]. Even with this enormous number of scientific papers on the subject, mathematically rigorous results on the subject are rare. Let us mention just ones aiming towards a rigorous justification of Taylor’s dispersion model and its generalization to reactive flows. We could distinguish them by their approach • The averaging of the equations over the section leads to an infinite system of equations for the moments. A parallel could be drawn with the turbulence and in the article [30], Paine, Carbonell and Whitaker used an ad-hoc closure approach borrowed from Launder’s ”single point” closure schemes of turbulence modeling, for obtaining an effective model for reactive flows in capillary tubes. We will see that this approach leads to correct general form of the effective equations, but it does not give the effective coefficients. Furthermore, let us remark that it is important to distinguish between the turbulent transport, arising for very high Peclet numbers, and the Taylor dispersion arising for dominant Peclet number, but smaller than some threshold value. • The center manifold approach of Mercer and Roberts (see the article [26] and the subsequent article [34] by Rosencrans) allowed to calculate approximations at any order for the original Taylor’s model. Even if the error estimate was not obtained, it gives a very plausible argument for the validity of the effective model. This approach was applied to reactive flows in the article [5] by Balakotaiah and Chang. A number of effective models for different Damkohler numbers were obtained. Some generalizations to reactive flows through porous media are in [25] and the preliminary results on their mathematical justification are in [2] . • Another approach consisting of the Liapounov-Schmidt reduction coupled with a perturbation argument is developed in the articles [6], [7] 3



and [15]. It allows developing multi-mode hyperbolic upscaled models. • More recent approach using the anisotropic singular perturbation is the article [28] by Mikeli´c, Devigne and van Duijn. This approach gives the error estimate for the approximation and, consequently, the rigorous justification of the proposed effective models. It uses the strategy introduced by Rubinstein and Mauri in [36] for obtaining the effective models. We continue by applying the later approach for reactive transport with adsorption-desorption through a capillary tube.
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Non-dimensional form of the problem and statement of the results



We study the diffusion of the solute particles transported by the Poiseuille velocity profile in a semi-infinite 2D channel. Solute particles are participants in a chemical reaction with the boundary of the channel. They don’t interact between them. The simplest example is described by the following model for the solute concentration c∗ : ∂c∗ ∂c∗ + q(z) − D∗ ∆x∗ ,z c∗ = 0 in IR+ × (−H, H), ∂t∗ ∂x∗



(1)



where q(z) = Q∗ (1 − (z/H)2 ) and Q∗ (velocity) and D∗ (molecular diffusion) are positive constants. At the lateral boundaries z = ±H −D∗ ∂z c∗ =



∂ˆ c = kˆ∗ (c∗ − cˆ/Ke ) on z = ±H, ∂t∗



(2)



where kˆ∗ represents the rate constant for adsorption and Ke the linear adsorption equilibrium constant. The natural way of analyzing this problem is to introduce the appropriˆ the ate scales. They would come from the characteristic concentration C, characteristic length LR , the characteristic velocity QR , the characteristic diffusivity DR and the characteristic time TR . The characteristic length LR coincides in fact with the ” observation distance”. Setting cF = k=



t∗ c∗ x∗ z Q∗ D∗ ,x= ,y= ,t= ,Q= ,D= , cR LR H TR QR DR



kˆ∗ cˆ Ke , cs = ,K= , kR cˆR KeR 4



we obtain the dimensionless equations ∂cF QR TR ∂cF DR TR ∂ 2 cF DR TR ∂ 2 cF + Q(1 − y 2 ) − D − D =0 ∂t LR ∂x ∂x2 H2 ∂y 2 L2R



in Ω (3)



and −



DDR ∂cF cˆR ∂cs cˆR cs cR = = kR k(cR cF − ) at y = 1, H ∂y TR ∂t KKeR



(4)



where Ω = (0, +∞) × (−1, 1), Γ+ = (0, +∞) × {1} and Γ = (0, +∞) × {−1, 1}. (5) This problem involves the following time scales: TL = characteristic longitudinal time scale =LR /QR TT = characteristic transversal time scale =H 2 /DR TDE = KeR /kR (characteristic desorption time) TA = cˆR /(cR kR ) (characteristic adsorption time) Treact = superficial chemical reaction time scale =H/kR



and the following characteristic non-dimensional numbers Pe =



LR QR (Peclet number); DR



Da =



LR (Damkohler number) TA QR



Further we set ε = LHR max{DR /QR , QR H 2 /DR , H}. Then the upscaled dimensional problem corresponding to the case Ke = +∞ reads ¢ ∗ ∂c∗,ef f ¢ k∗ ¡ ∂c∗,ef f ¡ 2 4 1 + + Da Q + 1 − DaT c∗,ef f = T ∗ ∗ ∂t 3 45 ∂x H 3 ³ ´ ∂ 2 c∗,ef f 8 . D∗ 1 + Pe2 945 T ∂(x∗ )2



(19)



Let us now compare the physical concentration cε with the effective concentration c. H(x) denotes Heaviside’s function. Theorem 1. Let c be the unique solution of (18) and let ΩK = (0, K) × (0, 1), K > 0. Then we have Z 3 max t |cε (x, y, t) − c(x, t)| dxdy ≤ Cε2−α (20) 0≤t≤T



µZ 0



T



Z



ΩK



¶1/2 ¡ t |∂y c (x, y, t)| dxdydt ≤ C ε2−5α/4 H(1 − α)+ 6



ΩK



ε



µZ 0



2



¢ ε3/2−3α/4 H(α − 1) T



¡ C ε



Z



¡ ¢ t6 |∂x cε (x, y, t) − c(x, t) |2



ΩK 2−7α/4



(21)



¶1/2 ≤



¢ H(1 − α) + ε3/2−5α/4 H(α − 1) .



