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COMPUTERIZED GENERATION AND SIMULATION OF MESHING AND CONTACT OF NEW TYPE OF NOVIKOV-WILDHABER HELICAL GEARS Faydor L. Litvin, Pin-Hao Feng, and Sergei A. Lagutin The University of Illinois at Chicago Chicago, Illinois 60607



SUMMARY In this report, we propose a new geometry for low-noise, increased-strength helical gears of the NovikovWildhaber type. Contact stresses are reduced as a result of their convex-concave gear tooth surfaces. The gear tooth surfaces are crowned in the profile direction to localize bearing contact and in the longitudinal direction to obtain a parabolic function of transmission errors. Such a function results in the reduction of noise and vibrations. Methods for the generation of the proposed gear tooth surfaces by grinding and hobbing are considered, and a tooth contact analysis (TCA) computer program to simulate meshing and contact is applied. The report also investigates the influence of misalignment on transmission errors and shift of bearing contact. Numerical examples to illustrate the developed approaches are proposed. The proposed geometry was patented by Ford/UIC (Serial Number 09–340–824, pending) on June 28, 1999.



1.0 INTRODUCTION In comparison with conventional involute helical gears, Novikov-Wildhaber (N-W) gears (refs. 1 and 2) have reduced contact stresses. This reduction has been achieved because at the point of contact, there is only a small difference between the curvatures of the concave and convex mating gear tooth surfaces. At every instant, the tooth surfaces are in a point contact spread under the load over an elliptical area; therefore, we say that the bearing contact is localized. There is a probability that the lubrication conditions of N-W gears are slightly improved because in the process of meshing, the instantaneous contact ellipse moves not across the tooth surface but in the longitudinal direction. This direction of the contact path is favorable because it causes a “pumping effect.” However, the same direction of the contact path can also be achieved for involute helical gears if profile modification is provided. Novikov-Wildhaber gears or the generating imaginary rack-cutters are provided with circular-arc profiles. There are two versions of Novikov gears, the first having one zone of meshing (fig. 1.1) and the other having two. The design of gears with two zones of meshing was an attempt to reduce high bending stresses caused by point contact. Novikov gears with two zones of meshing have been standardized in the former USSR and in China (refs. 3 and 4). Figure 1.2 shows imaginary rack-cutters for the generation of Novikov gears with two zones of meshing. Unfortunately for Novikov followers, who enthusiastically thought that N-W gears would be a substitute for conventional involute helical gears, their expectations have not been realized. After more than 40 years since their invention, N-W gears have found application only in low-speed reducers manufactured in the oil and mine industries. These gears are still applied in areas where manufacturers try to avoid grinding and expect that a sufficient bearing contact will be obtained by running under the load and lapping in the gear drive housing. Only soft materials are still applied for N-W gears, and the gear tooth surfaces are not hardened and nitrified. The major disadvantage of N-W gears is that gear misalignment (such as a change in the shaft angle or in the lead) causes an impermissible noise. Because of this high-level noise, the only example of the application of N-W gears in high-speed transmissions is that of the Westland Helicopter Company. The other disadvantage of N-W gears is the shift in the bearing contact (to the addendum or dedendum areas) that results from a change in the center distance. This shift can be reduced by increasing the difference between the curvatures of the tooth surfaces but this negates the attempt to reduce the contact stresses. Experience with the design and application of involute helical gears shows that the resources used to employ them have almost been exhausted. Attempts to localize bearing contact had been concentrated on profile modification, but such efforts could not reduce the noise level. Even though the geometry of involute helical gears presents
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Figure 1.1.—Novikov gears of previous design.
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Figure 1.3.—Helical gears with new geometry.



