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combinations of Ï€Ï†(x) and Ï€Ï†(y) which are not essentially self-adjoint on DÏ†\ in ... homomorphism/t-Â»/(/Î¹) of the C*-algebra #(0)(IR) of complex continuous ...... starts with an approximation (AÎ›, Â§Î±, Î©Î±) then constructs Ï‰Î± as above and ..... scalar particle of mass m is present with vacuum Î©Ï‰. Of course, for the trivial choice. 
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A Generalization of the Classical Moment Problem on *-Algebras with Applications to Relativistic Quantum Theory. II. Michel Dubois-Violette Laboratoire de Physique Theorique et Hautes Energies, Universite de Paris XI, F-91405 Orsay, France*



Abstract. We discuss some properties of a non-commutative generalization of the classical moment problem (the m-problem) previously introduced. It is shown that there is a connexion between the determination of the problem and the self-adjointness properties in the corresponding Hubert space. This generalizes the well-known connexion between the determination of the measure in the classical moment problem and the self-adjointness properties of the polynomials as operators in the corresponding ZΛspace. The dependence of the m-problem on the choice of C*-semi-norms and on the action of *homomorphisms is also investigated. As an application, it is shown that if a quantum field (in a very general sense) is essentially self-adjoint then the mproblem for the Wightman functional is determined on the quasi-localizable C*-algebra and that the corresponding representation of the localizable algebra generates the bounded observables of the field. It is pointed out that (ultraviolet and spatially) cut-off fields fall in this class and, therefore, are in one to one correspondance with states on the quasi-localizable C*-algebra.



1. Introduction



This paper is a continuation of a preceding one [1] hereafter referred as Parti. Its object is to complete the algebraic discussion of the non-commutative generalization of the classical moment problem (the m-problem) introduced in Parti and to extend the applications to quantum field theory. Let us first describe an important result on the classical moment problem [3-5] which will be generalized in this paper. Let φ be a positive linear form on the *algebra C[X] of the complex polynomials with respect to one indeterminate X. Basically, to solve the moment problem for φ means to produce a self-adjoint operator π(X) in a Hubert space § with a vector ΩE Q dom(π(X)n) in such a way n^O
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that Ω is cyclic for the von Neumann algebra {n{X}}" and that the equalities φ(Xn) = (Ω\π(X)nΩ) hold for all integers n^O. Indeed the corresponding conventional solution is the positive rapidly decreasing measure μ on IR such that, up to a unitary equivalence, we have: § = L2(IR, dμ\ Ω is the constant function equal to 1 on IR and π(X) is the multiplication by the identity mapping of IR on itself. Clearly the problem is determined (μ unique) if and only if (ξ>9π(X),Ω) is unique up to a unitary equivalence under the above conditions. Let (πφ9 ξ)φ9 Dφ, Ωφ) be the unbounded cyclic *-representation associated with φ [1,2] we have canonically Ωφ = Ω,Dφ = linear hull of {π(X)nΩ} ξ>φ = closure of Dφ in § and πφ(X) = π (X) Γ Dφ. It is well known, and easy to see, that the moment problem is determined iίπφ(X) is an essentially self-adjoint operator in ξ>φ. Then, the solution is given, of course, by ξ> = ξ>φ and π(X) = πφ(X)*. Furthermore, in this case all the πφ(Xn) = πφ(X)n are also essentially self-adjoint operators (ne]N). In this paper, this type of result connecting determination and self-adjointness will be generalized. According to Parti, the m-problem on a *-algebra 21 is a generalization of the classical moment problem in the following sense: If 91 is the algebra C[X 15 ...,XJ of the polynomials with respect to n indeterminates, then the m-problem on 91 is exactly the ^-dimensional classical moment problem. It will be a consequence of the results of this paper that if φ is a strongly positive linear form on a *-algebra 9X (i.e. a positive linear form for which the m-problem is soluble [1]) and if πφ(K) is an essentially self-adjoint operator for any hermitian h in 91, then the m-problem is determined. However, in the applications, it is generally too strong to assume that πφ(h) is essentially self-adjoint for all the h = h* in 9X. What frequently happens is that essential self-adjointness holds for the πφ(h) when h runs over a generating subset Σ of hermitian elements of 91, but in contrast to what happens when 9Ϊ = (C[Z], this does not imply, in general, essential self-adjointness for all the πφ(h) with h = h* in 91. For instance, let 91 be the tensor algebra T((C2) over C2 equipped with the unique involution for which x=



and y=



w—



(eC 2 C T((C2)) are hermitian and let φ be



the linear form on 91 defined by :