(22)



Furthermore, there exists a linear combination Ccor (x, y, t, ε) of products between polynomials in y and derivatives of c up to order 3, such that for all δ > 0, we have max



max |t3 (cε (x, y, t) − c(x, t) − Ccor (x, y, t))| ≤ ½ Cε4−7α/2−δ , if α < 1, Cε3/2−α−δ , if α ≥ 1.



0≤t≤T (x,y)∈Ω+
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(23)



For details of the proof we refer to [28]. If we compare the non-dimensional effective equation (18) with the corresponding equation (57), page 1786, from [30], we find out that they have the same form. Contrary to [30], we have calculated the effective coefficients and we find them independent of the time and of the moments of c. In the article [5] the surface reactions are much faster and do not correspond to our problem. In order to compare two approaches we will present in the paragraph §3.4 computations with our technique for the time scale chosen in [5] and we will see that one gets identical results. This shows that our approach through the anisotropic singular perturbation reproduces exactly the results obtained using the center manifold technique.



2.1



Statement of the results in the case of nonlinear reactions



At sufficiently high concentrations of the transported solute particles, the surface coverage becomes important and nonlinear laws for the rate of adsorption should be used. Now we study some of nonlinear cases. First, the condition (36) is replaced by ∂ˆ c ˆ ∗ ) − kˆ∗ cˆ on z = ±H, −D∗ ∂z c∗ = ∗ = Φ(c (24) d ∂t where kˆd∗ represents the constant desorption rate. For simplicity we suppose ˆ ˆ are Φ(0) = 0. Examples of Φ   ˆ  =  Φ(c)



k1∗ c , (Langmuir’s adsorption) ; 1 + k2∗ c



   ˆ Φ(c) = k1∗ ck2 ,



(25)



(Freundlich’s adsorption).



Let us write non-dimensional forms for both nonlinear adsorption laws. We start with Langmuir’s isotherm. In this case the adsorption speed is k1∗ , having the characteristic size k1R and k1∗ = k1R k1 . For the second parameter we set k2∗ cR = k2 , where k2 is a dimensionless positive constant. Let Φ(u) = k1 u/(1 + k2 u). The characteristic times linked with the surface reactions are now: TA = cˆR /(cR k1R ) (characteristic adsorption time) Treact = superficial chemical reaction time scale =H/k1R
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Then after a short calculation we get the non- dimensional form of (24): ∂cε TA ∂cεs TL = = (Φ(cε ) − kd∗ TA cεs )|y=1 on Γ+ × (0, T ) ∂y Treact ∂t Treact (26) We suppose TL ≈ TA ≈ 1/kd∗ and k1 and k2 of order 1. Next we consider Freundlich’s isotherm. In this case it makes sense 2 to suppose that k1∗ = k1 k1R c1−k and k1 and k2 of order 1. Then we get R once more (26) but with Φ(u) = k1 uk2 . After the calculations from the section §3.2, we find out that the effective equations in (0, +∞) × (0, T ): −Dεα−2



¢ ¡ TA ef f ¢ 2Q ¡ 0 1 TT csN + Φ(c0F N ) = ∂t c0F N + ∂x cF N + Treact 3 15D Treact 2 8 Q 2(1−α) 2Q TA TT kd∗ f ∂x cef εα (D + ε )∂xx c0F N + sN , 945 D 45D Treact ¢ TL ¡ f ∂t cef Φ(c0F N + ε2−α c1F N |y=1 ) − kd∗ TA c0sN , sN = TA 2 Q TA c1F N |y=1 = ∂x c0F N − ∂t cef f , 45 D 3DTreact sN c0F N |x=0 = 0,



c0F N |t=0 = 1,



f cef SN |t=0 = cs0 .



(27) (28) (29) (30)



In its dimensional form our effective problem for the volume and surface solute concentrations {c∗N , cˆN } reads ∂t∗ (c∗N +



2Q∗ ∗ PeT ˆ ∗ cˆN ) + ∂x∗ ( cN + Φ(cN )) = H 3 15



2k ∗ PeT 8 Pe2T )∂x∗ x∗ c∗N + d ∂x∗ cˆN 945 45 ˆ ∗N + PeT c˜1N ) − k ∗ cˆN ∂t∗ cˆN = Φ(c d 1 2H ∂x∗ c∗N − ∂t∗ cˆN , c˜1N = 45 3



D∗ (1 +



(31) (32) (33)



Q∗ H where PeT = is the transversal Peclet number. D∗ Similar to the linear case, taking the mean over the transversal section gives ∂t∗ (cmoy + N



cˆmoy 2Q∗ N )+ ∂x∗ cmoy − D∗ ∂x∗ x∗ cmoy =0 N N H 3 ˆ moy ) − k ∗ cˆN . ∂t∗ cˆN = Φ(c d N 10



(34) (35)



We point out that for the non-negligible local Peclet number, taking the simple mean over the section does not lead to a good approximation. Here also we could propose four-mode models in the sense of [7] and [15].



