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II Unstructured Grids Nigel P. Weatherill



Introduction to Unstructured Grids The fundamental difference between a structured and an unstructured grid is the ordering of the nodes to form the elements or cells within the grid. If the nodes can be ordered into a regular array (i,j,k), with the assumption that the nodes (i,j,k), (i,j,k+1), etc., are neighbors, then the grid is described as structured. If the nodes cannot be arranged in such a form the grid is unstructured. Hence, an unstructured grid must include, as part of its definition, the connection between nodes that form the mesh. Clearly, any method that generates an unstructured mesh must include a procedure for providing the explicit definition of the connections between nodes to form elements, in addition to the coordinates of the nodes themselves. In common with the procedure of generating structured grids, the process of constructing unstructured grids begins with a geometrical definition of the domain to be meshed (see Part III). Such a definition will be in the form of NURBs curves and surfaces, or an equivalent, such as splines and bicubic splines. Most unstructured grid methods then build a grid based on a hierarchical approach that involves generating grids on boundary curves, boundary surfaces, and finally a volume grid. The shape of the elements generated in unstructured grids can vary; traditionally, triangles on surfaces and tetrahedra in the volume have been used; however, quadrilaterals and hexahedra are favored in some applications (Chapter 21). The requirement to define a connectivity matrix between nodes may appear an unnecessary burden when compared with structured grids, but such a requirement provides the flexibility to generate a mesh of any element type and more recently grids of mixed (hybrid) element type (Chapters 23 and 25). By their very nature, the irregular ordering of the connections between nodes within an unstructured mesh places great emphasis on techniques that enable searches to be made through the grid in a fast and efficient manner. Hence, data structures play a major role both in the generation of unstructured meshes and in the subsequent use of such grids with solution algorithms. Techniques to generate unstructured grids are, in most cases, based on relatively straightforward concepts. However, the practical implementation of some of these methods within a computer code is a major challenge. Hence, it is appropriate, prior to any discussion, to introduce an in-depth discussion on data structures (Chapter 14). Basic data structures are described, including linear lists and tree structures. These techniques are then applied to multidimensional search algorithms, with some details given on the alternating digital tree that has proven
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to be so effective in many unstructured grid generation algorithms, in particular, the advancing front method. With all the research activity devoted to automatic grid generation, there are now many techniques for the construction of unstructured grids. However, three approaches are very widely used. They can be broadly described as tree-based methods, such as octree (Chapter 15), point insertion methods based on Delaunay triangulation (Chapters 16, 18, 20, and 26), and advancing front methods (Chapter 17). Chapter 15 describes the method whereby a domain is broken down into elements using a recursive subdivision based on a spatial tree structure. Such approaches can be thought of as starting with a cube that encloses the geometry of the domain on which a grid has already been generated. The initial cube is subdivided into eight cubes. Hence, from one cube there are eight branches, which is the beginning of a tree data structure. After subdivision, a check is performed to determine if the length scale of one of the cubes is consistent, i.e., is of the same order, as the local length scale of the grid on the boundary that is enclosed by the cube. If there is no consistency, then the cube is further subdivided; if there is consistency then no further subdivision is required. When no further cubes need to be subdivided, then the final step requires the subdivided grid to be connected to the boundary surface mesh. This approach, which can clearly admit directional refinement, makes full use of tree data structures and is often referred to as quad-tree in two dimensions, and octree in three dimensions. Many unstructured grid generation methods are based on Delaunay–Voronoï methods (Chapters 16, 18, and 20). These geometrical constructions have been known for many years, with a paper by Dirichlet appearing in 1850. The basic concept of the Delaunay triangulation is simple and elegant. Given a set of nodes, the Voronoï diagram subdivides the space into tessellations, in which each tile is the space closer to a particular node that any other node. Clearly, the boundaries of the Voronoï diagram represent the perpendicular bisectors between adjacent nodes. If nodes are connected that have a common boundary of the Voronoï diagram, then a triangulation of the nodes is formed. In two dimensions the triangulation is a set of triangles, in three dimensions the triangulation consists of tetrahedra. The Delaunay triangulation has some interesting properties, and the so-called in-circle criterion, in which no node is contained within a circle (in two dimensions) or sphere (in three dimensions) passing through the nodes that form the element, can be used to construct the triangulation in an efficient manner. Delaunay–Voronoï methods provide a mechanism for connecting nodes; they do not provide a method for creating nodes. Hence, it is necessary to consider methods for the automatic creation of nodes. Such methods are based on the iterative refinement of the initial triangulation formed when the boundary nodes are connected using a Delaunay triangulation. A variety of methods have been investigated, including simply adding nodes at centroids of elements, along element edges, or, more generally, using Steiner points. Following the generation of interior nodes, a major issue with Delaunay–Voronoï methods is to ensure that the elements of the mesh conform to the boundary of the domain. In general, this will not be the case everywhere within the grid, and hence, steps must be taken to ensure boundary integrity. This issue can be addressed by introducing what is termed a constrained Delaunay triangulation or using postprocessing methods which, through element face and edge swapping, recover the boundary mesh within the global unstructured mesh. The advancing front method (Chapter 17) takes a boundary descretization and creates elements within the domain, advancing in from the boundary until the entire domain is filled with elements. Given an initial front, which in two dimensions is the set of edges forming the boundary discretization, and in three dimensions is the set of triangular faces of the surface mesh, a node is created from which a valid element is made. Clearly, in forming a new element, it is essential that the edges of the element do not intersect any existing elements and that the element quality is satisfactory. Such checks highlight the need for effective data structures. Common to all unstructured grid methods is the requirement to control the grid point spacing (Chapters 16, 17, 18, 20, 35). The construction of grids usually involves a subdivision of the boundary geometry into a surface grid followed by the volume grid generation. Hence, if a grid is to have consistent point spacing both on boundaries and within the domain, it is essential the grid point density is specified before the boundary grid generation. The grid point density is commonly controlled by a background