φis a positive linear form on 91 and since 91 is a tensor algebra over an involutive space, we know (see Part I, Section 4, Theorem 2) that φ is strongly positive so the mproblem is soluble. On the other hand, we have canonically §φ = L2(IR, dq), Ωφ = τr 1 / 4 e-« 2 / 2 , Dφ = {P(q)e-«2'2\P(X)εC[_XV, (πφ(x)Ψ)(q) = qΨ(q) and dΨ (πώψ(y)Ψ)(q)= —i —— (q) for ΨeDώψ. It is well known that πώ(x) and nώ(y) are dq ψ Ψ essentially self-adjoint operators but it is also known 1 that there are hermitian combinations of πφ(x) and πφ(y) which are not essentially self-adjoint on Dφ\ in other words there are hermitian elements h of 91 for which nφ(h) are not essentially
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self-adjoint operators so here Σ = {x, y}. In fact Ωφ is an entire vector for πφ(tx + ry)9 Vί, reR, so one may take Σ = {tx + ry\t, reIR}=£ 2 ^lR 2 as well as Σ = {x, y} (=basis of E2). It is worth noticing here that if φ denotes the positive linear form on the quotient algebra 2Ϊ = W/πφ1 (0) induced by φ, φ is not strongly positive indeed 21 is the *-algebra generated by Heisenberg canonical commutation relations and it is well known that this algebra does only admit unbounded ^-representations so there are no C*-semi-norm on ϊt and therefore no non-trivial strongly positive linear form on 2ί. The situation is similar if one considers the algebra generated by the free hermitian field and this phenomena has been already pointed out in the Part I of this work [see the Remark 9b) in Part I]. In Part I of this work, we have associated to any *-algebra 21 with a unit a C*algebra 33(21). 93(21) is such that any hermitian element h of 21 determines a *homomorphism/t-»/(/ι) of the C*-algebra #(0)(IR) of complex continuous functions vanishing at infinity on 1R into 93(21). Furthermore, the ranges of these homorphisms generate 93 (21) as C*-algebra (when h runs over the set 21*1 of all the hermtian elements of 21) (see Part I, Section 6). Let I1 be a subset of 2ί4 and let 93 (Σ) be the C*subalgebra of 93(21) generated by [ f ( h ) \ h e Σ , /e^(0)(IR)}. In this paper, we shall show the following. If φ is a strongly positive linear form on 21, if (nφ, ξ>φ, Dφ, Ωφ) is the associated cyclic ^-representation and if Σ is a generating subset of hermitian elements of 21 then, any solution ω of the m-problem for φ [ω is a positive linear form on 93 (21), see Section 7 in Part I] leads to a cyclic representation πΣ of 93 (Σ) in a Hubert space ξ>Σ which contains ξ>φ as closed subspace and with Ωφ as cyclic vector such that ω(f(h)) = (Ωφ\πΣ(f(h))Ωφ) ,heΣ, /e #(0) (R). Furthermore, if the πφ(h) are essentially self-adjoint when heΣ then ξ>Σ = ξ>φ, nΣ is unique and we have: nΣ(f(h)) =f(πφ(h))', VhεΣ, V/e^(0)(IR). In any case, (πΣ, ξ>Σ, Ωφ) is canonically the G.N.S. triplet associated with ωl"33(Γ) and φ can be reconstructed from ωΓ93(Σ). For instance, let 21, x, y, and φ be as in the above example and let Σ = {x, y}. Then there is a unique representation πΣ of 33({x, y}) = 93(1") in ξ>φ for which Ωφ is cyclic and πΣ(f(x)) = ffrJd), πΣ(f(y)) = fJπJy)) for any /e#(0)(R). For the applications to quantum field theory, it is important to realize that, following H. J. Borchers, we consider that a (scalar hermitian) quantum field is a *representation of the tensor algebra over the space of complex test functions. Furthermore, we shall be interested in self-adjointness properties of the field operator, so we take 21 = T(@(M)) [ = the tensor algebra over the space Q}(M) of all complex C°° functions with compact support on the space-time M] and Σ = @(M, IR) —real C°° functions with compact supports. It turns out that 23 (Z) is the quasilocalizable C*-algebra 23 (M) introduced in Part I. We use the above results to show that the bounded observables of cut-off field theories generate concrete C*-algebras which are images of cyclic representations of the (universal) quasi-localizable C*-algebra 23 (M) with the ground states of the hamiltonians as cyclic vectors. The corresponding states on S3(M) being elements of the weakly compact states' space of 23(M), a program of removing the cut-offs by compactness arguments is suggested. A difficulty connected with general features of the construction described in the work (Part I and this paper) is pointed out: Namely we do not take into account the topologies of our basic spaces (*-algebras, spaces of test functions) with this algebraical construction.
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In a forthcoming paper, we shall analyze the restrictions which come from the continuity properties in the m-problem. In Section 2 we analyse the connexion between the determination of the mproblem and the self-adjointness properties in the corresponding hermitian cyclic representation [1,2]. We give a generalization of the well-known connexion [3—5] between the determination of the measure in the classical moment problem and the 2 self-adjointness properties of the polynomials as operators in the corresponding L space. In Section 3 we discuss the dependence of the problem on the choice of sets of C*-semi-norms. We introduce a notion which generalize the notion of support in the classical moment problem. In Section 4 the action of *-homomorphisms is investigated. We define C*algebras associated with real vector spaces. This generalizes the definition of the quasi-localizable C*-algebra given in Part I. In Section 5, we apply the above results to quantum field theory. We show that, if for every real test function the smeared field operator is essentially self-adjoint on the cyclic subspace generated from a unit vector in Hubert space by the polynomial algebra of the smeared field operators, then the m-problem for the corresponding vector state on the tensor algebra over the space of test functions is determined on the quasi-localizable C*-algebra and that the corresponding representation of the quasi-localizable C*-algebra generates the bounded observables of the field. The last result works for a hermitian scalar field in a very general sense. In particular, it is pointed out in Section 6 that a form of φ4-cut-off field introduced by Jaffe in his thesis [6] fall in this class. The self-adjointness of the space-time smeared cut-off field is obtained as an application of a general method introduced by Glimm and Jaffe in their study of (φ4)2 theory [15] (see also [16] and the paper of McBryan [17]). We define, for each cut-off, a state on the quasi-localizable C*-algebra which correspond to the ground-state-expectation-values of the bounded observables. We allow the mass, the coupling constant and the field normalization to vary with the value of the cut-off. In conclusion, we discuss some possible pathologies associated with the "limits" obtained (by compactness) when the cut-off is removed. These pathologies were avoided in the work of Glimm and Jaffe on (φ4)2 when they proved the "local normality" of the "vacuum state" (see, for instance, the Theorem 4.2.1 in Les Houches 1970, [18]). Throughout this paper, we use the notation of Part I. If 33 is a C*-algebra and if ω is a positive linear form on 33, we use the term, G.N.S. triplet associated with ω to denote triplet (πω, §ω, Ωω) of the cyclic representation πω in Hubert space §ω with cyclic vector Ωω obtained from ω by the Gelfand-Naimark-Segal construction (G.N.S. construction). £^(0)(IRn) denote the space of continuous complex functions with compact supports on IR". n ) denote the space of C°°-complex functions with compact supports on IR". is the space of complex continuous functions on IRW. ^(0)(IR") is the C*-algebra of complex continuous functions vanishing a infinity onIR".
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2. Self-Adjointness and Determination Throughout this section 91 is a *-algebra with a unit (ie9l), Γ is a separating directed set of C*-semi-norms on 91 and 33(91, Γ) is the associated C*-algebra defined in Part I (Part I, Section 6, Definition 3). Lemma 1. Let π be a representation of 33 (9ί, Γ) in a Hubert space §π and let h be an arbitrary hermitian element of 91. Then, in the Hubert subspace ξ)π(h) of §π spanned by the set {π(f(h}) Φ|Φe§ π and /e^(0)(IR)}, there is a unique self-adjoint operator π(h) for which we have: π(h)π(f(h))Φ = π(fI(h))Φ, VΦe§ π and V/e^(0)(IR), where /JG^(0)(R) is defined by fI(t) = tf(t) (VίeR). Furthermore, we have π (/Cl))^δπCl)=/(π('ϊ)X ^/e^(o)(^)' and if A is a bounded operator in §π which commutes with π(f(h)) for any /ee^(0)(IR) then ξ)π(h) is stable by A and the restriction of A to §>π(h) commutes with π(h) (i.e. its spectral projections). Proof2. Let D%(h) be the linear hull in §π of the set {π(/(/ι))Φ|Φe§ π and (IR)} D®(h) is a dense subspace of §π(/z) and there is a unique linear mapping 0) of Dj(ft) into itself satisfying π°(h)π(f(h)}Φ = π(fI(h))Φ, VΦe§ π and (R). As an operator in §π(/z), π°(/z) is a symmetric operator for which D°(h) is a dense domain of entire vectors. Therefore π°(/z) is closable and its closure π(h) is a self-adjoint operator in §π(/ι) which is clearly unique under the above conditions. Using the definition and the fact that D° (h) is dense stable domain of entire and even bounded vectors for π(h), it is straightforward to see that the equality π(f(h])Φ =f(π(h)) Φ holds for any /e^(0)(R) and any ΦeD°(h) and therefore, by continuity it also holds for /e^(0)(R) and Φε£π(h). Suppose that Aε^&J commutes with {π(f(h))\fε be a positive linear form on 91 and let πφ be the corresponding cyclic *representation [8] in Hubert space §φ with cyclic vector ΩφEξ>φ and domain Dφ = πφ (91) Ωφ such that φ (x) = (Ωφ \ nφ (x) Ωφ] it is well known that, for φ fixed, (πφ9 §φ, D^) is unique up to a unitary equivalence under the above conditions. Suppose that φ is Γ-strongly positive and let ω be a solution of the m (Γ)-problem for φ. Let (πω, §ω, Ωω) be the G.N.S. triplet associated with ω and let us use the notation of the Section 7 in Part I (in particular see the Proposition 3 in Part I). In the Proposition 3 of Part I, it was shown that πφ(x) Ω^Ψω(x) define an isometric inbedding of ξ>φ in §ω. Therefore it is justified, and we shall always do so in the following, to identify §φ with a closed subspace of §ω, writing: Ωφ = Ωω, πφ(x)Ψω(y)=Ψω(xy); Vx, ye9ί [whenever ω is a solution of the m(Γ)-problem for φ]. In general, the inclusion ξ>φCξ>ω is strict (see what happens in the classical moment problem). 2



This proof is influenced by the appendix of a paper of Ruelle [7]
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Lemma 2. Let φ be a Γ-strongly positive linear form on 91 and let ω be an arbitrary solution of the m (Γ)-problem for φ. Then we have: Dφ = Ψω(3f)CDπω(h) and πφ(h) = πω(h)ϊ Dφ, Vft = ft*e9I (where Dπω(h) denote the domain of the self-adjoint operator πω(h) in §πω(ft) defined as in Lemma 1 and where we make the above identif actions). 
EΛ(ί) be its spectral resolution (πφ(Λ) = J tdEh(t) in §^). For any positive number 5, +s



let Ss(/ι) be the closed subspace of S v defined by :§s(/ι)= j dEh(f)ξ>φ.



