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Introduction



The objective of this work is to test the normal hypothesis, and, if not, try to find the best distribution that fit the data. The normal model is the consequence of the Central Limit Theorem (CLT): the returns over a period of time T can be decompose into the sum of the returns over sub periods. If all the returns are independent and Identically Distributed (IID), then the CLT applies and the distribution of the returns converge toward a normal distribution. In the next sections, we will that if the returns are very closed to a normal distribution in the center (about ±σ), we are very far from the normal case for the tails, particularly on the low tail. 1



3 QUANTILE-QUANTILE PLOTS (QQPLOT)
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Tests for Normality



There are many tests for Normality. In a firt approach we can perform graphical tests such as ˆ



Histograms



ˆ



Quantile/Quantile plots.



Next, we can use numerical tests such, general tests like Kolmogorov Smirnov nd ChiSquare tests or more specific tests to Normality like Shapiro Wilk and Jarque Bera.
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Quantile-quantile plots (qqplot)



The quantile-quantile (q-q) plot is a graphical technique for determining if two data sets come from populations with a common distribution. A q-q plot is a plot of the quantiles of the first data set against the quantiles of the second data set. By a quantile, we mean the fraction (or percent) of points below the given value. That is, the 0.3 (or 30%) quantile is the point at which 30% percent of the data fall below and 70% fall above that value. A 45-degree reference line is also plotted. If the two sets come from a population with the same distribution, the points should fall approximately along this reference line. The greater the departure from this reference line, the greater the evidence for the conclusion that the two data sets have come from populations with different distributions. The q-q plot is used to answer the following questions: Do two data sets come from populations with a common distribution? Do two data sets have common location and scale? Do two data sets have similar distributional shapes? Do two data sets have similar tail behavior? For example, the following diagram displays data generated from a student distribution (degree of freedom 3) against normal data. y=rt(1000,3) qqnorm(y,main="t student df=3") qqline(y)
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3 QUANTILE-QUANTILE PLOTS (QQPLOT)



Let G be the theoretical distribution function and F be the empirical distribution. For each, probability level, let say p, we define the related quantile x = G−1 (p) and y = F −1 (p), the qqplot display the graph y against x, with the relation G(x) = F (y), if F and G are the same, then we should observe a straight line y = x. Deviations from this line means that the distribution are not the same. In R, we can create quantile quantile plots with the function qqplot for the general case and qqnorm for a q-q plot against the normal distribution. Todo: First we will compare known distributions to the normal distribution: ˆ



student distribution of degree of freedom 7 (see the function rt)



ˆ



The exponential distribution (use -rexp)
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4 FITTING WITH A STUDENT DISTRIBUTION



ˆ



Caychy distribution (see cf rcauchy)



ˆ



Uniform distribution (see runif)



ˆ



normal distribution



draw the perfect fit line with the function qqline Application to returns:
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ˆ



display the qqnorm for the S&P returns



ˆ



zoom on the queue (with xlim et ylim)



ˆ



read (graphically) the theoretical and empirical quantil at −3σ



ˆ



Draw the qqpnorm for the interest rates and currencies Euro/USD (see package VaR), and data data(exchange.rates)



ˆ



The same for the Hedge Funds indexes



ˆ



comments ...



Fitting with a Student Distribution



Draw the qqplot with a student distribution and try to find the best degree of freedom graphically. Actually, the way to find the best parameters is to maximize the likelihood, or rather the log: X log f (rt |theta) log L(r1 , ...rT ; θ) = t=1,T



The density of a student-t is fν (t) = √



1 Γ((ν + 1)/2) 1 2 2πν Γ(ν/2) (1 + t /ν)−(ν+1)/2



Beware that the variance is not one, but ν/(ν − 2). The excess kurtosis is Ke = 6/(ν − 4) 1, we have to change the variable as t0 = p To get a generalized student of variance 0 0 t (ν − 2)/ν et the density becomes gν (t )dt = fν (t)dt, so that gν (t0 ) = p



1



Γ((ν + 1)/2) 1 02 2π(ν − 2) Γ(ν/2) (1 + t /(ν − 2))−(ν+1)/2



Then we can work with reduced returns. Daniel Herlemont
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4 FITTING WITH A STUDENT DISTRIBUTION > > > > > + + + > > > > >



r=diff(log(closes)) #on travaille avec des rendements r´ eduits r0=(r-mean(r))/sd(r) #la densit´ e f=function(r,nu) { k=((nu-2) *pi)^-0.5*(gamma((nu+1)/2)/gamma(nu/2)) k/(1+r^2/(nu-2))^((nu+1)/2) } logLik=function(nu) sum(log(f(r0,nu))) ns=seq(2,15,len=100) plot(ns,sapply(ns,logLik),type="l") res=optimize(logLik,lower=2,upper=100,maximum=TRUE) res



$maximum [1] 3.318833 $objective [1] -19145.51
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−21000 −22000 −23000



sapply(ns, logLik)



−20000



−19000



4 FITTING WITH A STUDENT DISTRIBUTION



2



4



6



8



10



12



14



ns



> > > >



df=round(res$maximum) x=rt(1000,df)*sqrt((df-2)/df) qqplot(x,r0) qqline(r0)



Daniel Herlemont



6



4 FITTING WITH A STUDENT DISTRIBUTION



5
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x



ˆ



What do you think about the procedure ?



ˆ



verify the adequacy with qqplots or histogram.



ˆ



What do youn think about the adequacy on the lower and upper tail.



ˆ



An other way to estimate the degree of freedom is to fit the momments, knowing that the excess kurtosis of a student is kurtosis = 6/(d − 4), with d the degree of freedom.



ˆ



What is quantile at 1 percent using the student fit compared to the empircal quantile ?
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4 FITTING WITH A STUDENT DISTRIBUTION



ˆ



optional: using the MLE theory, find the confidence interval at 90% of the degree of freedom



Verify that the degree of freedom is related to the tail exponent (see also practical work on Extreme Value Theory), that we can estimate using the Hill estimator: > > > > > > > > >



rstar1=sort(r[r|t|) -146.79 
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