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mesh. This can be a very coarse grid that covers the domain and at each node of the background mesh the grid point density is specified. Hence, in the grid generation, the required point spacing at any position in the domain is interpolated from the background mesh spacing. In practice, for relatively simple geometries, it is possible to define the background grid automatically and then allow the user to set the spacing at each node of the mesh. However, this becomes more problematic for more complicated geometrical shapes and the method has been supplemented with the use of grid sources. A grid source is defined in terms of a position in a mesh where the required grid point spacing is specified, together with the region over which the source should influence the grid (Chapter 35). Such an approach does not require the user to construct a coarse background mesh and hence is more time-efficient. A source can be defined to be effective as a point, line, surface, or even a volume. The basic mechanics of grid point control can be readily extended to enable grid adaptation to solution data. Chapter 35 presents an in-depth discussion on adaptation techniques based around the use of a background mesh and sources, together with the more conventional techniques of point enrichment (hrefinement) and point movement (r-refinement). Most grid generation techniques require the surface of a domain to be meshed prior to the generation of the volume grid. Hence, surface grid generation is an essential and important step in the unstructured grid procedure. In Chapter 19, details are presented of how high-quality surface meshes of triangles can be generated on geometrical support surfaces. This step in the grid generation procedure links grid generation techniques with geometrical representation, and it is essential that a good understanding of surface modeling is acquired (see Part III). In most methods, surface grids are generated in the parametric space, which can be interpreted as two dimensional with additional information that represents surface curvature. Hence, standard grid generation techniques can be used to construct surface grids. The Voronoï–Delaunay method does naturally allow for the construction of highly stretched or nonisotropic elements. The advancing front method does allow elements to be created that are stretched and aligned in prespecified directions, although the degree of stretching of elements that can be formed is limited. Hence, there is a major interest in unstructured grid methods that can form elements that are aligned in specified directions and have arbitrary aspect ratios. A typical application for such meshes is in the simulation of high Reynolds number flow fields where the efficient resolution of boundary layers is required. In Chapter 20, the generation of nonisotropic grids is discussed within the framework of the Voronoï–Delaunay approach. In the approach described, the unstructured grid is generated in a mapped space using the notion of a metric to distort regular elements into nonisotropic elements within the computational domain. As computational methods advance and mature, there is both a requirement to attempt simulations with larger meshes and to use new parallel processing computer hardware. Both these requirements place an additional burden on grid generation technology. To meet these challenges, it is necessary to consider the generation of grids in parallel. Chapter 24 introduces some of the issues involved in generating unstructured grids in parallel. It is clear from the contents of this handbook and a review of the literature that there are now many different approaches to the generation of grids. An obvious question is “Which is the best approach?”In this handbook we have not addressed this issue; we are content to present descriptions of key techniques and leave the reader to decide which is the most appropriate approach for any given application or problem. In fact, in the grid generation community, there is a realization that there is no such thing as the best grid generation approach — it is problem-dependent. However, there are now emerging grid generation packages that provide a user with the capability to generate structured grids and unstructured grids, and provide an ability to generate grids that are combinations of structured and unstructured grids or so-called hybrid grids. Chapter 23 presents an in-depth discussion for the motivation of hybrid grids and furthermore describes a system that provides a capability to generate grids that are totally structured (multiblock) to hybrid to totally unstructured (see also Chapter 25). The application of unstructured grids to realistic problems requires techniques described in several chapters in the handbook to be used and integrated. To provide an overview of the complete procedure, Chapter 26 provides illustrated examples of the use of unstructured grids. In particular, a real example is taken and details
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provided on how an unstructured grid was generated starting from the initial geometry specified as point strings through to the final unstructured tetrahedral grid and solution using a finite element algorithm. In the Foreword, it was emphasized that grid generation is only a means to an end. Once the spatial discretization, that is the grid, has been generated, attention can focus on developing the solution algorithm for the particular equation or set of equations. Chapter 26 provides some introductory material that describes how mathematical operations can be performed on unstructured grids. Some elementary concepts relating to the finite element method are described.
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