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Road profile input estimation in vehicle dynamics simulation H. IMINE*†‡, Y. DELANNE‡ and N. K. M’SIRDI† †Laboratoire de Robotique de Versailles, Université de Versailles, 10 Avenue de l’Europe, 78140, Vélizy, France ‡Laboratoire Central des Ponts et Chaussées, Centre de Nantes, Route de Bouaye, BP 4129-44341 Bouguenais Cedex, France Vehicle motion simulation accuracy, such as in accident reconstruction or vehicle controllability analysis on real roads, can be obtained only if valid road profile and tire–road friction models are available. Regarding road profiles, a new method based on sliding mode observers has been developed and is compared with two inertial methods. Experimental results are shown and discussed to evaluate the robustness of our approach. Keywords: Road profile; Vehicle dynamics; Sliding mode observers; Inertial method; Profilometer



1.



Introduction



Vehicle dynamics are directly dependent on tire/road contact forces and torques which are themselves dependent on loads on the wheels and tire/road friction characteristics. Wheel– road normal forces can be computed in simulation models if the road profile under the wheel track is known and applied (figure 1). For the purpose of road serviceability, survey and road maintenance, several profilometers have been developed in a recent European program called FILTER. Some of these have proved to give reliable measurements when compared with the profiles obtained with the reference device (PRIMAL) [1]. Generally, the devices employed on road survey applications are 2D profilometers on single or multiple tracks. The objectives of this research were to develop an easily implemented method based on the dynamic response of a vehicle instrumented with cheap sensors so as to give an accurate estimation of the profile along the actual wheel tracks [2–4]. The remainder of this paper is organized as follows. Section 2 deals with the description of two-road profilers and section 3 deals with our new method based on sliding mode observer approach. In section 4, some experimental results on the states observation and the road profile estimation by means of two proposed methods are presented, and a comparative study is done. In section 5, a comparison of road profile relevance to get a good estimate of loads on the wheels is carried out from the dynamic model developed in the framework of the observers approach. A conclusion is drawn in section 6. *Corresponding author. Email: [email protected]
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Figure 1. Vehicle dynamic simulation model.



2.



Road profilometers



In this section, two typical profilometers to be compared with the method developed in this article are briefly described. • GM profilometer In 1964, General Motors built a profiler using accelerometers to establish an inertial reference. The inertial reference is used to correct for the bounce of the survey vehicle. The recorded profile is independent of the type of survey vehicle and of the profiling speed [5–8]. Current ‘Inertial profilometers’ are capable of measuring and recording road surface profiles, using speeds between 16 and 112 km/h. The inertial reference is obtained by using accelerometers placed on the body of the measuring vehicle (figure 2). The vertical body motion (inertial reference) is obtained by a double integration of the accelerometer signal. The relative displacement between the accelerometers and the pavement surface is measured with a non-contact light or acoustic measuring system mounted with the accelerometer on the vehicle body. The elevation profile of the pavement is obtained by subtracting the height sensor output from the absolute motion of the vehicle body [9]. To eliminate the noise in the acceleration, the signal must be filtered with a low-pass filter. A high-pass filter is used to eliminate the low-frequency component due to the integration. The principle of this method is illustrated in figure 2. • The Longitudinal Profile Analyser (APL in French) This system includes one or two single-wheel trailers towed at constant speed by a car and employs a data acquisition system. A ballasted chassis supports an oscillating beam holding a feeler wheel that is kept in permanent contact with the pavement by a suspension and damping system. The chassis is linked to the towing vehicle by a universal-jointed
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Key elements of inertial profilometer [3].



Figure 3.



Longitudinal Profile Analyzer.



hitch. Vertical movements of the wheel result in angular travel of the beam, measured with respect to the horizontal arm of an inertial pendulum, independently of movements of the towing vehicle (figure 3). This measurement is made by an angular displacement transducer associated with the pendulum; the induced electrical signal is amplified and recorded. Rolling surface undulations in the range of ±100 mm are recorded with wavelengths in ranges from 0.5 to 20 m to 1 to 50 m, depending on the speed of the vehicle [10]. This device has proved to give very precise measurements of profile elevation. Rough measurements have to be processed to get a reliable estimation of the road profile in the measured waveband (phase distortion correction) [11].



3.



