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Discrete Fourier Transform and Bach’s Good Temperament



Introduction In two memorable papers ([7, 8]) in 2005, Bradley Lehman introduced the view that the recipe for the long lost temperament of Johann Sebastian Bach, the Graal of all musicologists, had in fact been lying all the while for all to see – not unlike Poe’s Purloined Letter – as a scribbling on the front page of the autograph edition of Das wohltemperirte Clavier. As his own learned comparisons with a huge number of previously known tunings make clear, this is a vexed question, and Lehman’s ‘discovery’ attracted a number of refutals or denials, on various grounds. As is well known in the question of tunings, there is no ideal solution since a number of different properties are desirable, competing and vying with one another – the first aporia, recognized in antiquity, being the construction of a tuning with pure fifths only. This implies that the musicological debate on the quality of Lehman’s tuning (henceforth called LT) might go on for ever, as tenants of any other tunings may well put forward (in perfect good faith) different qualities (for instance pages have been written on the single third E-G# in LT vs. other tunings ; but the number of pure minor thirds might be considered more important than that of major thirds, or the size of whole tones, or any other remotely sensible feature of a given temperament). Usually such arguments revolve around some specific intervals. Other question small pieces of scribbling on the autograph – is there a c written on the last fifth and what to make of it, or is it irrelevant ?. . . It would be better and more conclusive to put forward some global quality adressing the whole collection of major (and minor) scales, as the real question of temperaments at Bach’s time can arguably be phrased as the possibility of having all the scales sounding pleasantly, or, on other words, the possibility of arbitrary modulations in the composition and play. This is certainly what Bach was proud he had achieved, considering the sequence of 24 tonalities of the pieces in both volumes of WTC. As it happens, there is some abstract, geometrical quality, measured with a single number (the Musical Sameness of Scales or MSS) that is easily computed from a Discrete Fourier Transform (DFT for short), and the comparison of values of MSS for the different tunings in competition (so far) does single out LT as a clear winner, primus inter pares. Needless to say, Bach himself cannot have been aware of such notions, though the MSS arguably puts forward a musical quality that Bach would certainly have found desirable. Its discovery was purely serendipitous and has nothing to do with Bach and WTC, as I was testing this DFT, developed for theoretical reasons, on random tunings found on the Internet, and so became aware by pure chance of Lehman’s story. I was stunned when I realized, and confirmed by more computations, that LT was way above other current tunings (except Werckmeister’s Vth, one of the most esoteric) in regard of this DFT quality. Of course, this has to be put alongside with all musicological arguments, as the perfect solution to a mathematical problem needs not be musically relevant ; still the conjunction of Lehman’s arguments (including the pleasant sound of the recordings in LT), and of MSS, makes a more convincing case for Lehman’s hypothesis. It must be said in fairness that I have not tested all known temperaments, being no specialist of the question. Some little known temperament might achieve a better MSS than LT. Indeed, equal temperament has infinite MSS ! But nowadays it is well understood that equal temperament was out of question for Bach. Anyway, the readers are strongly invited to test their pet tunings against LT with the formula for MSS given in section I, which is feasible with a pocket calculator. I do look forward to the results of MSS testing for the alternative interpretations of Bach’s scribble (I did venture some exploration along these lines). On



the other hand, even if some other tuning wins in this way, the fact will remain that (so far as I know) all temperaments that had currently been used in Bach’s time have lesser MSS than LT. As clearly LT was discovered (if it is not a mere figment of imagination) by trial and error and with sleight of hand, the MSS record value must forever remain a significant hallmark of LT.
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Sameness of Scales in a Temperament



1.1



Discrete Fourier Transform of a Scale



Research on DFT of scales originated in the preparation of the John Clough Memorial Days in Chicago (July 2005), organized by David Clampitt and Richard Cohn, when several researchers had their interest about DFT aroused by Ian Quinn’s dissertation ([12]), wherein he rekindled an old idea of late David Lewin ([9]). Fresh developments may be found in [1]. But it is a slightly different track, initiated a few months later by Dr Thomas Noll, that led to the present indicator of sameness of scales. ´ DEFINITION 1. Let all notes inside an octave be given by a real number between 0 and 1 ; this oo means chosing a reference note (say C) and measure all intervals from there in cents/1200. oo oo Then the Discrete Fourier Transform of a scale A = {a1 , a2 , . . . an } ⊂ [0, 1] is the map oo oo n 1 X 2iπak −2iπk t/n oo FA : t 7→ e e oo n oo k=1 oo oo The values F (0), F (1) . . . F (n − 1) are the Fourier coefficients of scale A. A A A o



For instance, the tempered C major scale would be CM = {0, 1/6, 1/3, 5/12, 7/12, 3/4, 11/12} and its DFT is  2iπt 4iπt 6iπt 8iπt 10iπt 12iπt 1 t 7→ 1 + e− 7 + e− 7 + e− 7 + e− 7 + e− 7 + e− 7 7 It is perhaps useful to remind some readers that the Fourier transform is above all a useful for checking periodicities of a given phenomenon. Here, the map FA is easily seen to be defined from the cyclic group Zn to the field C of complex numbers as adding n to t does not change the value of FA (t). The notes can be visualised as the points e2iπak on the unit circle, which is the quotient structure of frequencies modulo octave : see fig. 1.