(J § s (7t)isa



dense subspace of ξ>φ contained in the domain άom(πφ(h)) of the self-adjoint operator Έffi in jy We have ^(/Γ) §S(Λ) C $S(Ό and π ω (ft) Γ §S(Λ) - π^(Λ) Γ Ss(ft) so π ω (/(Λ))ΓS s (A)=/(π φ (Λ))Γ§ s (Λ) V/e5(0)(R) [since π 0 (ft)Γ$ β (Λ) is a bounded selfadjoint operator in §s(/ι) with \\πφ(h)ϊ$s(h)\\^s]. So we also have: π ω (/(A))f§^ =f(πφ(h)\ V/e^(0)(lR) and V/iel" [where ω is an arbitrary solution of the m(Γ)problem for φ~\. This implies in particular that if ω^ and ω2 are two solutions of the m (Γ)-problem then we have : and



Therefore (since Ωωι=Ωω2 = Ωφeξ>φ} we have, VxeS3(Σ,Γ) ω 1 (x) = ω2(x). This achieves the proof of the theorem. D Remark L a) Replacing Σ by Σu{i} it follows that we may replace in the statement 95(Σ,Γ) by S(Zu{ί},Γ) [which contains the identity of 95(91, Γ)]. b) Remembering that if ΓM is the set of all the C*-semi-norms on 9ί then 95(2l,ΓM) is denoted by S(9t) (and called the C*-algebra associated to 9ί), the m (ΓM)-problem is called the m-problem and a ΓM-strongly positive linear form is called a strongly positive linear form and that, furthermore, every solution of the m(Γ)-problem is a fortiori (canonically) a solution of the m-problem for φ [via the canonical surjective *-homomorphism : 95(2I)ι-»95(2l,Γ)]; it follows that the condition of Theorem 1 is already a sufficient condition for the determination of the m-problem. Since it may happen that a m (Γ)-problem is determined and that there are several solutions of the corresponding m-problem (compare Stieltjes problem and Hamburger's problem in the classical moment problem), one cannot expect, in general, that the condition of Theorem 1 is a necessary condition of determination of the m (Γ)-problem. c) In the proof of theorem it was shown that the representation πω of 95(Γ,Γ) leaves ξ>φ invariant and is unique on ξ>φ [i.e. independent of the choice of the solution ω of the m (Γ)-problem and even the m-problem by b), replacing 23(1", Γ) by 95 (Σ1)]. Finally, let us notice that this implies that, if Σ generates 91, the closure of πω(23(Γ,Γ))Ώω in §ω is exactly ξ>φ (compare with Corollary 2). Lemma 3. Let φ be a pure state3 on 91 which is Γ -strongly positive and let &φ be the (convex and weakly compact) set of all the solutions of the m(Γ)-problem for φ. Then every extreme point of &φ is a pure state on 95(91, Γ). Proof. Let ω be an extreme point of ®^ and let ω t be a positive linear form on 83(91, Γ) such that ω^ω x . If πω is the cyclic representation associated with ω, we 3 A state on 2ί is a positive linear form on 51 for which φ(t) = 1. A positive linear form φ is pure if the only positive linear forms Ψ satisfying ψ(x*x) ^ Ψ(x*x) are the multiples Ψ = λφ of
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φ (as a subspace of §ω) then the mapping At->P%AP% of J£?(§ω) in JδP(Sφ) maps the commutant πω(93(2I, Γ))' of πω(93(2l,Γ)) in the weak commutant π π m φ(^ϊ)w °f 4>(^ϊ) Sφ (where πφ is considered as a ^-representation of 21 in $0 with domain D^ [2]). Let 5(21, Γ) be the convex cone of all the Γ-strongly positive linear forms on 21 and let M(2ί, Γ) be the convex cone of all the positive linear forms on 33(21, Γ) which are solutions of m(Γ)-problems. Any element ω of M(2ί,Γ) is solution of the m(Γ)problem for a unique element φω of 5(21, Γ) and we have: Φ ί ι ω ι + ί 2 ω 2 = ίιΦ ωι + ί 2 Φ ω 2 ; Vω 1? ω 2 eM(2ί,Γ)



and Vί 1 ,ί 2 eR + .



Lemma 4. Let (φΛ) be a net of Γ-strongly positive linear forms on 2ί and let us choose, for each α, a solution ωα of the m(Γ}-problem for φa. Suppose that (φΛ) converges weakly to φ (in the dual space of 21) and let ω be the weak limit (in 33(21, Γ)' ) of an arbitrary weakly convergent subnet of (ωα). Then ω is a solution of the m(Γ)-problem for φ. Proof. Let (ω^) be a subnet of (ωα) which converges weakly to ω. For each β let ψβ be the linear form on the subspace 21 + 93(21, Γ) of «s/(2I, Γ) which is positive on (2ί + 93(21, Γ))n j/+(2I, Γ) and satisfies :φβ = ψβΪM and ωβ = ψβ 1 93(21, Γ). The net (ψβ) is by assumption simply convergent on 21 and on 93(21, Γ) so it is simply convergent to a linear form φ on 21 + 93(21, Γ) which is positive on (21 + 93(21, Γ))nj/+(2I, Γ) and such that we have : φ = ψϊM



and



ω = v> Γ 93(21, Γ) .



D



Remark 2. This lemma implies in particular that if the m(Γ)-problem for φ is determined on 93(Σ,Γ) (for some Σc2ί^) then the net ωJ93(Γ,Γ) is weakly convergent.



