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1



Introduction and Statement of Results Let Fq denote a finite field of cardinality q = pm , where m ≥ 1 is an integer, and let Fq be an algebraic closure of Fq . For a set of polynomials in n-variables f1 (X1 , · · · , Xn ), · · · , fn−1 (X1 , · · · , Xn ) ∈ Fq [X1 , · · · , Xn ], one associates an affine curve: n



C = {(x1 , · · · , xn ) ∈ Fq : fi (X1 , · · · , Xn ) = 0, for all i = 1, · · · , n − 1}. When we refer to the curve C given by the equations f1 (X1 , · · · , Xn ) = 0 .. . fn−1 (X1 , · · · , Xn ) = 0, we mean the smooth projective model of the affine curve C. Moreover, we assume C is absolutely irreducible which means that C cannot be written as C = C1 ∪ C2 where C1 , C2 are two different curves. 3
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The basic invariants of a curve C that we are interested in are the genus of the curve g(C) and the number Nq (C) of Fq -rational points, where Nq (C) = #{(x1 , · · · , xn ) ∈ C : xi ∈ Fq }.



(1.1)



The most general upper bound for the number Nq (C) on a smooth absolutely irreducible projective curve C of genus g(C) is √ Nq (C) ≤ q + 1 + g(C)[2 q]



(1.2)



which is Serre’s improved form of the celebrated Hasse-Weil bound √ (q − q) (see [41], p. 180). For g ≤ , the bound (1.2) is in general the best 2 possible one. For other g, one has Ihara bound (see [14]) p ( (8q + 1)g 2 + 4(q 2 − q)g − g) Nq (C) ≤ q + 1 + . (1.3) 2 Oesterl´e gave an essential improvement of (1.2) and (1.3), his bound (Oesterl´e bound) is based on Serre’s explicit formula [32].



For fixed g ≥ 0 and q, Nq (g) denotes the maximum number of Fq -rational points that a curve of genus g can have. The question arises of the actual value of Nq (g) for given g and q, which is difficult question in general and one is satisfied by bounds on Nq (g). Tables listing the value of Nq (g) for small values of q and g were given by many people, among them are Serre [30], [31], [33], Wirtz [47], Niederreiter and Xing [19], [20], [21], [22], [23]. The tables in [45] give the most up to date known values of Nq (g) or an interval in which Nq (g) lies for small values of g and q.



The interest in the construction of algebraic curves defined over Fq with many Fq -rational points (i.e., with the number of rational points close to known upper bounds) has increased after Goppa’s construction of linear codes with good
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parameters from such curves (see [13]). In Goppa’s construction the maximal length of a geometric Goppa code on a curve C defined over a finite field Fq equals the number of Fq -rational points on that curve (see, for example, [41]). Using Goppa construction one can prove the existence of fairly long “good” linear codes.



Although our motivation in constructing curves over Fq with



many points is the application of this subject in coding theory, the subject has attracted a lot of attention because of other applications in cryptography, estimates of exponential sums over finite fields, and the recent construction of sequences with low discrepancy from such curves. For an extensive study on these applications as well as other applications in the subject, we refer to the recent book of Niederreiter and C.-P. Xing [23].



For the practical aspects of the applications of curves with many points, it is important that the defining equations of the curve are given explicitly. The approach of constructing curves by the fibre products of Artin-Schreier and Kummer extensions of the projective line P1 has been proven to be a very fruitful and efficient method. This method can be regarded as a partial substitute for the use of class field theory. Many of the results on the existence of curves with a large number of points obtained from class field theory can be reproduced with explicit curves, and many new examples can be obtained.



In this thesis we construct and study curves which are the non-singular projective models of affine curves defined over Fqν , ν ≥ 2, by the equations yiq − yi = fi (x) zjn = gj (x)



1≤i≤s 1 ≤ j ≤ r.



(1.4)



where n|q −1 and fi (x), gj (x) ∈ Fqν [x] are some suitably chosen polynomials such
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that the given curves are absolutely irreducible and the number of Fqν -rational points is large.



The curves given in (1.4) are abelian covers of the projective line P1 with the Galois group Gal(Fqν (x, y1 , · · · , ys , z1 , · · · , zr )/Fqν (x)) = (Z/pZ)s × (Z/nZ)r . Serre’s method for using class field theory to construct curves over finite fields with many points provides a description of all such covers. Although Serre’s method is a powerful method for this aim, it doesn’t give the curves in terms of generators and defining equations which has importance for the practical purposes in algebraic coding theory, cryptography, and low-discrepancy sequences.