1.2



DFT and Maximal Evenness



LEMME 1. |FA (1)| = 1 ⇐⇒ A is a ‘regular polygon’, i.e. oo oo a2 − a1 = a3 − a2 = . . . a1 − an oo oo oo For any other scales, for any t, |F (t)| 6 1. A o



mod 1



This is the case when A is a whole tone scale (in equal temperament), or augmented fifth, aso. But of course a seven note scales in a (decent) twelve note temperament cannot be a regular polygon, as 12 cannot be divided into 7 equal integral parts. Still best approximations to that are musically interesting scales : ´ ` THEOR EME 1. Let S be the set of scales of n notes chosen in some equal temperament with m oo notes (m > n), meaning oo oo ∀A ∈ S, ∀a ∈ A, m a ∈ N oo oo Then the scales in S with biggest value of |FA (1)| are the maximally even sets.



The Maximally Even Sets (ME Sets) were defined in [5], extended in [4]. A recent and thorough paper on their features is [6] and the connection with DFT, discovered in [12], is investigated in [1]. The proofs of the above lemma and theorem are quarantined in the annex, together with technical defiinitions. For the moment let it suffice to mention that 1. Informally, a ME set is the most regular repartition of n notes in a given temperament, 2



2. ME sets with 5,6,7,8 notes in (say) equal temperament are respectively the pentatonic, whole tone, major and octatonic scales, 3. In several cases, including the major (and pentatonic) scales, this Maximal Evenness is somehow related to the ‘generated’ quality, e.g. the major scale is generated by consecutive fifths. This means informally that in a given context (here an equal tempered chromatic ambient universe) the size of a1 measures the regularity of the scale, i.e. the closeness to a regular polygon. The above theorem, as the next, also stand in this informal phrasing in not-too-wild ambient universes, not necessarily equal tempered. We need only the case of 7 notes ME sets in 12 notes temperaments : PROPOSITION. In 12 note equal temperament, the Maximally Even scales with 7 notes are precisely oo the 12 major scales. o
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F IG . 1 – Major scales are best approximations of regular heptagons Now we can see that |FA (1)| really measures the closeness of 7 notes-scale A to the theoretical regular heptagon, which appears as a common goal, a platonic model, that major scales strive to approximate as best they can : this is the meaning of the last proposition1 . From now on we need to remember just that. For instance if scale A is a regular heptagon (say a ‘whole tone scale’ in 14 notes equal temperament) then |FA (1)| = 1 ; for any major scale A in 12 note-equal temperament, |FA (1)| ≈ 0.988846.PThis is really a strong feature of major scales and not a mere curio : from Parseval’s formula, t=0...n−1 |FA (t)|2 = 1 and hence, with values usually around 0.98, |FA (1)| concentrates almost all the energy of the scale, all other Fourier coefficients being negligible 1



Obviously this is a mathematical feature, not a musical one. There is some relevance to tonal functions in the fact that the major scale is Maximally Even, though. This is discussed in the litterature on ME sets and the interested reader is invited to check on the references given in the bibliography
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(whereas a chromatic succession of 7 notes exhibits values around 74% for |FA (1)|). From there we can define the sameness coefficient of scales (MSS) inside a given temperament.



1.3



Sameness Coefficient



A temperament is simply a collection of 12 notes, i.e. a subset T of [0, 1] with 12 elements. Henceforth we will only consider scales with seven notes, that is to say ordered sequences of seven elements of T . Let us assume that the elements of T are given in order : ´ DEFINITION 2. A temperament, or tuning, is an ordered sequence of twelve different notes : oo oo 0 6 t0 < t1 < t2 < . . . t11 < 1 oo oo ´ DEFINITION 3. A major scale in T is a scale of the form oo oo Aα = (a0 , . . . a6 ) with ai = tki +α mod 7 oo oo oo where α is a constant and the k ’s are the indexes of the standard C major scale : i oo oo oo (k0 , k1 . . . k6 ) = (0, 2, 4, 5, 7, 9, 11) oo o Example : have α = 5, we get the notes ai with i = 5, 7, 9, 10, 12 = 0, 14 = 2, 16 = 4 i.e. F major. This enables to compute |FAα (1)| for all α = 0 . . . 11, i.e. for the 12 major scales ⊂ T . For instance, taking for T the so-called pythagorean tuning with the wolf fifth between A# and F, we get the following values :