Sliding mode observer approach



To implement this method, a vehicle model must be assumed [12, 13]. 3.1 Vehicle modelling The vehicle model is shown in figure 4. In this part, we are interested in the excitations of pavement and the vehicle/road interaction [14–17]. The model is established while making the following simplifying hypotheses: – the vehicle is rolling with constant speed; – the wheels are rolling without slip and without contact loss.
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Figure 4.



Full car model.



The vertical motion of the vehicle model can be described by the following equation [18]:  ¨ + B q˙ + Kq = ζ T MQ



0



0



0



0



T



(1)



q ∈ R8 is the coordinate vector defined by: q = [z1 , z2 , z3 , z4 , z, θ, φ, ψ]T



(2)



where zi , i = 1, . . . , 4, is the displacement of the wheel i. The variables z, θ, φ and ψ represent the displacement of the vehicle body, roll angle, pitch angle and the yaw angle, respectively. (q, ˙ q) ¨ represent the velocities and accelerations vectors, respectively. M ∈ 8×8 is the inertia matrix: 



M1 M= 0



0 M2







where M1 = diag(m1 , m2 , m3 , m4 ) and M2 = diag(m, Jx , Jy , Jz ). mi , i = 1, . . . , 4, represent the mass of the wheel i coupled to the chassis with mass m. m · Jx , Jy and Jz are the inertia moments of the vehicle along, respectively, x, y and z axis.
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8×8 B∈ is related   to the damping effects: B11 B12 B= , where B11 = diag(B1 + Br1 , B2 + Br2 , B3 + Bf 1 , B4 + Bf 2 ) is a diagB21 B22 onal positive matrix and     −B2 −B3 −B4 −B1 −B1 C16 C17 0 B1 pr −B2 pr B3 pf −B2 pf  −B2 C26 C27 0  ,  B12 =  −B3 C36 C37 0 , B21 =  B1 r2 B 2 r2 −B3 r1 −B4 r1  C82 C83 C84 c81 −B4 C46 C47 0   0 C55 C56 C57 C65 C66 C67 0   B22 =  C75 C76 C77 0  C85 C86 C87 C88



The elements of these matrices are defined in the appendix. 8×8 K∈ is the spring stiffness vector:   K11 K12 , where K11 = diag(K1 + Kr1 , k2 + kr2 , k3 + kf 1 , k4 + kf 2 ) is a diagoK= K21 K22 nal positive matrix and     k1 p r k1 r2 0 −k2 −k3 −k4 −k1 −k1  −k2 −k2 pr  k2 r2 0   , K21 = k1 pr −k2 pr k3 pf −k2 pf  , K12 =  −k3 k2 pf   −k3 r1 0 k 1 r2 k2 r2 −k3 r1 −k4 r1  −k4 −k4 pf −k4 r1 0 K81 K82 K83 K84   0 K55 K56 K57 K65 K66 K67 0   K22 =  K75 K76 K77 0  K85 K86 K87 K88 The elements of these matrices are defined in the appendix. In order to estimate the unknown vectors U and U˙ , let us define the variable ζ as: ζ = CU + D U˙



(3)



where ζ ∈ 4 and U = [u1 , u2 , u3 , u4 ]T is the vector of unknown inputs which characterize the road profile. The system outputs are the displacements of the wheels and the chassis, corresponding to signals measured by the vehicle sensors. The matrices M, B, K, C and D are defined in appendix. 3.2



Observer design



For our study, we put the model (1) in state equation form while taking as state vector: T T T ˙ φ, ˙ ψ] ˙ T. x1 = q and x2 = q˙ = (x21 , x22 ) where x21 = [˙z1 , z˙ 2 , z˙ 3 , z˙ 4 ]T and x22 = [x, ˙ θ,



Then we obtain:



   x1 = q    x˙1 = x2 x˙21 = −M1−1 (B11 x21 + B12 x22 + K11 x1 + ζ )   x˙22 = −M −1 (B21 x21 + B22 x22 + K22 x1 )  2   y = [x T , x T ]T 1 22



The matrices K11 and K22 are defined in 4×8 .