an obstacle in the reduction of contact stresses and noise, they are still an example of high-precision gear drives because of the possibility of grinding by a worm or form grinding. The new type of helical gears developed by the authors of this report has presented new possibilities for the design and manufacture of low-noise, increased-strength helical gear drives. Although the details of this development are covered in sections 2.0 to 5.0, a brief summary of the project follows: 1. The bearing contact is localized and the contact stresses are reduced because of the tangency of concaveconvex tooth surfaces of the mating gears. Two versions of the proposed design were investigated (see secs. 2 to 4): one has a convex pinion tooth surface and the other a concave. Figure 1.3 is a three-dimensional view of the designed helical gears with convex pinion teeth. 2. The conjugation of pinion-gear teeth is based on the application of two imaginary rack-cutters with mismatched surfaces Σc and Σt (see details in subsec. 2.1). The normal section of each rack-cutter is a parabola as shown in figure 1.4. A current point of the parabola is determined in an auxiliary coordinate system Si by the equations xi = ui , yi = ai ui2



(1.1)



where ui is a variable parameter that determines the location of the current point in the normal section and ai is the parabolic coefficient. Henceforth, we designate by an abbreviated symbol Sk an orthogonal coordinate system Sk(xk, yk, zk) where (xk, yk, zk) indicate the coordinate axes of Sk. 3. The normal profiles of mating rack-cutters are in tangency at reference point Q, and axis yi (fig. 1.4) is the normal to the profiles at Q. The normal profiles are mismatched (fig. 1.5) because different parabolic coefficients ai for the mating rack-cutters have been applied. Points Q of various normal sections of the mating rack-cutters form a line of tangency of their surfaces Σc and Σt. It is imagined that rack-cutter surfaces are rigidly connected to each other and generate separately the pinion and gear tooth surfaces. The generated pinion-gear tooth surfaces are in a point contact that spreads under load over an elliptical area (ref. 5). 4. The advantages of applying rack-cutter parabolic profiles in comparison with applying circular-arc profiles in previous designs are as follows: a. The possibility of increasing the height of the pinion addendum that is limited by tooth pointing and the height of the pinion dedendum that is limited by the possibility of undercutting b. The possibility of increasing the tooth thickness at the point of tangency of the active profile with the fillet and reducing the bending stresses These advantages are illustrated by figure 1.6, which shows parabolic profile 1 and circular-arc profile 2 with the same curvature radius ρ1 at point Q. Point C1 is the center of the circle of radius ρ1; α is the profile angle at Q.
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Figure 1.4.—Parabolic profile of rack-cutter in normal section.



Figure 1.5.—Rack-cutter applied for generation. (a) Normal profiles of rack-cutters. (b) and (c) Normal sections of pinion and gear rack-cutters.
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Figure 1.6.—Comparison of parabolic (1) and circular (2) profiles of rack-cutters.
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Point P is the point of intersection of the normal to the tooth profile with the axis of the tooth symmetry and is located on the instantaneous axis of rotation. Points Lp and Lc indicate limiting points of tooth profiles (for the new and previous design, respectively) obtained from the condition of no undercutting. Similarly, Kp and Kc indicate limiting points of tooth profiles obtained from the condition of pointing determined for tooth profiles with the same value of Sa. Parameters hp and hc are the possible tooth heights for the new and previous designs, respectively. Dimensions Sp and Sc are the possible tooth thicknesses at the point of tangency of the active profile and the fillet for the new and previous designs, respectively. 5. The curvature radii of the rack-cutter profiles for the new gear design are substantially larger than those of the existing design that are based on the application of circular-arc profiles. Thus, the advantages of the new design are that they allow one to a. Increase the dimensions of the instantaneous contact ellipse and obtain a more favorable orientation, as shown in figure 1.7 where µ1 is the angle between the major axis of the contact ellipse and the tangent to the path of contact on the pinion tooth surface. The center of the contact ellipse coincides with the point of contact Q. The dimensions of the contact ellipse have been determined by considering that the elastic approach of tooth surfaces is δ = 0.00025 in. b. Reduce the sensitivity of the gear drive to a change in the gear center distance ∆E, which causes a shift of the bearing contact to the tooth addendum or dedendum (depending on the sign of ∆E). 6. The generation of gears for the new and previous designs is based on the application of two mating hobs or grinding worms that are conjugated to the rack-cutters shown in figure 1.5. Two shaped grinding disks can be applied instead of hobs or grinding worms. In both designs, the bearing contact of tooth surfaces is localized (the tooth surfaces are in point contact at every instant). 7. The main differences in the generation methods for both designs are a. Only profile crowning is provided in the generation of gears for the previous design. Therefore, the function of transmission errors is almost a linear discontinuous one for a misaligned gear drive (fig. 1.8(a)). Such transmission errors cause vibration for Novikov-Wildhaber gears when the meshing of one pair of teeth is changed for another one. 0.2 in.
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Figure 1.7.—Contact ellipse on pinion tooth surface for (a) proposed design and (b) previous design.
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Figure 1.8.—Functions of transmission errors. (a) Linear function of transmission errors caused by error of shaft angle  = 3 arc min. (b) Reduction and transformation of errors provided by new geometry of tooth surfaces.