0.9891, 0.9891, 0.9856, 0.9927, 0.9856, 0.9915, 0.9856, 0.9856, 0.9915, 0.9856, 0.9927, 0.9856 Notice that all scales that do not contain the wolf’s fifth are isometrical, and hence share the same value of the Fourier coefficient. When I first computed these values, I was attracted by their closeness to 1, which reflects the characterization of ME sets. But as it happens it was not the most important feature in a given temperament : the striking fact I stumbled upon is that these values are particularly close to one another in the case of LT. In order to visualize this phenomenon more easily, we define ´ DEFINITION 4. The major scale sameness (MSS) of temperament T is the inverse of the biggest oo discrepancy between values of coefficients |F (1)| for all twelve major scales in T : Aα oo oo oo 1 MSS(T ) = oo Max(|FAα (1)|) − Min(|FAα (1)|) oo α α oo o



This quantity is highest when all values of |FAα (1)| (for all 12 major scales) are the closest, i.e. when all major scales are almost equally similar to the ideal (theoretical) model of the regular heptagon. For instance for Pythagorean tuning, we get a maximum (resp. minimum) value of 0.9927 (resp. 1 ≈ 140. 0.9856) and hence MMS(pyth) = 0.9927 − 0.9856 For LT, no major scale comes higher than |FAα (1)| = 0.991 but no one comes lower than 0.987, so the MSS is high (260).



1.4



Musical relevance : playing in all tonalities



Most analysis I have seen, including Lehman’s one, are focused on some particular intervals, with a strange insistence on E-G# ! The MSS coefficient is in a nutshell a measure of the sameness of all major scales in T . This is well in tune (the pun is inadvertent) with Bach’s own project in WTC ; though he does mention something about all major and minor thirds on the front page (not only E-F#), all subsequent pages are devoted to the capacity of playing with but one tuning in all 24 tonalities. 4
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Comparison of MSS for different tunings



2.1



Tables



Let us begin with a computer program (a pocket calculator could do it) for the computation of MSS on a given T . It is convenient to put the values of the 12 elements of T in some table, as we have done : T = {a0 , a1 , . . . a11 } where the ai ’s are the values in cents, divided by 1200 (so that octave is 1). This will be passed as argument to the function computing the MSS. Now for all values of α = 0 . . . 11 compute the first Fourier coefficient of scale A = {ai = tki +α mod 7 , i = 0 . . . 6} with formula 6 1 X cα = e2iπt(ki +α) 7



mod 7



−2iπk t/7



e



 



k=0



Last, subtract the minimum from the maximum in those 12 values and take the inverse of the result : 1 MSS(T ) = Max(cα ) − Min(cα ) α



α



Here it is written with



R Mathematica ,



for scales with any number of notes :



fou1 Hgamme_L := ModuleB8n = Length@gammeD 
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DISCRETE FOURIER TRANSFORM AND BACH'S GOOD 

Obviously this appears as a mathematical feature, not a musical one. ..... the calculations in Table ??, the MSS criteria unambiguously supports Lehman's theory.










 








Mathematics of the Discrete Fourier Transform (DFT) 

Mar 15, 2002 - This appendix provides a basic tutorial on sampling theory. Alias- ing due to .... Fourier theorems provide a basic thinking vocabulary for working with signals in the time ...... For example, overflows quietly â€œsat- urateâ€� instead










 








Mathematics of the Discrete Fourier Transform (DFT) 

Aug 11, 2002 - ysis in Matlab. The various Fourier theorems provide a â€œthinking vocab- ... A Basic Tutorial on Sampling Theory â€” aliasing due to sampling of.










 








Mathematics of the Discrete Fourier Transform (DFT) 

Aug 11, 2002 - Page 38. 3.3. TAYLOR SERIES WITH REMAINDER. 3.3 Taylor Series with Remainder. We repeat ...... in the constant pdf for our random variable e(n) which we assume is uniformly distributed on ...... u n it c irc le branch cut:.