(4)
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Before developing the sliding mode observer, let us consider the following hypotheses. 1. The state is bounded (x(t) < ∞∀t ≥ 0). 2. The system is input bounded (∃ a constant µ ∈ 4 such as U˙ < µ). 3. The vehicle rolls at constant speed on a defect road of the order of millimetre, without bumps. The structure of the proposed observer is triangular [19] having the following form: 



xˆ˙1 = xˆ2 + H1 sign1 (x˜1 ) x˙ˆ21 = −M1−1 (B11 xˆ21 + B12 x22 + K22 + K11 xˆ1 + ζˆ ) + H21 sign2 (x¯21 − xˆ21 )



(5)



where xˆi represents the observed state vector and ζˆ is the estimated value of ζ . The variable x¯2 is given in mean average by: x¯2 = xˆ − H1 sign2 (x˜1 )



(6)



H1 ∈ R8×8 , H21 ∈ R4×4 and H22 ∈ R4×4 represent positive diagonal gain matrices. signeq1 is the equivalent of the sign function in the slide surface (x˜1 = x1 − xˆ1 = 0) [20]. The dynamics estimation errors are given by: 



x˙˜ = x˜2 − H1 sign1 (x˜1 ) ˜ + K11 x˜1 + ζ˜ ) − H21 sign2 (x¯21 − xˆ21 ) x˙˜21 = −M1−1 (B11 21



(7)



3.3 Convergence analysis In order to study the observer stability and to find the gain matrices Hi , i = 1, . . . , 2, we proceed step by step, starting to prove the convergence of x˜1 to the sliding surface x˜1 = 0 in finite time t1 . Then, we deduce some conditions about x˜2 to ensure its convergence towards 0. We consider the following Lyapunov function V1 =



1 T x˜ x˜1 2 1



(8)



It can be easily shown that if hi1 > |x˜i2 |, i = 1, . . . , 8 then V˙1 < 0. Then, the variable x˜1 converges towards 0 in finite time t0 . We obtain in the sliding surface x˙˜1 = x˜2 − ˜ = 0 ⇒ x˜2 = H1 signeq1 (x˜1 ). H1 signeq1 (x) Then according to system (7), we have: x¯2 = x2



(9)



x˜˙1 = 0 x˙˜21 = −M1−1 (B11 x˜21 + ζ˜ ) − H21 sign2 (x˜21 )



(10)



Then, we obtain x¯21 (x22 is measured). System (7) becomes: 



The second step is to study the convergence of xˆ2 .
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To study the convergence of xˆ21 , first consider the following Lyapunov function V21 =



1 T x˜ x˜21 2 21



(11)



Deriving this function, we obtain: T ˜ T V˙21 = −x˜21 B11 x˜21 + x˜21 ζ − x˜2T M1 H2 sign(x˜2 )



(12)



As ζ˜ is bounded and during this step, the first condition stays true (x˙˜1 = 0) and B11 is a diagonal definite matrix, so we have while choosing the terms of the matrix H2 very high, V˙21 < 0. Therefore, the variable x˜21 converges towards 0 in finite time t1 > t0 and then x˙˜2 = 0 [21, 22]. System (7) becomes ∀t > t1 :  x˙˜1 = 0 (13) x˙˜21 = −M1−1 ζ˜ − H21 sign2 (x˜21 ) = 0 The estimation of the unknown vector ζ˜ is obtained according to (13), then we have: ζ˜ = ζ − ζˆ = M1−1 H21 sign(x˜21 )



(14)



ζ = ζˆ + M1−1 H21 sign(x˜21 )



(15)



Finally, we get the variable ζ :



In order to estimate the elements ui , i = 1, . . . , 4, of the unknown vector U and according to (3), we resolve the following equation: ζ = CU + D



dU dt



(16)



When we consider the initial conditions U (t = 0) = 0, we obtain from (15) the unknown input vector U so that:  ζi  ui = 1 − e(ci /di )t , i = 1, . . . , 4 (17) ci where ci = kri , i = 1, . . . 4, and di = Bri , i = 1, . . . 4, are the elements of the matrices C and D given in appendix. We have discussed two methods to estimate the road profile, namely, the inertial profilometer and the method using sliding mode observers. In the next section, we compare results obtained using these methods.



4.



Comparisons of results



Some tests were carried out at the French Central Laboratory of Roads and Bridges (LCPC) test track with an instrumented car towing two LPA trailers at a constant speed of 72 km/h. In this experiment the signal measured by a Longitudinal Profile Analyser (LPA) constitutes our reference profile. After a double integration of the accelerometer signal, we obtain the absolute motion of the body as shown in figure 5. The distance between the vehicle body and the road measured by a height sensor is represented in figure 6.
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Figure 5. Absolute motion of the body.



Figure 6.



Relative motion between the body and the road.



