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Introduction to logic I.



Lesson 7



Propositions



Definition A proposition is a statement that can be either true or false. Examples Consider the following three propositions : • P1 : « x + 2 = 2 + x ». • P2 : « 2 × 3 = 7 ». • P3 : « x2 = 9 ». ➣ Proposition P1 is always true. ➣ Proposition P2 is always false. ➣ Proposition P3 can be true or false depending on what value is given to x : if x = 3 it is true, if x = −3 it is true, and in all other cases it is false. Exercise Consider the following three propositions : • P4 : « x − 2 is greater than x ». • P5 : « 2x is greater than x ». • P6 : « the square of an even number is even ». ➣ Proposition P4 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . ........................................................................... ➣ Proposition P5 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . ........................................................................... ➣ Proposition P6 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . ...........................................................................



II.



Implication



Examples 2 • If x = 9} ; | = | {z {z 3}, then x P



Q



= ∠C = 60˚ • If ABC is an equilateral triangle}, then |∠A = ∠B {z }; {z | Q



P



−→ −−→ is a parallelogram . • If AB = {z CD}, then ABDC | | {z } P
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Definition To say that “if P (is true), then Q (is true)”, mathematicians say that “P implies Q” and write P =⇒ Q The implication Q =⇒ P is called the converse implication of P =⇒ Q. P is called the premise (or the hypothesis) and Q is the conclusion. Exercise In the following questions, does P imply Q ? Q imply P ? : 1. P : « n is a prime number » 2. P : « x ∈



D»



3. P : « ab = 9 »



; Q :«x∈



; Q :«n=3»



Q»



; Q : « a = 3 and b = 3 »



4. P : « x ≥ 2 »



; Q :«x≥3»



5. P : « x > 0 »



; Q :«x≥0»



III.



Equivalence



Definition Two propositions P and Q are said to be equivalent if P =⇒ Q and Q =⇒ P. If P ⇐⇒ Q, then P is true if, and only if, Q is true. Examples • x = 6} ; | = {z 3} ⇐⇒ 2x | {z P



Q



• Let A, B and C be three distinct points. 2 2 ABC is right-angled at A} if, and only if, AB + AC = BC2}. {z | | {z Q



P



• Let C be a circle with diameter AB. ◦ M is a point on C different from A and B} if, and only if, ∠AMB | {z = 90 }. | {z Q



P



Exercise Give an example of an implication which is not an equivalence.
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Exercise 1



Easy



A. The following sentence is said to be true :



“If the TV is on, then there necessarily is somebody watching it.” Choose the correct answer for each question. 1. The TV is on. Is anybody watching it ? B No. C We A Yes. 2. Nobody is watching the TV. Is it turned on ? B No. C We A Yes. 3. The TV is off. Is somebody watching it ? A Yes. B No. C We 4. Somebody is watching the TV. Is it turned on ? B No. C We A Yes. B. The same question, with the following sentence :



can’t know. can’t know. can’t know. can’t know.



“Equation (E) has no negative solution.” 1. Is −2 a solution of equation (E) ? B No. C We can’t A Yes. 2. Number a is a solution of equation (E) ; is a negative ? A Yes. B No. C We can’t 3. Is 3 a solution of equation (E) ? B No. C We can’t A Yes. 4. x is not a solution of equation (E) ; is x negative ? B No. C We can’t A Yes.



know. know. know. know.



Exercise 2 Quite easy Fill in the gaps with « because » or « so ». I had an accident . . . . . . . . . . . I jumped a red light. He is ill . . . . . . . . . . . he won’t come. I was given a present . . . . . . . . . . . it’s my birthday. I’m not European . . . . . . . . . . . I’m not German. John is sad . . . . . . . . . . . it’s the end of the holidays. It’s raining . . . . . . . . . . . the party is cancelled. AB and CD are parallel . . . . . . . . . . . ABCD is a parallelogram. ABCD is a rhombus . . . . . . . . . . . the diagonals of the quadrilateral ABCD bisect each other. 9. ABCD has two right angles . . . . . . . . . . . it is a rectangle. 10. Triangle ABC is equilateral . . . . . . . . . . . it is isosceles. 11. y 2 = 25 . . . . . . . . . . . y = 5. 12. Number x belongs to the interval [−1 ; 4] . . . . . . . . . . . x belongs to [−2 ; 5]. 1. 2. 3. 4. 5. 6. 7. 8.
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Exercise 3 Not so easy Determine whether each of the following is true or false : A



B



I live in France



I live in Europe



I am of age



I am 19



CDEF is a parallelogram



CDEF is a square



MNP is right-angled at M



MP2 + MN2 = NP2



x∈



N



x∈



A⇒B



B⇒A



A⇔B



Z



a+b=5



a = 2 and b = 3



4x − (x − 5) = 11



x=2



(ax + b)(cx + d) = 0



ax + b = 0 and cx + d = 0



(ax + b)(cx + d) = 0



ax + b = 0 or cx + d = 0



Exercise 4 Quite difficult The aim of this exercise is to determine, for each of the following questions, whether it is true or false. To prove that a statement is false you can find a counterexample. To prove it is true, you need to find a demonstration. 1. If x2 ≥ 4 then x ≥ 2. 2. For all real numbers x and y, (x + y)3 = x3 + y 3 . 3. For all real number x, the real number −10x is negative. 4. There exists an equation with no real solutions. 5. There exists an equation with five different real solutions. (a + b)2 − (a − b)2 6. If a and b are two whole numbers, then is a whole number. 4 Exercise 5 Difficult Let a and b be two whole numbers with a > b. 1. Prove that if (a2 − b2) is prime then a and b are consecutive numbers. 2. Is the converse true ?
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