Eo Figure 1.9.—Plunging of grinding worm.



b. The new design provides crowning in two directions: profile and longitudinal. The longitudinal crowning is obtained by the varied plunge of the tool when a grinding worm is applied (fig. 1.9). The shortest distance E between the axes of the grinding worm and the workpiece is represented by E(l ) = E0 − al 2



(1.2)



where l is the displacement along the axis of the workpiece; E0 is the nominal value of the shortest axis distance; and a is the parabolic coefficient. A parabolic function E(l) must also be provided for generation by hobbing and form grinding. The varied plunge makes it possible to provide a predesigned parabolic function of transmission errors (fig. 1.8(b)) that can absorb the linear functions of transmission errors caused by gear misalignment and also reduce the magnitude of transmission errors (refs. 5 and 6). The varied plunge of the tool is required only for the generation of one of the mating gears, either the pinion or the gear. 8. The absorption of the linear functions of transmission errors by a parabolic function (provided by tool plunging) is confirmed by tooth contact analysis (TCA) for gears of the new design (see sec. 2.8). The reduction of noise and vibration in the new gears means that they can be used in high-speed transmissions. 9. The misalignment of the new gears may cause a shift in the bearing contact to the edge (fig. 1.10). Drawings in figure 1.10 show the contact path for the following cases: (a) without errors of alignment; (b) a change in the gear center distance ∆E of 0.1 mm; (c) a change in the shaft angle ∆γ of 3 arc min; (d) a change in the lead angle ∆λ of 3 arc min. The authors have developed a method to correct the contact path (and the bearing contact) by correcting the lead angle of the pinion or the gear. Because of the existence of a predesigned parabolic function of transmission errors, correcting the lead angle will allow the location of the contact path to be restored without causing transmission errors. 10. The new geometry of helical gears can be extended to conventional involute helical gears as follows: (a) one of the imaginary rack-cutter surfaces is a plane that generates a conventional screw involute surface; (b) the mating rack-cutter is provided with a parabolic profile in the normal section (fig. 1.4) but with a very small curvature; (c) the crowning in the longitudinal direction is accomplished by tool plunging (fig. 1.9), making it possible to obtain a predesigned parabolic function.
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Figure 1.10.—Contact paths on pinion and gear surfaces for one cycle of meshing obtained for helical gears with new geometry. (a) Without errors of alignment. (b) Change of center distance E = 0.1 mm. (c) Change of shaft angle  = 3 arc min. (d) Change of lead angle  = 3 arc min.



The advantage of the proposed modification of conventional involute helical gears is the possibility of reducing the magnitude of transmission errors and transforming their shape (see plot (b) in fig. 1.8). This report covers 1. The computerized design and imaginary rack-cutter generation of two versions of profile-crowned helical gears. The two versions are designed as pinion convex-gear concave (sec. 2.0) and pinion concave-gear convex (sec. 3.0). The designed gearing is a new type of Novikov-Wildhaber helical gear. 2. The avoidance of undercutting and tooth pointing (secs. 2.0 and 3.0). 3. The grinding (or cutting) of the designed helical gears crowned in the profile and longitudinal directions by the application of a disk or worm (sec. 4.0). 4. The computerized simulation of the meshing and contact of the designed helical gears crowned in (a) the profile direction only, and (b) the profile and longitudinal directions (secs. 2.0 to 4.0).