3. Stability of the m-Problem: Supports Let 2ί be a *-algebra with a unit and let ^(21) be the set of all the C*-semi-norms on 21 equipped with the uniformity of the simple convergence on 21. The relations caracterizing the C*-semi-norms define a closed subset in R91 so «yΓ(2I) is a complete uniform space. Furthermore, ^Γ(2I) is canonically an ordered directed set.
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Let Γ be a directed set of C*-semi-norms on 21 [i.e. Γ is a directed subset of «yK(9l)] and let 2ΓT be the locally convex topology on 91 generated by Γ. According to Part I, the directed set Γ of all the ^-continuous C*-semi-norms on 91 consists of all the C*-semi-norms on 91 which are bounded by C*-semi-norms of Γ and all the concepts and constructions introduced so far do only on Γ(j/(9I, Γ) = p(p(x)t — x) is a continuous mapping of yΓ(9ί) in R
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Proof. Let p0 be an arbitrary element of Λ^(9l) and consider, for any ε>0, the neighborhood of p0 in «yΓ(9I) defined by: ^Ofβ^pe^(9l)||p0(x)-^^ For any pe^ p 0 f f i , we have: \p0(p0(x)t-x)-p(p(x)ί~x)\^\p0(p0(x)ί-x) -p(p0(x)t-x)\ + \p(p0(x)ί-x)-p(p(x)ί-x)\^ε, where we used \p(a)-p(b)\^p(a -b) and p(l) = l. This prove that ph->p(p(x)l-x) is continuous since ε>0 and (9X) are arbitrary. D Remark 3. Notice that pι->p(p(x)i — x) is not uniformly continuous. It follows from the last lemma and from the Lemma 5 that the set Γx t — x)^p(x)} is a closed directed subset of ^K(SI) for any x Proposition 1. Let Γ be a set of C*- semi-norms on 91 and let W + ^~r denote the closure o/ 9I+ in 9X equipped with the locally convex topology $~Γ generated by Γ. Then the set Γ = {pε^(M))\p(p(h}t-h) ^ p(h^ V Λ e 9Γ^"r} is the greatest set of C* -semi-norms on 91 for which we have: 9X+ 'SΓ/' = 9l+^r. Γ is a closed directed subset of yΓ(9I) and we havef = f. Proof. We have :Γ=



Π



Λegp^r



Γh. So Γ is a closed directed subset of ,/F(9I). The rest of



the proof follows from the Lemma 6.



D



We know (Part I, Section 6, Proposition 2) that, if Γ1 and Γ2 are two sets of C*semi-norms on 91 such that &~Γί is finer than &~Γ2, the canonical continuous *homomorphism π Γ2Γl : ^/(9I, ΓJ-* j/(9I, Γ 2 ) has a restriction to 23(91, ΓJ which is a surjective *-homomorphism of the C*-algebra S(9Ϊ, Γ x ) on the C*-algebra 93(91, Γ2) (πΓ2Γl(95(8I,Γ1)) = »(8ί,Γ2)). Let us simply denote by πr (instead of πr, yΓ(9I) the canonical *-homomorphism of j/(9I, J^(9I)) in j/(9I, Γ); VΓC^Γ(9I). Then, since πr(23(91))= ® (91, Γ) (remembering that the C*-algebra associated with 91, 23(91), is defined by 95(91, ^(91)) = 95(2Ϊ)), it follows that 95(91, Γ) is *-isomorphic 1 with the factor C*-algebra 93(9I)/πf (0)n 93(91). In the following we shall identify 23(91, Γ) and 95(9I)/πf ^n 23(91) under this isomorphism writing therefore: 95(91,^) = 35(91, Γ 2 ) if



1



1



πfι (0)nS(9ί) = πf2 (0)n 23(91)



where



and



Γ



Let Γ be a set of C*-semi-norms on 91 and let y r :9I-» j^(9I, Γ) be the canonical continuous *-homomorphism of 91 equipped with ^Γ in the associated complete Hausdorff topological *-algebra j/(9ί, Γ). In the Part I (Section 6), we have defined f(h)e j/(9ϊ, Γ) for any continuous functions / on IR and for any hermitian element h of j/(9I,Γ); furthermore, if ^(R) is the *-algebra of complex continuous functions on Unequipped with the topology of compact convergence, β-*f(h) is a continuous *homomorphism of ^(IR) in j/(9I, Γ). It will be convenient in the following to denote the spectrum of γr(x) in j/(9I,Γ) by Spr(x), for any xe9ϊ Spr(x) will denote its closure in (C (in IR if x = x*).
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Theorem 2. Let Γ1 and Γ2 be two sets of C*'-semi-norms on 21; the following conditions are equivalent: a) the Γ1 -strongly positive linear forms on 2X and the Γ2-strongly positive linear forms on 21 are identical, b) the ^~Γ ^-continuous positive linear forms on 21 are Γ2-strongly positive and the ^7^continuous positive linear forms on 21 are Γ ^strongly positive, c) the 3~Γ ^-closure of 21+ coincides with its ^~Γ2-closure (in 21), d) Γ\ and Γ2 are identical (in e) S(8I>Γ1) = g(9I>Γ2) (i.e. πr-1( ί) SpΓι(/z) = SpΓ2(/z) /or any hermitian element h of 21. Furthermore, under these conditions, for any linear form φ on 21, a positive linear form ω on 23(21, Γ t ) = 23(21, Γ 2 ) is a solution of the m(Γ ^-problem (resp. m(Γ ±)problem) for φ if and only if it is a solution of the m(Γ2)-problem (resp. m(Γ2)problem) for φ. Proof. a)=> b) since, for any Γ C Λ^(2l), a ^-continuous positive linear form on 21 is positive on the ^-closure of 21+ which means that it is Γ-strongly positive. b)=>c) since ^Γι and 3~Γ2 are locally convex topology on 2ί and since 21+ is a convex subset of 2X[2I+tίΓr is the polar of the set of all the J^-continuous positive linear form and the set of all the Γ-strongly positive linear forms is the polar of 2ί+ ^r in the algebraic dual of 21; VΓc^(2l)] [10]. c) =>a) by the very definition of strong positivity c) od) is trivial (see the Lemma 6); d) =>e) is equivalent with 23(21, f) = 5(21, Γ ) ; V Γ C ^ (81). Let us prove this equality which is equivalent to πf/(0)n33(2l,Γ) = {0}; VΓc^Γ(2X). Any continuous linear form on j/(2I, Γ) is a finite combination of positive continuous linear forms on j/(2I,Γ) and, on the other hand, 33(2ί,f)c^(2ί,f) implies that the continuous linear forms on ^(2I,f) (their restrictions to 23 (2ί, Γ)) separates the points of $(21, f) [j3/(2I, f) is a Hausdorff locally convex space]. It follows that, in order to prove our statement, it is sufficient to show that for any continuous positive linear form ψ on j/(2ί, Γ) there is a positive linear form ω on 33(2ί,Γ) for which we have: ψ(x) = ω(πrf(x)), Vxe2J.(2I,Γ). : But let φ be the defined by φ(y) =ψ (y/(y)), V y e 21 φ is Γ-strongly positive [by d) b)] since it is ^Y-continuous. So there is a solution ω of the m(Γ)-problem for φ and, since the representation of 21 associated with φ is bounded, ω is unique (by the Theorem 1, for instance) and we have: ψ(f(yf(h)) = ω(f(γr(h))), V/e^(0)(IR) and V h e 2ί *. This implies ψ(x) = ω (πrf (x)), V x e 95 (91, f) [indeed / (γr (h)) = πrf (f (yt (ft))) and 95(9I,Γ) is generated by the f(yr(h)\ /e^(0)(R), ft = ft*e9ϊ]. e)=> f) because if e) is satisfied then f ( y Γ ί ( h ) ) = Q is equivalent to /(y jΓ2 (ft)) = 0, V/z = /z*e2I and V/e^ (0) (R); so the greatest closed subset S^ClR such that /e^(0)(IR) and f ( S h ) = 0 imply f ( γ Γ ί ( h ) ) = Q is also the greatest closed subset of IR such that /e^(0)(IR) and /(Sh) = 0 imply /(y Γ2 (ft)) = 0. This means Sp Γl (A) = SpΓ2(ft) = SΛ because we have: 95(9l,Γ)c Π ^W = 95p(9l) (see in Part I) and Sp r (ft)= (J Sp(πp(yr(ft)). peΓ



and



πp(23(2l,Γ))
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f) => c) because /ze2i



3).