2.2



Statement of the results in the case of an infinite adsorption rate



Here we concentrate our attention to the case when the adsorption rate constant kˆ∗ is infinitely large. This means that the reaction at channel wall Γ∗ = {(x∗ , z) : 0 < x∗ < +∞, |z| = H} is described by the following flux equation −D∗ ∂z c∗ = Ke



∂c∗ ∂t∗



on Γ∗ ,



(36)



where Ke is, as before, the linear adsorption equilibrium constant. Now we see that (2) is replaced by (36), which corresponds to taking the limit kˆ∗ → ∞. The characteristic times TA and TDE cannot be used anymore and we KeR , which has a meaning of introduce the new characteristic time TC = εQR the superficial chemical reaction time scale. As before, we set ε = LHR > TT we obtain the effective equation (18). In fact our calculations indicate the relationship between the center manifold approach and approach using Bloch’s waves and a factorization principle for the two-scale convergence (see the recent papers [1] and [2], by G. Allaire and A.-L. Raphael).
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Numerical Tests



For carrying out the numerical tests we have chosen the data from the original paper by Taylor [37]. Analogous data are taken in the presence of chemistry. The representative case considered in [37] is his case (B), where the longitudinal transport time L/u0 is much bigger than the transversal diffusive time a2 /D. The problem of a diffusive transport of a solute was studied experimentally and analytically. Two basically different cases were subjected to experimental verification in Taylor’s paper: Case (B1) Solute of mass M concentrated at a point x = 0 at time t = 0. The effective concentration is given by Cm (x, t) =



2a2



M √ exp{−(x − u0 t/2)2 /(4kt)} π 3 kt



(130)



Case (B2) Dissolved material of uniform concentration C0 enters the pipe at x = 0, starting at time t = 0. Initially, the concentration of the solvent was zero. Clearly, it is Taylor’s case (B2) which is well suited for the numerical simulations and it dictates the choice of the initial/boundary value conditions: c∗ |x∗ =0 = cR



and 27



c∗ |t∗ =0 = 0.



(131)



In the presence of the boundary concentration cˆ we choose the following initial condition cˆ|t∗ =0 = 0. (132) Originally this problem is formulated in a semi-infinite channel. In our numerical computations we have considered a finite one of length 2LR . At the outflow we have imposed a homogeneous Neumann boundary condition ∂x∗ c∗ |x∗ =2LR = 0.



(133)



In a similar fashion, taking a homogeneous Neumann condition in the z ∗ direction along the x∗ axis z ∗ = 0, the anti-symmetry of the concentrations allows considering only the upper half of the channel. In each of the cases we will solve the full physical problem numerically. Its section average will be compared with the solution the proposed effective one dimensional model with Taylor’s dispersion. Finally, if one makes the unjustified hypothesis that the average of a product is equal to the product of averages, averaging over sections gives an one dimensional model which we call the ”simple mean”. We will make a comparison with the solution of that problem as well. Numerical solution of the full physical problem is costly, due to dominant Peclet and Damkohler numbers. We solve it using two independent methods. PARAMETERS Width of the slit : H Characteristic length : LR ε = H/LR characteristic velocity: Q∗ diffusion coefficient: D∗ longitudinal Peclet number: Pe = α = log Pe/ log(1/ε) = transversal Peclet number: PeT =



LR Q∗ D∗ HQ∗ D∗



= =



VALUES 2.635 · 10−4 m, 0.319 m 0.826 · 10−3 4.2647 · 10−5 m/sec 1.436 · 10−10 m2 /sec, 0.94738 · 105 1.614172 0.7825358 · 102



Table 1: Case A. Parameter values for the longest time example (t∗ = 11220 sec) from Taylor’s paper. In the first approach we use the package FreeFem++ by Pironneau, Hecht and Le Hyaric. For more information we refer to [31] . For the problem (6)-(10) the method of characteristics from [32] is used. We present a very short description of the method: 28



• Discretization in time : The first order operator is discretized using the method of characteristics. More precisely, the equation (6) is written as: ∂c + (~q.∇)c = Dεα ∂xx c + Dεα−2 ∂yy c = f (x, y, t) ∂t



(134)



Let cm be an approximation for the solution c at a time mδt. Then the one step backward convection scheme by the method of characteristics reads as follows: 1 m+1 (c (x, y) − cm (x − q(y)δt, y)) = f m (x, y) δt • Space discretization: One of the characteristics of our problem is the presence of a smeared front. In order to track it correctly, the Lagrange P1 finite elements, with adaptive mesh, are used. The mesh is adapted in the neighborhood of front after every 10 time steps. Second method consists of a straightforward discretization method: first order (Euler) explicit in time and finite differences in space. Both the time step and the grid size are kept constant and satisfying the CF L condition to ensure the stability of the calculations. To deal with the transport part we have considered the minmod slope limiting method based on the first order upwind flux and the higher order Richtmyer scheme (see, for example [33], Chapter 14). We call this method (SlopeLimit). A similar procedure is considered for the upscaled, one dimensional problems, obtained either by our approach or by taking the simple mean. It is refined in the situations when we have explicit formulas for the solution, using the direct numerical evaluation of the error function erf.



4.1



Examples from Taylor’s article (no chemistry)



First let us note that in Taylor’s article [37] the problem is axially symmetric with zero flux at the lateral boundary. The solute is transported by Poiseuille velocity. For simplicity we will consider the flow through the two-dimensional slit Ω∗ = (0, +∞) × (0, H). In order to have a two dimensional problem equivalent to the case (B) from Taylor’s article, we reformulate the characteristic velocity and the radius. Obviously we have r 3 35 ∗ Q = u0 , H=a . (135) 4 32 29



Then we start with 4.1.1



CASE A: 1st example from Taylor’s paper with the time of flow: t∗ = 11220 sec



x∗ 0 0.3 0.308 0.313 0.314 0.317 0.324 0.3255 0.33 0.3365 0.337 0.3385 0.34 0.344 0.3475



cT ay 1 0.930 0.805 0.685 0.659 0.571 0.359 0.317 0.206 0.094 0.088 0.070 0.057 0.029 0.016



cmoy 1 0.968 0.863 0.725 0.695 0.588 0.329 0.279 0.155 0.05 0.048 0.035 0.025 0.009 0.003



1 H



RH 0



c∗ dz (SlopeLimit)



1 H



1 0.97 0.888 0.775 0.75 0.665 0.439 0.39 0.256 0.115 0.107 0.085 0.067 0.033 0.016



RH 0



c∗ dz (FreeFem++)



1 0.945 0.885 0.844 0.821 0.69 0.58 0.5625 0.427 0.2957 0.2677 0.2398 0.1839 0.0993 0.04544



Table 2: Comparison between the concentrations



cT ay , cmoy



for the Case A at the time t∗ = 11220 sec.