2.0 HELICAL PINION CONVEX AND GEAR CONCAVE PROFILE-CROWNED TOOTH SURFACES 2.1 Basic Considerations This section covers the geometry, generation, design, and simulation of the meshing and contact of profilecrowned tooth surfaces. The pinion and gear tooth surfaces are convex and concave. Section 3.0 discusses another version of tooth surfaces, pinion concave and gear convex. The generation of pinion-gear tooth surfaces is based on the following ideas: 1. Two imaginary rigidly connected rack-cutters for the separate generation of the pinion and the gear are applied (fig. 1.5). 2. The axodes of the pinion and the gear in mesh with the rack-cutters are two pitch cylinders of radii rp1 and rp2 (fig. 2.1.1(a)). The axode of the rigidly connected rack-cutters is plane Π that is tangent to the pitch cylinders. The pinion and gear perform rotational motions about their axes whereas the rack-cutters perform translational motions, all of which are related. The pitch cylinders and plane Π are in tangency at line P-P, which is the instantaneous axis of rotation in relative motion. 3. The rack-cutters are provided with skew teeth (fig. 2.1.1(b) and from the drawings, it is obvious that a lefthand rack-cutter generates a left-hand pinion and a right-hand gear. The helix angles on the pinion-gear pitch cylinders are equal to angle β of the skew teeth of the rack-cutters.
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(b) (b) Figure 2.1.1.—Axodes of pinion, gear, and rack-cutter. (a) Axodes. (b) Direction of rack-cutter teeth.



(c)



Figure 2.1.2.—Normal sections of rack-cutters (a) Profiles of pinion and gear rack-cutters. (b) Pinion rack-cutter. (c) Gear rack-cutter.



4. The normal profiles of rack-cutters are obtained by the intersection of rack-cutter surfaces by a vertical plane that is perpendicular to the direction of rack-cutter teeth. The normal profiles are two mismatched parabolas in tangency at point Q (fig. 2.1.2(a)), and their common normal passes through point P that belongs to the instantaneous axis of rotation P-P (fig. 2.1.1(a)). 5. Using various intersecting normal planes (fig. 2.1.1(b)) results in the same rack-cutter normal profiles shown in figure 2.1.2(a). Henceforth, we will consider two rack-cutter surfaces Σc and Σt that generate the pinion and gear tooth surfaces Σ1 and Σ2, respectively. Surfaces Σc and Σt are in tangency along a straight line that passes through points Q of tangency of various normal profiles. The orientation of the line of tangency of Σc and Σt is determined by angle β. Because the rack-cutter surfaces are mismatched, the pinion-gear tooth surfaces are in point contact (but not in line contact) and therefore the bearing contact is localized. 2.2 Derivation of Pinion Tooth Surface Σ1 Pinion rack-cutter surface Σc.—The derivation of rack-cutter surface Σc is based on the following procedure: Step 1: The normal profile of Σc is a parabola and is represented in coordinate system Sa (fig. 2.1.2(b)) by equations that are similar to equations (1.1):



[



ra (uc ) = uc



where ac is the parabolic coefficient.
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(2.2.1)



Step 2: The normal profile is represented in Sb by matrix equation rb (uc ) = M ba ra (uc )



(2.2.2)



The distance Oa Ob is designated as lc, and Mba indicates the 4×4 matrix used for the coordinate transformation from coordinate system Sa to Sb (ref. 7). Homogeneous coordinates of a point are considered in reference 7. Step 3: Consider that rack-cutter surface Σc is formed in Sc while coordinate system Sb with the normal profile performs a translational motion in the direction a-a of the skew teeth of the rack-cutter (fig. 2.2.1). Surface Σc is determined in coordinate system Sc in two-parameter form by the following matrix equation: rc (uc , θ c ) = M cb (θ c )M ba ra (uc ) = M ca (θ c )ra (uc )