+trr



+



is equivalent to Sp Γ (/z)clR (see Part I, Section, Lemnic



This achieves the proof of the equivalence of the conditions a)— f). The conditions a), e), and f) clearly imply that any solution ω of the m(Γ l} problem for a linear form φ on 21 is also a solution of the m(Γ2)-problem anc conversely. Jt remains to show that the same it true for the m-problem. It is clearl} sufficient to show that any solution ω of the m(Γ)-problem for a linear form φ on 21 is also a solution of the m(Γ)-problem for (/>(VTc,/F(2I)). The closures of {0} in 21 for 2Γf and for ^Γ obviously coincide so we may suppose without restriction thai ^/_and 3~τ are Hausdorff topologies on 21 (replace 21 by 9I/{0} where {0} - {0}^ = {0}*^). Using the definition of the m-problem (Part I, Section 7, Definition 4'), we +



+



imply h-bε^ (^f\ However h-bejtf (Ά,Γ) is equivalent toιp(h-b)^0 foi all positive continuous linear form ψ on j/(2I, Γ). But then, if tp is positive and £Γ f continuous, we know that ψΓ93(2ϊ,Γ) ( = 93(2I,Γ)) is the unique solution of the m(Γ)-problem for ψ ί 21 [by the same argument as in d) => e)]. It follows that V/ze 21 and 6 = fr*e33(2X,Γ) such that /ι-feej/ + (2ί,Γ) we have ψ(h-b}^Q for an> continuous positive linear form ip on ^/(2I,Γ) so we have h — foej/+(2I,Γ). D Definition 1. Two sets /\ and Γ2 satisfying the equivalent conditions a) — f) of the last theorem will be said to have the same support and we write Supp(Γ1) = Supp(Γ2). This is obviously an equivalence relation on ^3(yK(2Γ)) and the corresponding factor space will be called the set of supports. If Γί CΓ2 C^(2I^ we say that the support of Γί is contained in the support of Γ2 and we write: Supp(Γ 1 )cSupp(Γ 2 ) (this is an order relation). Remark 4. Let h be an arbitrary hermitian element of 2l(/ze2Γf) and let (C[Y] be the *-algebra of complex polynomials with respect to the indeterminate X. Then we may associate to any set Γ of C*-semi-norms on 21 the set Γ(h) of C*-semi-norms on defined by: {pJpΛ(P(3f)) = p(P(Λ)),VP(2f)6C[3f];p6Γ}.



(i;



It is not hard to see [use condition f) in the last theorem] that Supp(ΓJ = Supp(Γ2) is equivalent to Supp(/\ (h)) = Supp(Γ2(/z)), V/ze 2ί4, and that, for the *algebras of polynomials, the above definition is consistant with the definition given in the Section 5 of Part I. It follows that the set of supports may be identified with a set of closed subsets of IR^ [Supp(Γ 1 )cSupp(Γ 2 ) if and only if the corresponding inclusion holds in IR9Ϊ^].



4. Homomorphisms and Tensor Algebras We already pointed out in Part I that the tensor algebras over involutive vector spaces are of particular interest since every *-algebra with unit is (in a non unique way however) the quotient of such a tensor algebra by a ^-invariant two-sided ideal. An immediate consequence of the last theorem and of the Theorem 2 of Part I (Section 4) is the following proposition.
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Proposition 2. Let E be an involutive vector space, let E' be a ^-invariant subspace of the dual space of E which separates the points of E and let ΓE, be as in the Theorem 2 of Part I. Then ΓE, is the set of all the C*-semi-norms on the tensor algebra T(E). So we have 95(T(E)) = 93(T(E), ΓE.) etc Generally when one considers a *-algebra with unit as a factor space of some tensor algebra over an involutive vector space, this means that one is interested on a real vector space of hermitian elements in this algebra which is generating. This is, for instance, typically the case in quantum field theory when one considers the field operator smeared with real test functions. This suggests to generalize the definitions of the quasi-localizable C*-algebra (Definition 6, Part I, Section 9) by the following one. Definition 2. Let £ be a real vector space and let T(E + iE) be the tensor algebra over the complexified vector space E + iE of £ equipped with its canonical structure of *algebra with unit. We define the C*-algebra associated with E, 930(£), to be the C*subalgebra of 93(T(£ + iE)) generated by {f(h)ε 93(T(E + iE))\ he E and /e^(0)(R)}. It should be clear from this definition and from the Proposition 2 that the quasilocalizable C*-algebra 23 (M) is the C*-algebra 950(^(M;1R)) associated with the space9I1 be a homomorphism of *-algebras with units (α12(i) = 1), let Γ^resp. Γ 2 ) be a set of C*-semi-norms on yiί(resp. 9I2) and let us assume thatpeΓl impliesp°ocΐ2EΓ2(i.e.θίl2 iscontinuousfrom(W2,^f.2)in('Ά1,&~Γί)). Then there is a unique *-homomorphism β α i 2 : S(9ί2,Γ2)—> 23(91^, ΓJ such that we have: & 1 2 σ(Λ))=/(α 1 2 (A))*,VΛe9lί and V/ej/(9ί 15 Γ t ) are the canonical mappings and where h runs over the set 9ί2 of all the hermitian elements of 9Ϊ2. Here we use the notation f(h) to denote the element f(γΓϊ(h)) of 23(2ί2,Γ2) where h = h*ε 93(21!) for which we have: %>(aί2)(f(h)}=f(aί2(h))yh = h*Eyί2 and /e#(0)(IR). If 1^ is the identity mapping of the *-algebra with unit 21 onto itself, ^3(1^) = !^^. If α 2 3 : 2I3-»2I2 is another homomorphism of *-algebras with units, then we have: 93(α 12 )°93(α 23 ) = 93(α 12 °α 23 ). Proposition 4. Let u:E-+F be a real-linear mapping of the real vector space E in the real vector space F. Then, there is a unique * -homomorphism %$0(u): 930(E)—»930(,F) forwhichwehave:&Q(u)(f(e))=f(u(eW real-linear mapping, we have: 930(ι;ow) = 930(ι;)o930(w). Furthermore we have: Proof. Again the uniqueness of 930(w) immediately follows from the definition of 330(E) (Definition 2 above). Let ύ: T(E + iE)->T(F + iF) be the unique homomorphism of ^-algebras with units which extends u (with obvious identifications). Then it is easy to see that the restriction 950(M) = 95(M)r95 0 ( £ ) of S(w):»(T(E + ΐE))^8(Γ(F + iF)) mapps the C*-subalgebra 930(£) of 95(T(£ + i£)) in the C*-subalgebra 330(F) of 95(T(F + iF)) and satisfies the condition of the Proposition 4. The rest of the proof is immediate. D Remark 5. a) The Proposition 4 implies, in particular that there is a canonical group homomorphism of the group Aut(E) of all the real-linear inversible mapping of £ on itself in the group Aut(330(E)) of all the ^-automorphisms of 950(£). This must be compared with the Proposition 5 of Part I. b) Corollary 3 (resp. Proposition 4) implies that 23 (resp. 930) is a co variant functor of the category of *-algebras with units (resp. of the real vector spaces) in the category of C*-algebras. c) It would be of some interest to be able to define 93(21) and 930(£) as solutions of universal problems (this could bring some light, for instance, on the connexion of the m-problem with the m-problem).