1 and H



Z



H



c∗ dz



0



Here we are in absence of the chemistry i.e. kR = 0. We solve 1. The 2D problem (1), (2), (131). It is solved using the FreeFM++ package and with (SlopeLimit). On the images the solution is denoted (pbreel). 2. The effective problem ∂t∗ cT ay +



2Q∗ 8 ∂x∗ cT ay = D∗ (1 + Pe2 )∂x∗ x∗ cT ay 3 945 T T ay



c



|x=0 = 1



and



T ay



c



|t=0 = 0.



for x, t > 0, (136) (137)



On the images its solution is denoted by (taylor). 3. The problem obtained by taking the simple mean over the vertical section: 2Q∗ ∂t∗ cmoy + ∂x∗ cmoy − D∗ ∂x∗ x∗ cmoy = 0 in (0, +∞) × (0, T ) (138) 3 30
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Figure 1: Comparison between concentration from Taylor’s paper (taylor), from the original problem (pbreel) and the simple average (moyenne) at t = 11220 sec. with initial/boundary conditions (137). On the images its solution is denoted by (moyenne). Parameter values are on Table 1. We note that Table 2 is analogous to Table 2, page 196 from Taylor’s article [37]. Note that in the absence of the chemical reactions we can solve explicitly ¯ = 2Q∗ and the problems (136)-(137), respectively (138) - (137). With Q 3 ¯ = D∗ (1 + 8 Pe2 ), the solution for (136)-(137) reads D T 945 T ay



c



¯ 1 h Qx (x, t) = 1− √ exp{ ¯ } π D



Z



∞



√ ¯ ¯ Dt) (x+Qt)/(2



−η 2



e



Z dη+



∞



√ ¯ ¯ (x−Qt)/(2 Dt)



2



e−η dη (139)



For the problem (138),(137), everything is analogous. 31



i



4.1.2



CASE B: 2nd example from Taylor’s paper with the time of flow: t∗ = 240 sec



PARAMETERS Width of the slit : H Characteristic length : LR ε = H/LR characteristic velocity: Q∗ diffusion coefficient: D∗ longitudinal Peclet number: Pe = α = log Pe/ log(1/ε) = transversal Peclet number: PeT =



LR Q∗ D∗ HQ∗ D∗



= =



VALUES 2.635 · 10−4 m, 0.632 m 0.41693 · 10−3 0.393 · 10−2 m/sec 0.6 · 10−9 m2 /sec, 4.1396 · 106 1.95769 1.72592 · 103



Table 3: Case B. Parameter values for the characteristic time 240 seconds for the 2nd example from Taylor’s paper We solve the same equations as in §4.1.1. Since α is very close to the threshold value α∗ = 2, the difference between the solution to the effective equation obtained by taking the simple mean, at one side, and the solutions to the original problem and to our upscaled equation, are spectacular. Our model approximates fairly well the physical solution even without adding the correctors (see Table 4). Parameters are given on Table 3. Since no chemistry is considered here, an explicit solution can be given in this case as well and it is given by (139). The results are presented in Table 4 and Figure 2. Figures 1 and 2 show clearly the advantage of the upscaled model over the model obtained by taking the simple mean over the vertical section. Presence of the important enhanced diffusion is very important for numerical schemes. Note that in the case considered in §4.1.2, the transversal Peclet number is 10 times larger then in the case §4.1.1, explaining the difference in the quality of the approximation.



4.2



Examples with the linear surface adsorption-desorption reactions



In the case of the full two-dimensional problem with linear surface adsorptiondesorption reactions(1), (2), (131), (132), we present two tests.
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Figure 2: Case B: 2nd case from Taylor’s paper. Comparison between the solution for the original problem (pbreel), the solution to the upscaled problem (taylor) and the solution for the problem obtained by taking a simple section average (moyenne) at t∗ = 240 sec.
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x∗ 0 0.45 0.537 0.58 0.605 0.638 0.667 0.68 0.711 0.74 0.75 0.76 0.77 0.795 0.804



cT ay 1 0.986 0.876 0.741 0.636 0.484 0.351 0.296 0.182 0.106 0.086 0.069 0.055 0.029 0.023



cmoy 1 1 1 0.993 0.882 0.327 0.033 0.007 0. 0. 0. 0. 0. 0. 0.



1 H



RH 0



c∗ dz (SlopeLimit)



1 0.99 0.89 0.758 0.65 0.49 0.348 0.288 0.166 0.086 0.065 0.049 0.035 0.014 0.009



1 H



RH 0



c∗ dz (FreeFem++)



1 0.98438 0.942785 0.751335 0.675492 0.501282 0.456008 0.323355 0.20671 0.116112 0.0926387 0.0723552 0.0549984 0.0407674 0.0201409



Z 1 H ∗ c dz H 0 for the Case B, corresponding to the 2nd example from Taylor’s paper, at the time t∗ = 240 sec.