(2.2.3)



where θc = Oc Ob (fig. 2.2.1) and (uc, θc) are surface parameters. Step 4: The normal Nc to rack-cutter surface Σc is determined by matrix equation (ref. 7) N c (uc , θ c ) = L cb (θ c )L ba N a (uc )



(2.2.4)



Here N a (uc ) = k a ×



∂ra ∂uc



(2.2.5)



where Lcb indicates the 3×3 matrix that is the submatrix of Mcb and is used for the transformation of vector components; ka is the unit vector of axis za. The transverse section of rack-cutter Σc is shown in figs. 2.2.2(a) and (b).
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a Figure 2.2.1.—For derivation of pinion rack-cutter surface c.
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Figure 2.2.2.—Rack-cutter transverse profiles. (a) Mating profiles. (b) Pinion rack-cutter profile. (c) Gear rack-cutter profile.
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Figure 2.2.3.—Generation of pinion by rack-cutter c.



Determination of pinion tooth surface Σ1.—The determination of Σ1 is based on the following considerations: 1. Movable coordinate systems Sc and S1 (fig. 2.2.3) are rigidly connected to the pinion rack-cutter and the pinion, respectively. The fixed coordinate system Sm is rigidly connected to the cutting machine. 2. The rack-cutter and the pinion perform related motions, as shown in figure 2.2.3 where sc = rp1ψ1 is the displacement of the rack-cutter in its translational motion, and ψ1 is the angle of rotation of the pinion. 3. A family of rack-cutter surfaces is generated in coordinate system S1 and is determined by the matrix equation r1 (uc , θ c , ψ1 ) = M1c ( ψ1 )rc (uc , θ c )



(2.2.6)



4. The pinion tooth surface Σ1 is generated as the envelope to the family of surfaces r1(uc,θc,ψ1). Surface Σ1 is determined by simultaneous consideration of vector function r1(uc,θc,ψ1) and the so-called equation of meshing: f1c (uc , θ c , ψ1 ) = 0



(2.2.7)



5. To derive the equation of meshing (2.2.7), apply the following theorem (refs. 5 and 7): The common normal to surfaces Σc and Σ1 at their line of tangency must pass through the instantaneous axis of rotation P (fig. 2.2.3). The result is Xc − xc Yc − yc Zc − zc = = N xc N yc N zc



(2.2.8)



where (xc, yc, zc) are the coordinates of a current point of Σc; (Nxc, Nyc, Nzc) are the components of the normal to Σc; Xc = 0, Yc = rp1ψ1, and Σc are the coordinates of the intersection point of normal Nc with the instantaneous axis of rotation P (fig. 2.2.3). To derive the equation of meshing (2.2.7), it is sufficient to consider equation −
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xc (uc , θ c )



N xc (uc , θ c )



=



rp1ψ1 − yc (uc , θ c )
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N yc (uc , θ c )



(2.2.9)



that yields



(



)



f1c (uc , θ c , ψ1 ) = rp1ψ1 − yc N xc + xc N yc = 0



(2.2.10)



Equations (2.2.6) and (2.2.10) represent the pinion tooth surface by three related parameters. Taking into account that the equations above are linear with respect to θc, we may eliminate θc and represent the pinion tooth surface by vector function r1(uc,ψ1). 2.3 Derivation of Gear Tooth Surface Σ2 Gear rack-cutter surface Σt.—The derivation of Σt is based on the procedure similar to that applied for the derivation of Σc (see eqs. (2.2.3)). The normal profile of Σt is a parabola represented in Se by equation (fig. 2.1.2(c))



[



re (ut ) = ut



at ut2



]



0 1



T



(2.3.1)



which is similar to equation (2.2.1). Use coordinate systems Sk (fig. 2.1.2(c)) and St that are similar to Sb and Sc (fig. 2.2.1) to represent surface Σt by matrix equation rt (ut , θ t ) = M tk (θ t )M ke re (ut ) = M te re (ut )