 








Chapter 17 Fourier Transform 

test of mathematical proof. â€”Leonardo da Vinci ... cellular telephones, radio, cable TV, satellite TV, fax, and radar. Mobile ... with inputs for t > 0 with initial conditions, the Fourier transform can ... We saw in the previous chapter that a non










 








fourier transform - MAFIADOC.COM 

Fundamentals of Photonics. Bahaa E. A. Saleh, Malvin Carl Teich. Copyright Â© 1991 John Wiley & Sons, Inc. ISBNs: 0-471-83965-5 (Hardback); 0-471-2-1374-8 ...Missing:










 








Fourier transform with Mathematica.nb 

Jun 20, 2005 - 2. Î . , True n. Î  1 n2 t2 n. Î  1 n2 t2. Fourier transform with Mathematica.nb 2 ... Identity]; p2. Plot[Fcampanarazionale[Î©], {Î©, 15, 15}, PlotRange.










 








Fourier Transform - GERM 

Simple Fourier Transform Example. P. J. Grandinetti time. FT frequency. Î©. âˆ’Î©. 0. What is the meaning of negative frequency?










 








discrete cosine transform (dct) - Agentcobra 

ficients are coded in 12-bit 2's complement. For the inverse transform, the data format is identical with the coefficients used as input and the pixels used as output ...










 








The microwave Stark and Fourier transform spectra, structure and 

tions. 1. Introduction. The rather unique structure of gaseous cyclobutene was determined about 30 years ago by Bak et al. [1] by microwave spectroscopy (MW).










 








rf stationary waves integrated fourier transform spectrometer 

detector has been represented as a microstrip line ... Figure 2: Field coupling towards the detector for a unit cell. Ei and Hi are .... Detectors are zero bias.










 








Improved Fourier-transform profilometry - OSA Publishing 

Feb 10, 2007 - Improved Fourier-transform profilometry. Xianfu Mao, Wenjing Chen, and Xianyu Su. An improved optical geometry of the projected-fringe ...










 








Problems on Fourier and Laplace Transforms 1 Laplace Transform 

in terms of F is not applicable(3). Why not ? ... the interval [−π, π] by the formula ... π. 2β e−pβ. Exercice 13 Find a function f satisfying the integral equation : ∫ ∞.










 








Antileakage Fourier transform for seismic data regularization 

So the seismic data in the time direction are continuous and have higher resolu- ... on regularly sampled grids, but when they are applied to an ir- regularly sampled ..... computation of complex Fourier series: Mathematics of Computa- tion, 19 ...










 








A survey of applications of the Discrete Fourier Transform in Music 

Jan 2, 2015 - Abstract. Discrete Fourier Transform may well be the most promising track in recent music the- ory. Though it dates back to David Lewin's first ...










 








The Fourier Transform Method â€“ Technical Document 

4 Cf. The Double Binomial Method and its application to a special case of CBO structures, .... under common spreadsheet softwares like Microsoft Excel).










 








The Fourier Transform in Image Processing - e-Class 

q' at (m',n'). â€¢ Autocovariance. â€“ Remove the average of the signal and then calculate correlation. ),;,;,(. ),;,(. 1. 0. 1. 0 nmnmqqpff. nmnmR. Q q. Q q qq ff. â€²â€². â€².










 








Antileakage Fourier transform for seismic data regularization in 

brings new challenges to seismic data regularization algo- rithms, which aim .... fk x f k e2Ï€ikÂ·x ,. 1 where w x is the integral weight that we will discuss later, Î”X ... function is defined as the collection of all the locations where the measur










 








ABOUT THE USE OF THE FOURIER TRANSFORM FOR THE 

In other words, for all times t and , point x and velocity v, a particle which at ..... terminology on cross sections that we adopted for the Boltzmann equation. That is ...










 








In nite length windows for short-time Fourier transform 

for additive sound synthesis. 2 Theory. Given a sequence of complex numbers xn n2Zand an analysis window wn n2Z, we form the STFT Xn ej! see 1, 9 by:.










 








Two Neural Pathwavs for Fourier and non-Fourier Motion 

Page 1. Bioengineering Conference, 1996, Proceedings of the 1996. IEEE Twenty-Second Annual Northeast. Page 2.










 








Measurement of Temperament in Infancy 

3-, 6-, 9-, and 12-month-old subjects Scales widi adequate psychometnc and conceptual proper- bes were ... 141 children from 85 New York famihes were.










 








Good Approaches, Good Landings 

someone will say, "Yeah, but if you fly that kind of an .... Then, let's say rather than being at the usual speed on .... say the student and/or pilot should be taught to ...










 








fourier optics 

The transfer function and impulse-response function of the free-space ... wavefronts of the wave to the periodic pattern of the harmonic function in the z = 0 ...... Fourier transform G(v,) a sinc(N, 'j2v ) exp( jr,:) (see Table A.l-1 in Appendix A) 
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