5. Application to Essentially Self-adjoint Quantum Fields It will be convenient in this section to call hermitian scalar field a linear mapping A of the real vector space ^(M, IR) of the real C°°-functions with compact supports on the Minkowski space M = IR S+1 in the real vector space of the symmetric operators
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on a dense domain D in a Hubert space § such that the following conditions are satisfied: a) A(Λ)βCAVΛe0(M,R), b) there is a unit vector ΩeD such that D is the linear hull of A(h^...A(hN)Q when (ht) runs over the finite families in ^(M,IR). Let A be a hermitian scalar field in the above sense, then of course Σλί1..Λnhiί® ®hίn^ΣλilmtΛnA(hiι)...A(hit) defines a ^-representation of the tensor algebra T(@(M)) over the space 3>(M) of complex C°°-functions with compact supports on M. This ^-representation is a cyclic representation with cyclic vector Ω and if φΩ denote the vector state on T(^(M)) corresponding to Ω, we have canonically: ξ> = ξ>φa,D = Dφo,Ω = Ωφa and Theorem 3. Let A be hermitian scalar field and let φΩ be the corresponding state on T(@(M)) (as above). Suppose that for any real test function he@(M] the field operator A(h) is essentially self-adjoint. Then, the m-problem for φΩ is determined on the quasi-localizable C*-algebra 23(M) and we have: &(fι(hl)...fn(hn)) = («!/!(I^))..JB(ITO)ΩλVn^O,V/1>...)/Beίf(0)(R)>Vft1,...Λe®(M,lR) and/or any solution ώ of the m-problem for φΩ. Let ω be the unique positive linear form on $5 (M) obtained by restriction of an arbitrary solution ώ of the m-problem for φΩ and let (πω, §ω, Ωω) be the corresponding G.N.S. triplet. Then, we have canonically: $„=& Ωω = Ω and π ω (/(A))=/(3(ft));V/eίf (0) (IR) and V Λe®(M,R) (where A(h) = A(h)* is the closure of A(h)). So πω(S3(M)) generates the bounded observables of the field. This theorem has not to be proved since it is a specific case of the Theorem 1 (supplemented by the fact that by the Proposition 2 and the Definition 2, the C*algebra 33 (M) is identical with 930(0(M,R)). Remark 6. a) The Part b) of the Theorem 6 in Part I follows from the Part a) of that theorem and from the above Theorem 3. However, even if A is a nice local Wightman field which is essentially self-adjoint on its usual domain, we do not know in general if its spectral projections generate local rings. In other words, the corresponding representation of the localizable algebra may fail to be local. b) In the above definition of a hermitian scalar field, the field may be not local and since translation invariance does not enter, it may happen that Ω has not the meaning of a vacuum. c) Notice also that no continuity with respect to the test functions is assumed. Lemma 8. Let (A, §, Ω) be a hermitian scalar field and let (Aa, §α, Ώα)αe/ be a net of hermitian scalar fields such that we have: \im(Ωa\A0ί(hί)...AaL(hn)Ω0) = (Ω\A(hί)...A (hn) Ω) for any finite family hv,...,hnin3) (M). Let ωα be, for each α e /, the restriction to 23 (M) of an arbitrary solution of the m-problem for φΩχ. Then there is a weakly convergent subnet of (ωα) and the limit ω of such a subnet is the restriction £0 33(M) of a solution of the m-problem for φΩ. If the m-problem for φΩ is determined on 53 (M), then (ωα) is weakly convergent.
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Proof. Let (ωαO be a weakly convergent subnet of (ωα) and let ω be its weak limit [such (ωα,) exist since the set of all the states on a C*- algebra is weakly compact]. Let (ώα>) be the corresponding solutions of the m-problems for the φΩχ> (ώα/) is net of states on 93(T(^(M))) so (again by compacity) there is a weakly convergent subnet (ώα«) of (ώα/). By the Lemma 4, its limit ώ is solution of the m-problem for φΩ and, on the other hand, we clearly have ω = ώΓS(M). D Remark 7. Roughly speaking, this means that one cannot miss the right result if one starts with an approximation (AΛ, §α, Ωα) then constructs ωα as above and obtains ω by compactness in the weak dual of the quasi-localizable C*-algebra 23 (M). Indeed, (A, §, Ω) can be reconstructed from ω because by Corollary 2 we have § = ξ>φn C §ω, Ω = ί2ω, and by Lemmas 1 and 2 we have A(h) = π&(h)tπ&(T(@(M)))Ω where ώ is any state on S(T(^(M))) extending ω. ,4 does not depend on the choice of the extension ώ of ω. 6. Example: A Class of Jaffe Cut-off Fields [6]5 We want to discuss the case of interacting cut-off hamiltonian field theory. In order to be explicit, we shall concentrate on λφ4 theory and on a specific cut-off introduced by Jaffe in his thesis [6] it must however be clear from the work of Jaffe that the arguments used here may be generalized to any polynomial interaction of degree d^2 which is bounded from below and to other types of cut-off which incorporate both an ultra-violet cut-off and a spatial cut-off. We work in space-time M = R 1 + s = {(ί, r)|ίeIR,reIR s } and we shall deal with a cut-off which consists to replace the interaction picture time zero field φ(0, r) and its conjugate momentum π(0, r) by two very regular objects on space (reIRs) φN(0, r) = φN(r) and πN(0, r) = πN(r) which describe a system with N degrees of freedom (for each integer N^ 1). So let us consider in the Hubert space ξ>N = L2(1RN) the 2N operators (pn9qn) defined on the dense domain D^^IR^) by: .,n



dΦ



,..., ..,qN)



ί



and



Φ(ql9 ...,



^. As it is well known, D^ is a dense stable domain for these operators on which they are essentially self-adjoint. Let (eJweN denote a fixed orthonormal basis of the Hubert space L2(RS) which consists of real valued function in ^(IRS) (for instance the Hermite functions). For each positive integer N9 we define φN and πN by : φN(r) = φN(V,r) =nΣ en(r)qn



πN(r) =%(0, r) = *£ en(r)pn.



n=ί



(2)



n=l



For any real tempered distribution Te^IR5)', [11], the operators =



N = L2(ΊRN). D1N is stable by 0) than a gaussian at infinity. It follows that Ω^dNq is the solution of a determined moment problem and therefore, the polynomials P(q1 , . . .qN) are dense in L2(JRN, ΩχdNq) which implies that the functions P(qί9 ...qN)ΩN(q1, ...,qN) are dense in ξ>N = L2(JRN). On the other hand, it is easily seen that the closure of DN in §N contains these functions; so DN is dense. Since DN is dense, contained in άom(HN) and invariant by eltίίN, we have the following lemma. Lemma 11. DN is a core for HN.