(2.3.2)



Equation (2.3.2) can be used to represent surface Σt by vector function rt(ut,θt), which is similar to rc(uc,θc). The difference in the representation of Σt is the change in the subscript c to t. The normal to surface Σt is determined by equations similar to (2.2.4) and (2.2.5). Gear tooth surface Σ2.—The generation of Σ2 by rack-cutter surface Σt is represented schematically in figure 2.3.1. The rack-cutter and the gear perform related translational and rotational motions designated as st = rp2ψ2 and ψ2.
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Figure 2.3.1.—Generation of gear by rack-cutter t.
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The gear tooth surface is represented by equations r2 = r2 (ut , θ t , ψ 2 )



(2.3.3)



f2t (ut , θ t , ψ 2 ) = 0



(2.3.4)



Equation (2.3.3) represents in S2 the family of rack-cutter surfaces Σt determined as r2 (ut , θ t , ψ 2 ) = M 2t ( ψ 2 )rt (ut , θ t )



(2.3.5)



The derivation of the equation of meshing (2.3.4) may be accomplished similarly to that of equation (2.2.10)



(



)



f2t (ut , θ t , ψ 2 ) = rp2 ψ 2 − yt N xt + xt N yt = 0



(2.3.6)



Drawings of figs. 2.1.1 and 2.3.1 show that a left-hand rack-cutter generates a right-hand gear. Equations (2.3.5) and (2.3.6) represent the gear tooth surface by three related parameters. The linear parameter θt can be eliminated and the gear tooth surface represented in two-parameter form by vector function r2(ut ,ψ2). 2.4 Avoidance of Undercutting and Pointing The generation of a helical tooth surface by a rack-cutter may be accompanied by undercutting of the surface being generated. The discovery of undercutting is based on the following theorem proposed in references 5 and 7: Singular points of the generated surface Σ occur when the velocity of a contact point in its motion over Σ becomes equal to zero. Note that at a singular surface point, the surface normal is equal to zero. Thus, the appearance of a singular point heralds the oncoming of surface undercutting. References 5 and 8 propose an approach for determining a line L of regular points on the tool surface that generates singular points on the generated surface. The dimensions of the tool surface must be limited by line L to avoid undercutting. In the case of generation by a rack-cutter, the limiting line L of the rack-cutter surface determines the limiting height of the rack-cutter addendum. 1 Pitch line B1 Bc sa hd
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–0.4 –0.8 10 Figure 2.4.1.—For determination of conditions of undercutting and pointing by rack-cutter.



NASA/CR—2000-209415



14



18



22



26



30



N1



2



Figure 2.4.2.—Permissible dimensions of rack-cutter addendum ha and dedendum hd.
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The pointing of generated teeth means that the topland width of the generated teeth becomes equal to zero. In the present project, pointing was avoided because a minimal value of the topland width was provided. Figure 2.4.1 shows the transverse profiles of the rack-cutter space and the profiles of the generated pinion tooth. Point Ac is the limiting one of the rack-cutter left profile that generates the singular point A1 of the left pinion transverse profile. Point Bc of the rack-cutter profile generates point B1 of the pinion profile. The width of the pinion topland is designated by Sa. The left transverse profiles of the rack-cutter and the pinion are shown at a position where they are in tangency at point Q. Point P belongs to the instantaneous axis of rotation. The heights ha and hd of the working parts of the rack-cutter addendum and dedendum are measured from the pitch line of the rack-cutter. The results of the present investigation are illustrated by the curves of figure 2.4.2, which represent functions ha(N1) and hd(N1) determined for the data β = 20°, αn = 25°, 10 ≤ N1 ≤ 30, and Pn = 1/in. These curves were obtained by considering the meshing of the transverse profile of the rack-cutter with the transverse profile of the pinion (or the gear). Note that the normal profile of the rack-cutter is a parabola and the rack-cutter surface Σc is a parabolic cylinder. The transverse profile of the rack-cutter has also been proven to be a parabola. The parabolic coefficients ac* and ac of the transverse and normal profiles are related as ac* = ac



cos3 α t cos3 α n cos β



(2.4.1)