Table 4: Comparison between the concentrations cT ay , cmoy and



4.2.1



Linear surface adsorption-desorption reactions. Case A2 with the times of flow: t∗ = 100, t∗ = 211 and t∗ = 350 sec



This first case is with slightly modified data of the Case A from §4.1.1. We just modify the width of the channel, the diffusivity and choose a shorter time of the flow. We note that our scaling impose kˆ∗ = εQ∗ and Ke = H. This gives DaT = εPeT . Now the system to solve is (14)-(15): ∂t∗ (c∗ +



cˆ 2Q∗ 2Q∗ DaT 8 )+( + )∂x∗ c∗ − D∗ (1 + Pe2 )∂x∗ x∗ c∗ = H 3 45 945 T 2Q∗ DaT ∂x∗ cˆ 45Ke 1 2HPeT cˆ (1 + DaT )∂t∗ cˆ = kˆ∗ (c∗ + ∂x∗ c∗ − ) 3 45 Ke



and no explicit solution is known. We should compare between the solutions to (1) -(2) with the initial/boundary conditions (137), cˆ|t=0 = 0 (giving us all together (pbreel3)) and (14)-(15) (giving us (eff)) and (16)-(17) (giving us (moy)), with the same initial/boundary conditions. The results are shown on the Tables 6, 7 and 8 and on the Figures 3, 4 and 5. 34



PARAMETERS Width of the slit : H Characteristic length : LR ε = H/LR characteristic velocity: Q∗ diffusion coefficient: D∗ ∗ RQ longitudinal Peclet number: Pe = LD = ∗ α = log Pe/ log(1/ε) = ∗ transversal Peclet number: PeT = HQ D∗ = characteristic reaction velocity: kˆ∗ = εQ∗ = ∗ transversal Damkohler number: DaT = ε HQ D∗ =



VALUES 0.5 · 10−2 m, 0.632 m 0.7911 · 10−2 0.3 · 10−2 m/sec 0.2 · 10−6 m2 /sec, 9.48 · 103 1.670972 75 0.237 · 10−4 m/sec 0.5933



Table 5: Full linear surface adsorption-desorption problem: parameter values at the case A2: diffusive transport with surface reaction Note that the solution to the problem obtained by taking the simple section average develops a physically incorrect contact discontinuity. Also our upscaled problem gives a good approximation for the original twodimensional problem, which is not the case with the simple mean. Adding correctors would get us even closer to the solution for the twodimensional problem. Figures 3, 4 and 5 show the simulation by FreeFm++ in the case §4.2.1. Advantage of our approach is again fairly clear and the errors of the model obtained by taking a simple mean persist in time. 4.2.2



Linear surface adsorption-desorption reactions. Case B2 with the times of flow: t∗ = 240 sec



In this case we consider the data of Case B, §4.1.2, as are given in Table 3. The results are shown in Figure 6.



4.3



An example with the 1st order irreversible surface reaction



In this situation we take K = KHe → +∞. The equation (1) does not change but the boundary condition (2) becomes −D∗ ∂z c∗ =



∂ˆ c = kˆ∗ c∗ ∂t∗
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on z = ±H,



(140)
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Z 1 H ∗ Figure 3: Comparison between the volume concentrations c dz H 0 and cmoy for the linear surface adsorption-desorption reactions, Case A2, obtained using our effective problem (eff), average of the section of the concentration from the original problem (pbreel3) and the concentration coming from the simple average (moy) at time t∗ = 100 sec. cT ay ,
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1 ’moyt211’ ’efft211’ ’pbreel’



0.8



0.6



0.4



0.2



0 0



0.2



0.4



0.6



0.8



1



1.2



1.4



1.6



Z 1 H ∗ Figure 4: Comparison between the volume concentrations c dz H 0 and cmoy for the linear surface adsorption-desorption reactions, Case A2, obtained using our effective problem (eff), average of the section of the concentration from the original problem (pbreel3) and the concentration coming from the simple average (moy) at time t∗ = 211 sec. cT ay ,
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1 ’moyt350’ ’efft350’ ’pbreel’



0.8



0.6



0.4



0.2



0 0



0.2



0.4



0.6



0.8



1



1.2



1.4



1.6



1.8



2



Z 1 H ∗ Figure 5: Comparison between the volume concentrations c dz H 0 and cmoy for the linear surface adsorption-desorption reactions, Case A2, obtained using our effective problem (eff), average of the section of the concentration from the original problem (pbreel3) and the concentration coming from the simple average (moy) at time t∗ = 350 sec. cT ay ,
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Figure 6: Volume concentrations (linear surface adsorption-desorption reactions,Case B2) : Comparison between concentration obtained using our effective problem (eff), average of the section of the concentration from the original problem (Full) and the concentration coming from the simple average (moy) at t = 240 sec.
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x∗ 0 0.01 0.05 0.1 0.2 0.225 0.25 0.275 0.29 0.3 0.31 0.32 0.35 0.4 0.45



cT ay 1 0.98669465 0.950946235 0.903593771 0.79700151 0.759276074 0.715756063 0.65174438 0.603878726 0.567950276 0.539037927 0.498188037 0.377225997 0.172223512 0.0591622065



cmoy 1 0.990034274 0.950663125 0.896561247 0.776023352 0.745201145 0.71148785 0.696567508 0.693955625 0.590067563 0.371543232 0.213820021 0.00495647031 2.41496286E-07 3.07462138E-13



1 H



RH 0



c∗ dz



1 0.97837 0.92873 0.876323 0.7669 0.728739 0.678978 0.613898 0.566586 0.532094 0.495586 0.457112 0.333673 0.134612 0.0160686



T ay moy and Table Z H6: Comparison between the volume concentrations c , c 1 c∗ dz for the linear surface adsorption-desorption reactions, Case H 0 A2, at the time t∗ = 100 sec.