To obtain the road profile elevation, the inertial method consists of subtracting these two signals. The result is given in figure 7. This profile is then compared with the LPA reference signal. Figure 8 shows that the estimated road profile elevation is roughly similar to the LPA profile with some local discrepancies, which can be due to sensor calibration [23]. Figure 9 shows clearly that the estimated displacements of the four wheels converge quickly with the measured ones.
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Figure 8.
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Road profile by inertial method.



Comparison between inertial method and LPA profile.



In the first two subplots on top of figure 10, the vertical displacement (z) and the yaw angle (ψ) of the chassis, respectively, are presented. The bottom subplots of this figure represent the velocities. We can see that the estimated vertical velocity (˙z) is very close to the measured signal. However, the estimation of ψ˙ is not very good. A good reconstruction of states enables the estimation of the unknown inputs of the system. Figure 11 presents both the measured road profile (coming from LPA instrument) and the estimated one. We can then observe that the estimated values are quite close to the true ones.
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Figure 9.



Displacements of wheels: estimated and measured.



Figure 10.



Estimation of displacement of body and yaw angle.
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Comparison between observers approach and LPA profile.



Figure 12.



Positions of plates on the track.



As a further example, two plates are located on the track of the LCPC (figure 12). Figure 13 shows that these plates of height 10 and 8 mm are well reconstructed by the observers approach when compared with LPA measure. We now compare the results of each method developed earlier. Figure 14 shows the road profiles estimated by the inertial method and by the observers approach when compared with the signal measured by the LPA instrument. Then, we can observe that the estimated values by the inertial method and by the observers approach are quite close to the LPA reference profile. Figure 15 shows the power spectral density of the estimated road profile and the measured one (by LPA instrument). We notice that the low and average waves of the road (that means
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Figure 13.



Figure 14.



Reconstruction of plates.



Comparison between observers approach, inertial method and LPA profile.



high and average frequency) are well reconstructed. However, there are limitations of our observer’s method to estimate the high waves of the road.



5.



Profiles as entry of dynamic model



A comparison of the different profiling methods is carried out with the dynamic model developed in this work and validated by the comparison of measured and computed values for
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Power spectral density (PO: low wave, MO: average wave, GO: high wave).



Figure 16.



Schematic of the experimentation.



ground test experiments. This comparison is made in the spectral domain of the APL and shows that the evaluation by these two methods is globally correct. However, some local errors appear. It is then important to know whether these errors do not penalize the faculty of these profiles to determine the dynamic response of a vehicle (one should know that the APL profile is not correct to estimate this dynamic response). The principle of the process is shown in figure 16. Figure 17 shows a comparison between the measured chassis vertical acceleration and the two estimated accelerations (in the case where simulator inputs are estimated by the inertial method and by observers approach). We note that the acceleration is quite well estimated in the two cases. The histograms of the gaps between the measured and the estimated acceleration, by observers and by the inertial method are given, respectively, in figure 18(a) and (b). On the vertical axis, the quantity or the number of points relative to accelerations gap is indicated. We notice that the maximal number of points is centred around zero.
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Figure 17.



Estimation of acceleration of the body.



Figure 18. Histogram of the gaps: measured and valued body accelerations. (a) Case of observer and (b) case of inertial method.



In the first case, the number is 3300, whereas in the case where the valued profiles are estimated by the inertial method, the number is 3500. We also note that every time one shifts away from zero, the density of points is less important when the entries of the model are estimated by observer. Figure 19 shows the measured left wheel acceleration, compared with the estimated one. On the histograms shown in figure 20(a) and (b), one can notice that the gaps around the zero in the case where the injected profiles are estimated by the inertial method reach 8000, whereas in the case where the entries are estimated by observer, the gaps are about 6500.
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Left wheel acceleration: estimated and measured.



Figure 20. Histogram of the gaps: measured and estimated left wheel acceleration. (a) Case of inertial method and (b) case of observer.



However, the gap marks the mistake in the first case is of 1.25, whereas in the case where the inputs are estimated by observer, this gap is only of 1.22. In figure 21, the measured right wheel acceleration is compared with the estimated one. We note that the measured acceleration is closer to the one valued by observers compared with the one given by the inertial method. This result is confirmed by the histograms of gaps represented by figure 22(a) and (b). In the interval of accelerations [−2.5, 2.5] m/s2 , the number of points representing the gaps is located between 3000 and 7000, whereas in the case where the entries are rebuilt by the
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Figure 21.



Right wheel acceleration: estimated and measured.