Lemma 1 1 implies that (φN, §N, ΩN) is an essentially self-adjoint scalar field (with our conventions), so we may apply to it the Theorem 3. But since we expect for s = 3 some "wave function" renormalization, we shall allow a dependence on N of the normalization of the field operator. So we define the field AN by : A^h) = Z- 1/2ίφN(h) - (ΩN I φN(h)ΩNK ,



(13)



for hε@(M) and where ΩN is the ground state of HN; ZN being a strictly positive constant which may be fixed, for instance by the following procedure. Let A(Q} be the usual free field of mass m (hermitian scalar free field), let /e5^(IRs+1) be such that AN(f)ΩNή=Q and such that the support of its Fourier transform / interset the (Q} (0 physical spectrum of A only on the mass shell of A \ then choose ZN in such a (0) (0) (0) way that \\AN(f)ΩN\\ = ||v4 (/)ί2 ||, where Ω is the usual vacuum in the Fock space of the free field of mass m (AN(t, r) being well defined on D^ by AN(t, r) = Zχ1/2[φN(t,r) — (ΩN\φN(t,r)ΩN)J). In any case (i.e. for any choice of Z N >0) we may summarize the situation by the following statement.
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Theorem 4. The cut-off Theorem 3.



field



AN = (AN,ξ>N, ΩN) satisfies



the assumptions of



Therefore, the m-problem for φΩκ is determined on the quasi-localizable C*-algebra 33 (M). Let π^ be the corresponding unique representation of S(M) in §N for which πN(f(h))=f(AN(h)}e£>(ξ>N\Vh = h*e@(M} andV/e^(0)(lR); we define the state ωN on 33 (M) associated to the above theory by: ωN(x) = (ΩN πN(x)ΩN),



VXE »(M) .



(14)



Clearly (by G.N.S. construction + Lemmas 1 and 2) the knowledge of ω^ is equivalent to the knowledge o f the whole theory (ξ>N, H^, AN etc. . . . ). What has been gained in this translation is that the space of states on S(M) equipped as usual with the weak topology is compact (remembering that this topology is reasonably physically relevant [19]). So from the sequence ωN, one may extract a convergent subnet. Let 6 be the set of the limits of these convergent subnet. The natural question is then the following one: Is there a choice of the sequence (λN,ZN) for which 6 contains at least an interesting point! Clearly an interesting point would be a state ω on S(M) such that, if (πω> §ω, Ωω) is the associated G.N.S. triplet and ^b denote the set of the non-empty open bounded subsets of M, the family (πω(23($))'%eJFb7 of von Neumann algebras satisfies the assumptions of the theory of Araki and Haag [13, 14] adapted to the situation where one kind of neutral scalar particle of mass m is present with vacuum Ωω. Of course, for the trivial choice λN = 0 [which implies δmN == 0 with our convention formula (7)] and ZN = l VΊV, the Wightman distributions of the cut-off fields converge to the Wightman distributions of the free scalar neutral field of mass m which is an essentially self-adjoint hermitian scalar field so, by Theorem 3 and Lemma 8, ω^ converge weakly to the vacuum expectation values of the bounded observables of the free field. In the case λN>Q(VN), it will be very difficult (and this is out of the scope of this paper) to recover the locality and the Poincare invariance when one removes the cut-off. However, since the cut-off fields are time-translation invariant and satisfy the spectrum condition in the time direction with a fixed gap m and a unique (ΩN), one may expect that the same holds for the "limits" (in the above sense). 7. Conclusion Suppose that ω is a state on 23(M) which is obtained, by weak compactness argument, from states corresponding to cut-off field theories as in the previous section. If we try to interpret ω as a vacuum state of some "limit" theory, a first difficulty arises because the G.N.S. Hubert space §ω may not be separable. In quantum field theory [20,21], the separability of the Hubert space is a consequence of the continuity properties of the corresponding ^-representation of the tensor algebra over the space of the test functions (using either the separability or the nuclearity of this topological *-algebra). At this point, it is worth noticing that all the constructions and the results of this work are purely algebraic. Furthermore 93(0) being defined as in Part I, Section 9a); 93(0) is a C*-subalgebra of 23(M),V0e J^b
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Theorem 2 and Proposition 2 (above) show that the continuous positive linear forms on the tensor algebra over the test functions which correspond to bounded representations already separate the quasi-localizable C*-algebra. So continuity will not reduce this C*-algebra, and at the "C*-algebraic level" one must use a nonseparable C*-algebra in order to deal with "sufficiently many" field theories. The only way to escape is to remark that since continuity selects a subspace of the algebraic dual of the space of test functions we may expect that correspondingly one can find solutions for the associated m-problems in a (separating) subspace of the topological dual space of the quasi-localizable C*-algebra such that the quasilocalizable C*-algebra be separable for the corresponding weak topology. It must be clear that similar considerations apply when we are interested in the m-problem for continuous strongly positive linear forms on locally convex ^-algebras. For instance if £ is some locally convex space with topological dual E' and if φ is a strongly positive linear form on the symmetric tensor algebra S(E) over E ( = "polynomials" on £'), then a solution of the m-problem for φ will not define a measure on E' but merely a measure on the algebraic dual space E* of E [22]. One sees that, in order to develop a step further our non-commutative generalization of the moment problem, we have to generalize the part of that problem corresponding to infinite dimensional measures on topological vector spaces. This will be done in a forthcoming paper. Acknowledgements. The author is indebted to H. J. Borchers, H. Epstein, and J. Yngvason for numerous stimulating discussions and suggestions. It is a pleasure to thank them for their kind interest. We also thank H. Araki and A. Jaffe for their kind help in writing this revised manuscript. Note. Soon after the publication of the Parti of this work [1], we realised that the condition of quasianalicity of the vacuum discussed there had already been introduced by Gachok,V.P.: Nuovo Cimento 45 A, 158 (1966).



References 1. 2. 3. 4. 5. 6. 7. 8. 9. 10. 11. 12. 13. 14. 15. 16. 17. 18.



Dubois-Violette,M.: Commun. math. Phys. 43, 225—254 (1975) Powers,R.T.: Commun. math. Phys. 21, 85—124 (1971) Nussbaum,A.E.: Ark. Mat. 6, 179 (1965) Akhiezer,N.I.: The classical moment problem. Edinburgh-London: Oliver and Boyd Ltd. 1965 ShohatJ.A., TamarkinJ.D.: The problem of moments. Providence: American Mathematical Society 1963 Jaffe,A.M.: Dynamics of a cut-off λφ4 field theory. Princeton: Thesis 1975 Ruelle,D.: Commun. math. Phys. 3, 133 (1966) Landford IΠ,O.E.: In Les Houches 1970. Statistical mechanics and quantum field theory (eds. C.de Witt, R.Stora). New York: Gordon and Breach 1971 DixmierJ.: Les C*-algebres et leurs representations. Paris: Gauthier-Villars 1964 Schaefer,H.H.: Topological vector spaces. Berlin-Heidelberg-New York: Springer 1971 Schwartz,L.: Theorie des distributions. Paris: Hermann 1966 Paris,W.G.: Self-adjoint operators. Berlin-Heidelberg-New York: Springer 1975 Araki,H.: Zurich lectures 1961—1962 (unpublished) Wightman,A.S.: Ann. Inst. Henri Poincare, Vol. I, 403 (1964) GlimmJ., Jaffe,A.: Ann. Math. 91, 362 (1970) Glimm,J, Jaffe,A.: J. Math. Phys. 13, 1568 (1972) McBryan,O.A.: Nuovo Cimento 18, 654 (1973) Glimm,J. Jaffe,A.: In Les Houches 1970. Statistical mechanics and quantum field theory (eds. C.de Witt, R.Stora). New York: Gordon and Breach 1971



172



M. Dubois-Violette



19. Haag,R., Kastler,D.: J. Math. Phys. 5, 848 (1964) 20. Jost,R.: The general theory of quantized fields. Providence American Mathematical Society 1965 21. Streater,R.F., Wightman, A. S.: PCT, spin and statistics, and all that. New York-Amsterdam: W.A.Benjamin Inc. 1964 22. Reed,M.C.: In "Ettore Majorana" 1973. Constructive quantum field theory (eds. G.Velo, A. Wightman). Berlin-Heidelberg-New York: Springer 1973



Communicated by H. Araki



Received July 28, 1975; in revised form December 27, 1976



























des documents recommandant







[image: alt]





Mesoscopic physics of photons - Physics Department Sites 

such as the radiative transfer equation for electromag- netic waves in ... standing of transport and thermodynamic properties of disordered .... The elastic mean free path, defined by le. 1/ni , where ni is .... physical boundary conditions for the d










 


[image: alt]





Physics - trueSpace 

Active objects have simple physical properties and the simulation process .... Erase Anim: erase the previous keyframes from the AE (Animation Editor) if Save ...