The system (14)-(15) becomes  2Q∗ 4Q∗ DaT   ∂t∗ c∗ + ( + )∂x∗ c∗ +   3 45   DaT ∗ 8 kˆ∗    (1 − )c − D∗ (1 + Pe2T )∂x∗ x∗ c∗ = 0   H 3 945  in (0, +∞) × (0, T ) and the equation corresponding to a simple mean reads   2Q∗ kˆ∗   ∂t∗ cmoy + ∂x∗ cmoy + cmoy − D∗ ∂x∗ x∗ cmoy = 0 3 H in (0, +∞) × (0, T )   



(141)



(142)



We impose kˆ∗ = Q∗ /400. For this particular reactive flow, the problem (141) has an explicit solution for the following initial/boundary data: c∗ |x∗ =0 = 0



and
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c∗ |t∗ =0 = 1.



(143)



x∗ 0 0.01 0.05 0.1 0.2 0.3 0.4 0.5 0.55 0.6 0.65 0.7 0.75 0.8 0.9



cT ay 1 0.989694187 0.967015027 0.934075267 0.861407801 0.781074907 0.694746658 0.600404621 0.544239838 0.474489299 0.386694802 0.284796763 0.183421956 0.100489679 0.017165388



cmoy 1 0.994090699 0.971961203 0.936547842 0.857677963 0.765463212 0.662811744 0.553304147 0.497265165 0.438951289 0.318097632 0.0115430139 1.67295192E-05 3.46962941E-09 1.93051599E-19



1 H



RH 0



c∗ dz



1 0.986112 0.952705 0.91569 0.836403 0.750173 0.662342 0.574491 0.521332 0.452928 0.366176 0.269368 0.172172 0.088037 0.00981583



T ay moy and Table Z H7: Comparison between the volume concentrations c , c 1 c∗ dz for the linear surface adsorption-desorption reactions, Case H 0 A2, at the time t∗ = 211 sec.



It reads 







1 ∗ c∗ (x∗ , t∗ ) = e−k1 t 1 − √ e π



2Q1 x∗ 3D1



Z



+∞ x+2t∗ Q1 /3 √ 2 D1 t∗



Z 2



e−η dη +



 +∞ x−2t∗ Q1 /3 √ 2 D1 t∗



2



e−η dη 



(144) ∗ ˆ DaT 2DaT 8 k ), Q1 = Q∗ (1 + and D1 = D∗ (1 + Pe2 ). where k1 = (1 − H 3 15 945 T For the problem (142) we also impose the initial/boundary condition kˆ∗ (143) and cmoy is given by the formula (144) as well, but with k1 = , H ∗ ∗ Q1 = Q and D1 = D . The data are given in Table 9, whereas the results are shown in Tables 10, 11 and 12 and in Figures 7, 8 and 9, corresponding to the times t∗ = 50, 70 and 100 sec. We see that the solution to the problem obtained by taking a simple mean over the vertical section has incorrect amplitude.
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Figure 7: Case of the 1st order irreversible surface reaction (K = +∞): Comparison between concentration obtained using our effective problem (eff), average of the section of the concentration from the original problem (pbreel3) and the concentration coming from the simple average (moy) at t = 50 sec.
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Figure 8: Case of the 1st order irreversible surface reaction (K = +∞): Comparison between concentration obtained using our effective problem (eff), average of the section of the concentration from the original problem (pbreel) and the concentration coming from the simple average (moy) at t = 70 sec.
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Figure 9: Case of the 1st order irreversible surface reaction (K = +∞): Comparison between concentration obtained using our effective problem (eff), average of the section of the concentration from the original problem (pbreel) and the concentration coming from the simple average (moy) at t = 100 sec.
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x∗ 0 0.1 0.2 0.4 0.6 0.7 0.8 0.9 1. 1.05 1.1 1.15 1.2 1.3 1.4



cT ay 1 0.95909192 0.911441678 0.794454955 0.657701569 0.583632368 0.508150772 0.431290446 0.34825939 0.298816871 0.247412008 0.19336287 0.140469463 0.058066265 0.0152972824



cmoy 1 0.965613038 0.919474858 0.793564942 0.631584001 0.542316066 0.453470264 0.363040727 0.276213033 0.237173717 0.109554202 0.00589796516 3.17192071E-05 5.57849169E-12 4.65348193E-21



1 H



RH 0



c∗ dz



1 0.9484 0.897755 0.775743 0.624061 0.545435 0.469133 0.39611 0.319716 0.273235 0.224233 0.175742 0.128868 0.0512471 0.0131282



T ay moy and Table Z H8: Comparison between the volume concentrations c , c 1 c∗ dz for the linear surface adsorption-desorption reactions, Case H 0 A2, at the time t∗ = 350 sec.



4.4



Numerical experiments in the case of an infinite adsorption rate



In this subsection we solve the equation (42) f ∗,ef f ∂c∗,ef 2Q∗ ∂cK K + = ∂t∗ 3 ∂x∗ ∗,ef f ³ 2 DaK (2 + 7DaK ) ´ ∂ 2 cK 4 Pe2T [ + D∗ 1 + ] . 135 7 (1 + DaK )2 ∂(x∗ )2



(1 + DaK )



with the initial/boundary data f c∗,ef |x∗ =0 = 0 K



and



f c∗,ef |t∗ =0 = 1. K



(145)



Parameters are shown on the Table 13. Results are shown at Tables 14, 15 and 16 and on corresponding Figures 10, 11 and 12, at times t∗ = 863, 2877 and 5755 sec. Once more the model obtained by the simple averaging over vertical section gives an approximation which is not good and which gets worse during time evolution.
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Figure 10: Case of an infinite adsorption rate kˆ∗ = +∞: Comparison between concentration obtained using our effective problem (eff), average of the section of the concentration from the original problem (pbreel3) and the concentration coming from the simple average (moy) at t = 863 sec.
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1 ’pbreelt10’ ’efft10’ ’moyt10’ 0.8