Figure 22. Histogram of the gaps: measured and estimated right wheel acceleration. (a) Case of inertial method and (b) case of observer.



observer, this number does not pass 3000. The gap types of mistake are then, respectively, of magnitudes 1.39 and 1.18. One notes that the dynamic responses of the simulator are improved when the two-road profiles obtained from the observers approach are input to the model. We then conclude that the vertical loads on the wheels are better estimated when the inputs to the model are derived from the observer approach.
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Conclusions



In this article, we described a new method to estimate the road profile elevation based on sliding mode observers. Two other currently operational methods are briefly described. The profiles obtained from these three methods are compared, a fair agreement is found but with local important discrepancies. To clear up this result, a new experiment with comparison to a real reference profile (rod and level type) is under way. It is to be noted that comparison of the computed and measured dynamic variables when the road profiles obtained by the three methods are fed to the dynamic model shows up the advantage of our method. Regarding our objective in this work, we consider that if the output vector (vertical acceleration displacement of the wheels and vertical and rotational movement of the vehicle body) is accurate, the sliding mode observers method constitutes a reliable and easily implemented method to estimate the road profile. References [1] VTI, the Swedish National Road and Transport Institute, http://www.vti.se [2] Imine, H., M’Sirdi, N.K. and Delanne, Y., 2003, Adaptive observers and estimation of the road profile. SAE World Congress, Detroit, Michigan, March 2003, pp. 175–180. [3] Krishnaswami, V. and Rizzoni, G., 1995, Vehicle steering system state estimation using sliding mode observers. Proceedings of the 34th Conference on Decision and Control, New Orleans, LA, December 1995, pp. 3391–3396. [4] Drakunov, S.V., 1992, Sliding-mode observers based on equivalent control method. Proceedings of the 31st IEEE Conf Decision and Control, Tucson, Arizona, 1992, pp. 2368–2369. [5] Spangler, E.B. and Kelly, W.J., 1964, Profilometer method for measuring road profile. General Motors Research Publication GMR-452. [6] Hayhoe, G.F., Dong, M. and McQuenn, R.D., 1998, Airport pavement roughness with nighttime construction. Proceedings of the Third ICPT Conference, volume 2, Beijing, China, April 1998, pp. 567–572. [7] Harrison, R.F. 1983, The non-stationary response of vehicles on rough ground. PhD thesis, Institute of Sound and Vibration Research Faculty of Engineering an Applied Science, University of Southampton. [8] U.S. Department of Transportation, Federal Highway Association, http://www.fhwa.dot.gov/pavement/ smoothness/rough.cfm [9] Kulakoski, B.T., Henry, J.J. and Wambold, J.C., 1986, Relative influence of accelerometer and displacement transducer signals in road profilometry. Transportation Research Record, January. [10] Legeay, V., 1994, Localisation et détection des défauts d’uni dans le signal APL. Bulletin de liaison du laboratoire Central des Ponts et Chaussées, 192, Août. [11] Legeay, V., Daburon, P. and Gourraud, C., 1996, Comparaison de mesures de l’uni par L’Analyseur de Profil en Long et par Compensation Dynamique. Bulletin de liaison du laboratoire Central des Ponts et Chaussées, December. [12] Ellis, J.R., 1960, Vehicle handling, vehicle dynamics (Page Bros: Norwich, United Kingdom). [13] Gwangun. G., and Nikravesh, E.N., 1990, An analytical model of pneumatic tyres of vehicle dynamic simulation. Part 1: Pure slips. International Journal of Vehicle, 11(6), 589–618. [14] Imine, H., 2003, Observation d’états d’un véhicule pour l’estimation du profil dans les traces de roulement. PhD thesis, l’Université de Versailles Saint Quentin en Yvelines. [15] Shmid, I.G., 1995, Interaction of vehicle and terrain results from 10 years research at IKK. Journal of Terramechanics, 32, 3–26. [16] Ellis, J.R., 1960, Vehicle handling, vehicle dynamics (Page Bros: Norwich, United Kingdom). [17] Bachmann, T., 1995, The importance of the integration of road, tyre and vehicle technologies. XXth World Road Congress,Workshop on the Synergy of Road, Tyre and Vehicle Technologies, Montreal, Canada, September 5th 1995, Committee on Surface Characteristics TC1. [18] Misun, 1990, Simulation of the interaction between vehicle wheel and the unevenness of the road surface. Journal of Vehicle System Dynamics, 237–253. [19] Barbot, J.P., Boukhobza, T. and Djemai, M., 1966, Triangular input observer form and sliding mode observer. IEEE conference on Decision and Control, pp. 1489–1491. [20] Slotine, J.J.E., Hedrick, J.K., and Misawa, E.A., 1987, On sliding observer of nonlinear systems. Journal of Mathematical System, Estimation and Control, 109, 245–259. [21] Utkin, V.I., 1977, Variable structure systems with sliding mode. IEEE Transactions on Automatic Control, 26(2), pp. 212–222. [22] Utkin, V.I., and Drakunov, S., 1995, Sliding mode observer, IEEE Conference on Decision and Control, Orlando, Florida USA, pp. 3376–3378. [23] Piasco, J.M. and Legeay, V., 1997, Estimation de l’uni longitudinal des chaussées par filtrage du signal de l’analyseur du profil en long. Traitement du signal, 14(4), 359–372.
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A.1 Appendix 