The surface of action between the rack-cutter surface and the generated pinion (or gear tooth surface) is a cylindrical surface. The transverse section of the surface of action is shown in figure 2.4.3. In summarizing the results of this investigation, we may state that undercutting may occur for a pinion with a small number of teeth (see fig. 2.4.2). A sufficient working height h = ha + hd of the teeth is in the range (1.5/Pn) ≤ h ≤ (1.9/Pn). (a)



(c)



(c) Q



P



P P



(b) Figure 2.4.3.—Transverse profiles and lines of action. (a) Rack-cutter profile. (b) Pinion profile. (c) Lines of action.



2.5 Principal Curvatures and Directions of Pinion-Gear Tooth Surfaces Knowledge of principal curvatures and directions of the contacting surfaces Σ1 and Σ2 is required to determine the dimensions of the instantaneous contact ellipse. Determining the principal curvatures of surfaces Σ1 and Σ2 is based on the approach developed in references 5 and 7. The advantage of this approach is that the sought-for curvatures are expressed in terms of the principal curvatures and directions of the tool surface and the parameters of motion. In the case of the helical gears under discussion, the principal curvatures and directions of pinion-gear tooth surfaces can be expressed in terms of the principal curvatures and directions of rack-cutters and the parameters of motion. NASA/CR—2000-209415



13



( j) eII



(i) eII



( j) eI  (i) eI
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Figure 2.5.1.—Principal directions on generating and generated surfaces; i = c,t; j = 1,2.



Let us start the derivations by determining the curvatures of the rack-cutter. The surface of rack-cutter Σc (or Σt) is a cylindrical surface whose generatrix has the direction of skew rack-cutter teeth. Such a surface is a ruled "developed" surface, which means that it is formed by straight lines (the generatrices of the cylindrical surface), and the normals along the generatrix do not change their direction. The generatrix is the surface principal direction and the principal curvature in this direction is equal to zero. This means that κ (I ) = 0 i



(i = c, t )



(2.5.1)



The other principal direction is the tangent to the parabola that represents the normal profile and the principal curvature is the curvature of the parabola determined at point Q as κ (II) = 2 ai i



(i = c, t )



(2.5.2)



The principal curvatures and directions of the pinion (or gear) tooth surface generated by the rack-cutter are determined by using the approach developed in references 7 and 8, which enables us to determine the following: σ, the angle formed by principal directions e (I j ) and e (Ii ) (fig. 2.5.1) and principal curvatures on directions e (I j ) and e (IIj ) on surface Σj. Here, j =1 when i = c (when pinion tooth surface Σ1 generated by rack-cutter Σc is considered). Similarly, j = 2 when i = t (when gear tooth surface Σ2 generated by rack-cutter Σt is considered). We have limited the determination of principal curvatures and directions on surfaces Σ1 and Σ2 only at point Q of the tangency of the generating and generated surfaces (fig. 2.1.2). In an ideal profile-crowned gear drive, the path of contact on Σ1 (and Σ2) is a helix generated by point Q, and the principal curvatures and directions at any point of the helix are the same. The approach discussed above is illustrated by an example with the following data: tooth numbers N1 = 17, N2 = 77; the normal profile angle αn = 25°; the normal diametral pitch Pn = 5; the parabolic coefficients ac = 0.425 and at = 0.394; the helix angle β = 19.548°. The results of computing the principal curvatures of Σ1 and Σ2 at point Q (fig. 2.1.2) are as follows: κ (I1) = 0.0125, κ (II1) = 1.5605, κ (I2 ) = 0.0083; and κ (II2 ) = 0.5940. Therefore, for the pinion tooth surface with a convex normal profile, both principal curvatures are positive. The Gaussian curvature K (1) = κ (I1)κ (II1) > 0 and all points of this surface are elliptic ones. For the gear tooth surface with a normal profile, the principal curvatures have opposite signs. The Gaussian curvature K ( 2 ) = κ (I2 )κ (II2 ) > 0 and all points of this surface are hyperbolic.
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2.6 Determination of Contact Ellipse The determination of the instantaneous contact ellipse is based on the following considerations (refs. 5 and 7): 1. Consider as known: the principal curvatures and directions on surfaces Σ1 and Σ2 and angle σ formed by unit vectors e (I1) and e (I2 ) (fig. 2.6.1). The details for determining the principal curvatures of contacting surfaces are given in reference 7. 2. The elastic deformation δ of contacting surfaces is given. Now, determine the orientation of the contact ellipse by using angle α(1) and the dimensions a and b of the contact ellipse and by using the following equations: cos 2α (1) =