0.6



0.4



0.2



0



-0.2 0



1



2



3



4



5



6



7



8



9



10



Figure 11: Case of an infinite adsorption rate kˆ∗ = +∞: Comparison between concentration obtained using our effective problem (eff), average of the section of the concentration from the original problem (pbreel3) and the concentration coming from the simple average (moy) at t = 2877 sec.
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Figure 12: Case of an infinite adsorption rate kˆ∗ = +∞: Comparison between concentration obtained using our effective problem (eff), average of the section of the concentration from the original problem (pbreel3) and the concentration coming from the simple average (moy) at t = 5755 sec.
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PARAMETERS Width of the slit : H Characteristic length : LR ε = H/LR characteristic velocity: Q∗ diffusion coefficient: D∗ longitudinal Peclet number: Pe = α = log Pe/ log(1/ε) = transversal Peclet number: PeT =



LR Q∗ D∗ HQ∗ D∗



= =



VALUES 2.635 · 10−4 m, 0.632 m 0.41693 · 10−3 0.393 · 10−2 m/sec 1.2 · 10−8 m2 /sec, 2.0698 · 105 1.572789 86.296



Table 9: Parameter values in the case of the 1st order irreversible surface reaction (K = +∞)



5



Conclusions and perspectives



In this article we have justified by direct numerical simulation the effective (or upscaled) equations obtained using the techniques of anisotropic singular perturbation for the partial differential equations describing reactive flows through a slit under dominant Peclet and Damkohler numbers. In order to have a good comparison with classical Taylor’s paper we were forcing our models to be parabolic, when it was possible. Nevertheless, there is the possibility of obtaining hyperbolic models, at same order of precision, O(ε2(2−α) ). We note that such models where derived by Balakotaiah and Chang in [6] for a number of practical situations. In the articles [7] and [15], Balakotaiah et al used the Liapounov-Schmidt reduction coupled with perturbation, to develop multi-mode models, which exhibit hyperbolic behavior. Our comparison calculation from Sec. §3.1 shows that formally multi-mode models are of the same order as our parabolic effective equations. This was already argued in [6]. It would be interesting to calculate the error estimate for the multi-mode hyperbolic models, introduced by Balakotaiah et al, and to compare the approximations on mathematically rigorous way. Furthermore, there is approach by Camacho using a viewpoint of Irreversible Thermodynamics and leading to the Telegraph equation. For more details we refer to [12], [13], [14] and to the doctoral thesis [9]. We plan to address this subject in the near future and extend our results in this direction. Acknowledgements. The authors acknowledge the referee for his careful reading of the article and valuable comments. This work was initiated during the sabbatical visit of A. Mikeli´c to the 49



x∗ 0 0.1 0.11 0.13 0.14 0.145 0.15 0.155 0.16 0.165 0.17 0.18 0.19 0.2 0.3



cT ay 0 1.37300401E-17 0.000418590074 0.0519752326 0.128440421 0.153338539 0.169945407 0.175667748 0.176884544 0.177199575 0.177233822 0.177238982 0.177239004 0.177239004 0.177239004



cmoy 0 2.17207153E-17 1.04498908E-16 0.0280014326 0.155000571 0.155000571 0.155000571 0.155000571 0.155000571 0.155000571 0.155000571 0.155000571 0.155000571 0.155000571 0.155000571



1 H



RH 0



c∗ dz



0 5.17763e-05 0.00231391 0.0170583 0.0655227 0.0990472 0.130369 0.152722 0.165339 0.170635 0.172341 0.173227 0.173531 0.173718 0.174536



Table 10: Case of the 1st order irreversible surface reaction (K = +∞): Z 1 H ∗ c dz Comparison between the volume concentrations cT ay , cmoy and H 0 at the time t∗ = 50 sec. TU Eindhoven in Spring 2006, supported by the Visitors Grant B-61-602 of the Netherlands Organisation for Scientific Research (NWO). The research of C.J. van Duijn and I.S. Pop was supported by the Dutch government through the national program BSIK: knowledge and research capacity, in the ICT project BRICKS (http://www.bsik-bricks.nl), theme MSV1. The research of A. Mikeli´c and C. Rosier was supported by the GDR MOMAS (Mod´elisation Math´ematique et Simulations num´eriques li´ees aux probl`emes de gestion des d´echets nucl´eaires: (PACEN/CNRS, ANDRA, BRGM, CEA, EDF, IRSN) as a part of the project ”Mod`eles de dispersion efficace pour des probl`emes de Chimie-Transport: Changement d’´echelle dans la mod´elisation du transport r´eactif en milieux poreux, en pr´esence des nombres caract´eristiques dominants ”.
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x∗ 0 0.1 0.16 0.18 0.185 0.19 0.195 0.2 0.205 0.21 0.215 0.22 0.3 0.6



cT ay 0 4.86944849E-17 0.000252862511 0.0178727814 0.0303102565 0.0488626237 0.0630697107 0.0765167157 0.0830143704 0.0869467435 0.0881363431 0.0885999673 0.0887121329 0.0887121329



cmoy 0 3.51572972E-18 1.27275794E-17 0.0003202901 0.0699896992 0.0735303344 0.0735303475 0.0735303475 0.0735303475 0.0735303475 0.0735303475 0.0735303475 0.0735303475 0.0735303475