Smooth projective curves defined over Fq by Kummer equations zjn = gj (x)



1≤j≤r



(1.5)



where n|q − 1 and gj (x) ∈ Fq (x) have been studied intensively. In [48], C. Xing, studied the splitting behavior of the rational places of Fq (x) in the algebraic function field determined by (1.5) and determined the genus of that function ¨ field. In [35] and [37], Stepanov, and in [38], Stepanov and Ozbudak proved that the number of Fpν -solutions for the affine equation  ν  x + xp 2 if ν is even 2  y = g(x) = ν−1   ν+1   x + xp 2 x + xp 2 if ν is odd .



is large (p > 2 a prime). The authors used the fibre products of degree 2 coverings of the projective line of the above type to construct curves with many points. They applied Goppa construction of linear codes and obtained long codes with ¨ good parameters. In [26], Ozbudak and Stichtenoth generalized Stepanov’s and ¨ Ozbudak’s results and obtained several curves whose number of rational points are fairly close to Oesterl´e bound.
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In [11], Glukhov modified the set of polynomials considered by Stepanov and ¨ Ozbudak and proved that the affine equation   n1  n2 ν ν q 2 +1  x + xq 2 −1 x + x if ν is even  y n = g(x) = ν−1 n1  ν+1 n2  x + xq 2 x + xq 2 if ν is odd



(1.6)



where n|q − 1, n = n1 + n2 , n1 , n2 are positive integers and (n1 , n) = 1. This



¨ considered affine equation has a large number of Fqν -solutions. Later, Ozbudak the fibre products (1.5) of a suitably modified set of equations of type (1.6) to construct curves with many points [24], [25]. He applied Goppa construction to these curves and obtained long linear codes with good parameters. In a recent work, van der Geer and van der Vlugt [44], Garcia and Garzon [6], and Garcia and Quoos [7] constructed many curves defined by one Kummer equation in (1.5) whose number of rational points are large.



Curves defined over Fqν by Artin-Schreier equations yiq − yi = fi (x)



1≤i≤s



(1.7)



have also been studied intensively ‘among others’ by Lachaud [15], Garcia and Stichtenoth [9], and by van der Geer and van der Vlugt [42], [43] and proved to have many interesting properties.



In [39], we have studied curves defined by the fibre products  ν  ai xj(1+p 2 ) j ≥ 1, (j, p) = 1, if ν is even yijp − yij = ν−1 ν−1 ν+1  b xj(p 2 +1) − bp 2 xj(p 2 +1) j ≥ 1, (j, p) = 1, if ν is odd . i i



and extended the results of G. van der Geer and M. van der Vlugt in [42] and [43]. We prove that these curves have many rational points (compared to their genus). Our main results are the following:
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Theorem 1.1 Let q = pν and Fq2 be a finite field with q 2 elements. Then for any integer s such that 1 ≤ s < q and (s, p) = 1, there exists a smooth projective curve Cs with genus g(Cs ) and number of Fq2 -rational points Nq (Cs ) satisfy g(Cs ) ≤



(q N1 (s) − 1)(s(q + 1) − 1) , 2



Nq (Cs ) = q N1 (s)+2 + 1,



where N1 (s) = s − [ ps ] + 2[logp ( s(q+1)−1 )]. q For q = p2ν+1 , we have: Theorem 1.2 Let q = p2ν+1 and Fq be a finite field with q elements. Then for any integer s such that 1 ≤ s < pν−1 and (s, p) = 1, there exists a smooth projective curve Cs with genus g(Cs ) and number of Fq -rational points satisfy g(Cs ) 
 q



(q N1 (s) −1)(s(q+1)−1) , 2



Goppa [n, k, d]q2 -code C(D0 , D) with parameters l < n ≤ q N1 (s)+2 , k≥l−



(q N1 (s) −1)(s(q+1)−1) 2



d ≥ n − l.