kr1 0 C= 0 0  k1 + kr1  0   0   0 K=  −k1   k1 pr   k1 r2 K81



0 kr2 0 0



0 k2 + kr2 0 0 −k2 −k2 pr k2 r2 K82



0 0 kf 1 0



 0 0  , 0  kf 2



0 0 k3 + kf 1 0 −k3 k 3 pf −k3 r1 K83







Br1  0 D=  0 0



0 0 0 k4 + kf 2 −k4 −k4 pf −k4 r1 K84



0 0 Bf 1 0



 0 0   0  Bf 2



k1 pr −k2 pr k 3 pf −k4 pf K56 K66 K76 K86



k1 r2 k 2 r2 −k3 r1 −k4 r1 K57 K67 K77 K87



0 Br2 0 0



−k1 −k2 −k3 −k4 K55 K65 K75 K85



 0 0   0   0   0   0   0  K88



The elements of this matrix are given by: K55 = (k1 + k2 + k3 + k4 ) K56 = −((k1 − k2 )pr + (k3 − k4 )pf ) K57 = −((k1 + k2 )r2 + (k3 + k4 )r1 ) K65 = −((k1 − k2 )pr + (k3 − k4 )pf ) K66 = −(k1 + k2 + k3 + k4 )pf pr + (karr + karf ) K67 = ((k1 − k2 )r2 pr + (k3 − k4 )r1 pf ) K75 = −(−(k1 + k2 )r1 − (k3 + k4 )r2 ) K76 = −((k1 − k2 )r2 pr + (k3 − k4 )r1 pf ) K77 = ((k1 + k2 )r22 + (k3 + k4 )r12 ) 



(B1 + Br1 )  0   0   0 B=  −B1   B1 pr   B1 r2 C81



0 (B2 + Br2 ) 0 0 −B2 −B2 pr B 2 r2 C82



0 0 −B1 0 0 −B2 0 −B3 (B3 + Bf 1 ) 0 (B4 + Bf 2 ) −B4 −B3 −B4 C55 B 3 pf −B4 pf C65 −B3 r1 −B4 r1 C75 C83 C84 C85



where: C16 = B1 pr cos(θ ) C17 = B1 r2 cos(φ) C26 = −B2 pr cos(θ )



C16 C26 C36 C46 C56 C66 C76 C86



C17 C27 C37 C47 C57 C67 C77 C87



 0 0   0   0   0   0   0  C88
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C27 = B2 r2 cos(φ) C36 = B3 pf cos(θ ) C37 = −B3 r1 cos(φ) C46 = −B4 pf cos(θ ) C47 = −B4 r1 cos(φ) C55 = (B1 + B2 + B3 + B4 ) C56 = −((B1 − B2 )pr + (B3 − B4 )pf ) cos(θ ) C57 = −((B1 + B2 )r2 + (B3 + B4 )r1 ) cos(φ) C65 = −((B1 − B2 )pr + (B3 − B4 )pf ) C66 = −(B1 + B2 + B3 + B4 )pf pr cos(θ ) C67 = −(−(B1 − B2 )r2 pr − (B3 − B4 )r1 pf ) cos(φ) C75 = −((B1 + B2 )r1 − (B3 + B4 )r2 ) C76 = −(−(B1 − B2 )r2 pr + (B3 − B4 )r1 pf ) cos(θ ) C77 = ((B1 + B2 )r22 + (B3 + B4 )r12 ) cos(φ) C88 = 2(Cyf r12 + Cyr r22 )/v
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