(



sin 2α (1) =



(



g1 − g2 cos 2σ g12



− 2 g1g2 cos 2σ + g22 g2 sin 2σ



g12



− 2 g1g2 cos 2σ + g22



1/ 2



)



(2.6.1)



)



1/ 2



(2.6.2)



Axes of the contact ellipse are determined with equations



2a = 2



δ A



1/ 2



,



2b = 2



δ B



1/ 2



(2.6.3)



where



(



)







(



)







A=



1  (1) κ − κ (Σ2 ) − g12 − 2 g1g2 cos 2σ + g22 4  Σ



B=



1  (1) κ − κ (Σ2 ) + g12 − 2 g1g2 cos 2σ + g22 4  Σ
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eI 2b Figure 2.6.1.—Contact ellipse.
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Figure 2.6.2.—Contact ellipses on pinion and gear tooth surfaces.



κ (Σi ) = κ (Ii ) + κ (IIi) ,



gi = κ (Ii ) − κ (IIi) ,



(i = 1, 2)



(2.6.6)



Figure 2.6.2 shows the contact ellipses determined on pinion and gear tooth surfaces Σ1 and Σ2. To avoid misunderstanding, we have to emphasize that the tangents to contact paths on the mating rack-cutter surfaces Σc and Σt coincide with each other (they are directed along the line of tangency of Σc and Σt ). However, the tangents to the contact paths on pinion-gear tooth surfaces Σ1 and Σ2 at point Q of surface tangency slightly differ from each other. Therefore, the orientation of contact ellipses is determined by different angles µ1 and µ2, as shown in figure 2.6.2. The dimensions and orientation of the contact ellipse have been determined for these design parameters: tooth numbers N1 = 17 and N2 = 77; normal profile angle αn = 25°; normal diametral pitch Pn = 5; parabolic coefficients ac = 0.425 and at = 0.394; helix angle β =19.548°; elastic deformation δ = 0.0025 in. The other design parameters are the same as those mentioned in section 2.5.



2.7 Recommended Parameters of Rack-Cutter Normal Profiles The normal profiles of mating rack-cutters are shown in figure 2.7.1 (see also fig. 2.1.2(a)); Q is the point of tangency of the profiles; P relates to the pitch line (the instantaneous axis of rotation); li = QP (i = c, t ), αn is the normal pressure angle; C2 and C1 are the centers of curvature at point Q of the gear and pinion profiles. The choice and determination of design parameters shown in figure 2.7.1 are based on the following considerations: 1. The normal pressure angle αn is chosen as 25° to 30°, which is in agreement with previous experience in designing the Novikov-Wildhaber helical gears. The increase in the pressure angle causes a higher sensitivity of the gearing to the error in the center distance and a larger value of the contact force. However, using a larger value of αn allows us to obtain more favorable relations between the curvatures of the gear tooth surfaces, thereby reducing the stresses. 2. The distance li (i = c,t) is chosen as li = (cos α n ) / ( Pn ), where Pn is the normal diametral pitch. 3. The recommendation for ρc = QC2 and ρc = QC2 (fig. 2.7.1) are based on the following relations: a. The radius of curvature of the gear rack-cutter must satisfy the inequality
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