+ 1,



there exists a geometric
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Corollary 1.4 Let Fq be a finite field with q = p2ν+1 elements, and let s be any integer such that 1 ≤ s < pν−1 and (s, p) = 1. Let N2 (s) = (2ν + 1)(s − [ ps ]). Then for any l >



(pN2 (s) −1)(s(pν+1 +1)−1) , 2



there exists a geometric Goppa [n, k, d]q -



code C(D0 , D) with parameters l < n ≤ qpN2 (s) k≥l−



(pN2 (s) −1)(s(pν+1 +1)−1) 2



+1



d ≥ n − l. In the last chapter, we extend the results in Corollary 1.3 and Corollary 1.4 by constructing curves with many Fqν -rational points defined over Fqν by the fibre product yiq − yi = fi (x)



1≤i≤s



zjn = gj (x)



1≤j≤r



(1.8)



where n|q − 1 and fi (x), gj (x) ∈ Fqν [x]. More precisely, we have the following result:



Theorem 1.5 Let Fqν be a finite field with q ν elements, ν > 2, and let n ≥ 2 be an integer, n|q − 1. Moreover, let s and r be positive integers such that (s, p) = 1 and E(ν, r, s) ≤ q ν , where  ν−1 ν+1  r(q ν+1 2 + q 2 − 2) + s(q 2 + 1) E(ν, r, s) =  r(q ν2 +1 + q ν2 −1 − 2) + s(q ν2 + 1)



Then there exist two families of polynomials fi (x),



ν is odd ν is even. gj (x)



∈



Fqν [x],



(i = 1, · · · s, j = 1, · · · , r), such that the affine curve given by (1.8) has Nqν (C(s,r) ) = nr · q s · q ν many Fqν -rational points and genera g(C(s,r) ) satisfy  ν+1 ν−1 ν+1 r−1 s  r(q 2 + q 2 − 2) + s(q 2 + 1) ν is odd n q g(C(s,r) ) < 2  r(q ν2 +1 + q ν2 −1 − 2) + s(q ν2 + 1) ν is even.
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This theorem is proved in chapter 5 as Theorem 5.2, and it appears in [40].



It is known that by fibre products of Artin-Schreier and Kummer coverings of the projective line, one cannot get asymptotically good curves. In fact, one has Nq (C) =0 g(C)→∞ g(C) lim



for any curve C which is an abelian covering of the projective line (see [4]). That is why we imposed the conditions on r and s in the main theorems. Nevertheless, curves defined by fibre products of Artin-Schreier and Kummer coverings usually give the largest possible number of Fq -rational points for fixed values of g and q.



We apply Goppa construction of linear codes to the curves in Theorem 1.5, and obtain longer codes than that in Corollary 1.3 and Corollary 1.4 with good relative parameters, (see Corollary 5.17).



2



Preliminaries In this chapter, some basic definitions and fundamental concepts are introduced in order to use them in the subsequent chapters. The results will be presented in this chapter without proofs since they are standard results from text books. For further details, we refer to [17], [23], [34], [36], [41].



2.1



Algebraic Curves and Algebraic Function Fields



Let Fq be a finite field with q = pν elements. An extension field F/Fq is called an algebraic function field with field of constants Fq , if there exists x ∈ F transcendental over Fq such that the field extension F/Fq (x) is finite and Fq is algebraically closed in F . Since Fq is a finite field, there exists y ∈ F such that F = Fq (x, y). Let f (x, y) ∈ Fq [x, y] be the minimal polynomial of y over Fq (x) and let Fq be an algebraic closure of Fq . The “affine” algebraic curve C associated to the function field F/Fq is C := {(x, y) ∈ Fq × Fq |f (x, y) = 0}. 11
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Conversely, given an affine algebraic curve C (equivalently, an irreducible polynomial f (x, y) ∈ Fq [x, y]), then the field of fractions of the domain Fq [x, y]/< f (x, y) > is an algebraic function field over Fq .



Throughout this thesis, the curve C means the smooth projective model of the affine curve C and F = Fq (C) denotes its algebraic function field.



Definition 1 A normalized discrete valuation of an algebraic function field F/Fq is a surjective map v : F −→ Z ∪ {∞} which satisfies: (i) v(x) = ∞ if and only if x = 0; (ii) v(xy) = v(x) + v(y) for all x, y ∈ F ; (iii) v(x + y) ≥ min{v(x), v(y)} for all x, y ∈ F ; (iv) v(a) = 0 for any a ∈ F∗q . Axiom (iii) is called the Triangle Inequality. As a consequence of these axioms, one can easily derive the following useful version of this inequality:



Lemma 2.1 (Strict Triangle Inequality) Let v be a normalized discrete valuation of F/Fq . If v(x) 6= v(y), then v(x, y) = min{v(x), v(y)}. A place P of a function field F/Fq is the maximal ideal of some valuation ring O of F/Fq . We denote by PF the set of places of the algebraic function field F/Fq . There is a 1-1 correspondence between the places of F and the normalized discrete valuations of F . For a place P ∈ PF , we write vP for the normalized discrete valuation of F corresponding to P .
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The set OP := {x ∈ F |vP (x) ≥ 0} is called the valuation ring associated to P . It is a local ring and mP := {x ∈ F |vP (x) > 0} is the “unique” maximal ideal of OP . The residue class field FP of the place P is the field OP /mP , it is a finite extension of Fq and the degree of the place P is defined as the degree of the field extension FP /Fq . So, deg P = n means that FP = Fqn , and the place P is called rational place if deg P = 1 (equivalently, FP = Fq ).