1 H



RH 0



c∗ dz



0 4.27436e-06 0.000184936 0.00657295 0.0133435 0.0240309 0.0377344 0.0524721 0.0658466 0.0755906 0.081589 0.0845812 0.0869702 0.0875448
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x∗ 0 0.1 0.2 0.24 0.26 0.28 0.285 0.29 0.295 0.3 0.31 0.32 0.35 0.36 0.5
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cmoy 0 1.14872338E-18 4.15858702E-18 4.15858702E-18 0.00236291078 0.0240251771 0.0240251771 0.0240251771 0.0240251771 0.0240251771 0.0240251771 0.0240251771 0.0240251771 0.0240251771 0.0240251771



1 H



RH 0



c∗ dz



0 9.51673e-07 1.22748e-05 0.000189098 0.00313599 0.0175925 0.021842 0.0252274 0.0276271 0.0291264 0.0302246 0.0304318 0.030591 0.0306213 0.0308346
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PARAMETERS Width of the slit : H Characteristic length : LR ε = H/LR characteristic velocity: Q∗ diffusion coefficient: D∗ ∗ RQ longitudinal Peclet number: Pe = LD = ∗ α = log Pe/ log(1/ε) = ∗ transversal Peclet number: PeT = HQ D∗ = transversal Damkohler number: DaT = KHe =



VALUES 5. · 10−3 m, 0.8632 m 5.7924001 · 10−3 0.3 · 10−3 m/sec 2. · 10−7 m2 /sec, 1.2948 · 105 1.83815052 75 1
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x∗ 0 0.1 0.3 0.4 0.6 0.8 1.0 1.1 1.3 1.5 1.7 1.9 2. 3. 4.



cT ay 0 0.000476974507 0.00665410189 0.0169799929 0.0739152145 0.212484001 0.436195692 0.561624158 0.783030278 0.920190592 0.983578518 0.996962548 0.998850322 0.99999 1.



cmoy 0 1.48207153E-17 2.36823908E-16 4.65358482E-16 1.9895652E-15 2.14373031E-06 0.5 0.989232525 1. 1. 1. 1. 1 1. 1.



1 H



RH 0



c∗ dz



0 0.00019277 0.00402643 0.0127379 0.074789 0.23459 0.474176 0.59902 0.807166 0.928339 0.979062 0.994446 0.99675 0.99969 0.999917



T ay moy and Table Z H14: Comparison between the volume concentrations c , c 1 c∗ dz for the case of an infinite adsorption rate (kˆ∗ = +∞) at the H 0 time t∗ = 863 sec.
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x∗ 0 1. 2. 2.3 2.6 2.9 3. 3.2 3.4 3.6 3.8 4. 4.3 5. 6.



cT ay 0 2.15685873E-05 0.0129950594 0.0422251119 0.110382208 0.234665783 0.288903773 0.411909396 0.544317915 0.671938419 0.782076721 0.867184442 0.94674831 0.997306633 0.99999576



cmoy 0 1.10453096E-16 5.15917604E-16 6.74184016E-16 7.66476726E-16 2.44409991E-08 1.35588449E-05 0.0466182486 0.799344896 0.999606221 0.999999998 1. 1. 1. 1.



1 H



RH 0



c∗ dz



0 0.00264385 0.0186693 0.0401594 0.095134 0.205974 0.256387 0.373383 0.499505 0.625723 0.742053 0.832967 0.921783 0.983445 0.992814



T ay moy and Table Z H15: Comparison between the volume concentrations c , c 1 c∗ dz for the case of an infinite adsorption rate (kˆ∗ = +∞) at the H 0 time t∗ = 2877 sec.



[28] A. Mikeli´c, V. Devigne, C.J. van Duijn, Rigorous upscaling of the reactive flow through a pore, under dominant Peclet and Damkohler numbers, SIAM J. Math. Anal., Vol. 38 (2006), p. 1262-1287. [29] A. Mikeli´c , C. Rosier, Rigorous upscaling of the infinite adsorption rate reactive flow under dominant Peclet number through a pore, Ann. Univ Ferrara Sez. VII Sci. Mat., Vol. 53 (2007). [30] M.A. Paine, R.G. Carbonell, S. Whitaker, Dispersion in pulsed systems – I, Heterogeneous reaction and reversible adsorption in capillary tubes, Chemical Engineering Science, Vol. 38 (1983), p. 1781-1793. [31] O. Pironneau, F. Hecht, A. Le Hyaric, FreeFem++ version 2.15-1, http://www.freefem.org/ff++/. [32] O. Pironneau, M´ethodes des ´el´ements finis pour les fluides, Masson, Paris, 1988. [33] A. Quarteroni, A. Valli, Numerical Approximation of Partial Differential Equations, Springer-Verlag, Berlin, 1994. [34] S. Rosencrans, Taylor dispersion in curved channels, SIAM J. Appl. Math., Vol. 57 (1997), p. 1216 - 1241. 55



x∗ 0 5. 5.5 6. 6.3 6.6 6.8 7. 7.2 7.4 7.6 7.8 8. 8.5 9.



cT ay 0 0.0245430842 0.0841804114 0.21560078 0.332534457 0.468630165 0.562546008 0.653050221 0.735557754 0.806714035 0.864767429 0.909573473 0.942287957 0.984791852 0.997065201



cmoy 0 7.99463577E-16 2.05329898E-15 1.47268882E-09 0.000549169915 0.276435631 0.882371619 0.998497928 0.999998971 1. 1. 1. 1. 1. 1.



1 H



RH 0



c∗ dz



0 0.0481293 0.102444 0.223168 0.330783 0.453472 0.536562 0.619671 0.700753 0.771646 0.830057 0.876335 0.910953 0.957911 0.973686



T ay moy and Table Z H16: Comparison between the volume concentrations c , c 1 c∗ dz for the case of an infinite adsorption rate (kˆ∗ = +∞) at the H 0 time t∗ = 5755 sec.
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