 


[image: alt]





Mathematics meets physics Mathematics meets physics 

schriftliche Genehmigung des Verlages in irgendeiner Form (Fotokopie, Mikrofilm oder ein anderes Verfahren) .... committee of the international physics congress organized in Paris by the French Society ... of its ten honorary members.16 ..... Nobel p










 


[image: alt]





Mesoscopic physics of photons - Physics Department Sites 

dicting the form of the interference pattern is to ignore the vector ..... r in three-dimensional free space. The behavior of ..... It is interesting to note that we have obtained an iden- ..... Applications to Chemistry, Biology, and Physics (Wiley,










 


[image: alt]





5 Physics Laboratory 

S. Department of Commerce, Technology Administration, National Institute of .... Funding to support production of Standard Reference Materials (SRMs) is tied to ...... HACR is the foundation of the nation's radiometric measurement chain and is ...










 


[image: alt]





Physics Reference Manual 

145. 9 Low Energy Livermore. 147. 9.1 Introduction . ..... 451. 32.7 Definition of the functions P and F used in the abrasion model 452 ..... Several terms used throughout the Physics Reference Manual have specific meaning within ...... evolution of 










 


[image: alt]





Nonlinear Physics of Kinetic Instabilities - UCLA Physics & Astronomy 

Jan 12, 2008 - (Nonlinear Physics of Kinetic Instabilities) ... (Courtesy of Michael Maul, Columbia University) .... Page 14. Steady State Solution with a Source.










 


[image: alt]





heavy flavor physics pdf 

instructions or guides in the manual Online e-Book heavy flavor physicsPDF this Our ... Video Owners Manual, Higher Engineering Mathematics By Bs Grewal, ...










 


[image: alt]





Mesoscopic physics on graphs 

For a semiconducting. CDW with the Fermi level in the middle of the gap, a shift of the chemical potential leads to an increase of quasi-particles. (either electrons ...










 


[image: alt]





TESLA: The Physics Program 

Mar 24, 2001 - Main radiation characteristics have been found ... The TESLA collider is in a rather good state: technology is in hands .... direct reconstruction of Higgs in a number of decay channels possible, ..... most materials will evaporate.










 


[image: alt]





Physics Reference Manual 

Figure 5.3: Ratio of numerically integrated and parametrized total cross sections as a ..... 10-1. 1 Î¸+ Î³+. Figure 5.11: Angular distribution in logarithmic scale.










 


[image: alt]





Physics Reference Manual 

computed in these codes are the net energy loss, displacement, and change of direction of the charged particle. The last two quantities are computed from MSC ...










 


[image: alt]





New Journal of Physics 

Jun 30, 2008 - between the perovskite exciton and the confined photon mode has been ... strengthened resulting in very large exciton binding energies of a ...










 


[image: alt]





PHYSICS GUIDE BOOK PDF 

Po Tes Fran Ais, Pocoyo And Friends A First Book Of Friendship, and much more associated with it. [Download here Ebook PDF] PHYSICS GUIDE BOOK.










 


[image: alt]





Princeton Earth Physics Project 

Feb 1, 2003 - major urban area which has become a focus for major earthquake hazard at this subduction zone. Try the Yahoo! .... new period is available as an Acrobat pdf file. The principal .... College. Alan Kafka .... Mark Watts. Network ...










 


[image: alt]





Spectra-Physics .fr 

Trilateration is a method of establishing control which involves the direct measurement, normally using EDM, of all the sides of a network of triangles, in contrast ...










 


[image: alt]





Physics Reference Manual 

5.5 Gamma Conversion into a Muon - Anti-mu Pair . . . . . . . . ... 6.6.1 Scattering Cross Section of Electrons on Nuclei . . . . 85 ..... 30.5 Nuclear Pion Capture Below Delta(3,3) . ...... and orbital electrons of neutral atoms with Z=1-100, At.Dat










 


[image: alt]





Molecular Physics - Nicolas COMBE 

Keywords: Peptides folding; Aggregation; Molecular dynamics simulation. 1. ... of a single protein. ... introduced into an amino-acid sequence, the C carbon.










 


[image: alt]





Nonlinear Physics of Kinetic Instabilities - UCLA Physics & Astronomy 

Jan 12, 2008 - t=52.85 s. Saturated mode. First bifurcation. Period doubling. Time evolution of the bifurcating mode. 340. 345. 350. 355. Frequency (kHz).










 


[image: alt]





physics aristotle pdf 

And Errors Of Hplc In Pictures 2nd Revised Enlarged E, Pl Sql Developer User ... messenger in digital format, so you find that you needs in our library with this ...










 


[image: alt]





PHYSICS TERM PAPERS PDF 

We have many PDF Ebook and user guide is also associated with physics term papers PDF Ebook, include : Plato Algebra 2b Answer Key, Play For Scala Peter ...










 


[image: alt]





CLAUSTROPHOBIC PHYSICS - Exvacuo 

Britannica series, Great Books of Western Civilization.) Browse ... Read the sections in Book IV of Aristotle's Physics on time and place. ..... first fly north and pass close to the North Pole before heading south. ...... l = 21 m and Na light was u










 


[image: alt]





Physics Formulary .fr 

Coordinates are canonical if the following holds: {qi,qj} = 0, {pi,pj} = 0, {qi,pj} = Î´ij ...... For dipole interaction between molecules can be derived that U âˆ¼ âˆ’1/r6.










 


[image: alt]





Statistical Physics .fr 

Advance Book Information â€¢ October / November 2004. Notable Titles. NOTABLE ... the Maxwellâ€“Boltzmann distribution, and ensemble theory. Special discussions ..... Series on Innovation and Knowledge Management â€“ Vol. 3. GOVERNING ...










 














×
Report Physics





Your name




Email




Reason
-Select Reason-
Pornographic
Defamatory
Illegal/Unlawful
Spam
Other Terms Of Service Violation
File a copyright complaint





Description















Close
Save changes















×
Signe






Email




Mot de passe







 Se souvenir de moi

Vous avez oublié votre mot de passe?




Signe




 Connexion avec Facebook












 

Information

	A propos de nous
	Règles de confidentialité
	TERMES ET CONDITIONS
	AIDE
	DROIT D'AUTEUR
	CONTACT
	Cookie Policy





Droit d'auteur © 2024 P.PDFHALL.COM. Tous droits réservés.








MON COMPTE



	
Ajouter le document

	
de gestion des documents

	
Ajouter le document

	
Signe









BULLETIN



















Follow us

	

Facebook


	

Twitter



















Our partners will collect data and use cookies for ad personalization and measurement. Learn how we and our ad partner Google, collect and use data. Agree & Close