There is also a bijection between the points on “a smooth projective” curve p ∈ C and the places of the function field Fq (C) corresponding to C, this bijection is given by p −→ mp (C) where mp (C) is the maximal ideal of the local ring Op (C). This correspondence is the interplay between algebraic function fields and algebraic curves, and one can translate any result from algebraic function fields to algebraic curves and vice versa. For example, the genus of a function field F is the genus of the corresponding curve.



A divisor on a curve C is a finite formal sum D =



P



P ∈C



aP P where aP ∈ Z.



The set of all divisors on C forms an abelian group denoted by Div(C). Degree of a divisor deg D is a homomorphism defined by degD : Div(C) −→ Z,



D=



X



P ∈C



aP P −→



X



aP .



P ∈C



We close this section by giving the rational places of the rational function field Fq (x), which will play an important rule in determining the rational places of function field extensions.
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Example 1 The rational function field over Fq is Fq (x) with x a transcendental over Fq . For the rational function field Fq (x), there exist q + 1 places of degree 1, “Fq -rational places”, namely the infinite place P∞ which is the unique pole of x, and for any a ∈ Fq the zero of x − a which is denoted by Pa . The curve corresponding to the rational function field is the projective line P1 .



2.2



Extensions of Function Fields and Ramification



Let F/Fq be an algebraic function field over Fq . A finite extension F 0 /F is called a function field extension over Fq if F 0 /Fq is also a function field over Fq (i.e., Fq is algebraically closed in the field F 0 ).



Let F 0 /Fq be a function field extension of F/Fq . Every place P 0 of F 0 /Fq induces the place P = P 0 ∩ F of F . In this case the place P 0 of F 0 /Fq is said to lie over P (or P lies below P 0 ) and we write P 0 |P . If vP 0 is the normalized discrete valuation of F 0 /Fq associated with P 0 and vP is the normalized discrete valuation of F/Fq , then there is a natural number e = e(P 0 |P ) (called the ramification index) such that vP 0 (x) = e(P 0 |P ) · vP (x)



for all x ∈ F .



Let OP 0 , mP 0 and OP , mP be the valuation rings and maximal ideals of the discrete normalized valuations vP 0 and vP , respectively. Then OP = OP 0 ∩ F , mP = mP 0 ∩ F . The residue class field FP = OP /mP can be identified with a subfield of the residue class field FP 0 = OP 0 /mP 0 . The inertia degree , denoted by f = f (P 0 |P ), is defined to be the degree of the extension of residue class fields FP0 0 /FP . i.e. f (P 0 |P ) = [FP0 0 : FP ].
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It is easy to prove that degP 0 = f (P 0 |P )degP. For every place P of F/Fq , there is at least one place P 0 of F 0 /Fq lying over P and the number of such places P is finite. Moreover, we have the so-called fundamental equality [F 0 : F ] =



X



P 0 |P



e(P 0 |P )f (P 0 |P ).



(2.1)



Definition 2 If P 0 is a place of F 0 /Fq lying over the place P of F/Fq , then (i) P 0 is called ramified if e(P 0 |P ) > 1; (ii) P 0 is called unramified if e(P 0 |P ) = 1; (iii) P 0 is called completely ramified if e(P 0 |P ) = [F 0 : F ]; (iv) the place P of F is called completely decomposed (completely splitting) in F 0 if it has [F 0 : F ] places of F 0 above it; equivalently, if e(P 0 |P ) = f (P 0 |P ) = 1 for all P 0 above P . In the case that the extension F 0 /F is a Galois extension, one has e(P 0 |P ) = e(Q0 |P ) = e



and



f (P 0 |P ) = f (Q0 |P ) = f



for every place P of F and all places P 0 , Q0 of F 0 lying over P . Hence, for Galois extensions, the fundamental equality takes the nicer form [F 0 : F ] = r · e · f where r denotes the number of places P 0 above P .



(2.2)
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Definition 3 Let F 0 /F be an algebraic extension of function fields and P ∈ PF . An extension P 0 of P in F 0 is (i) said to be tamely ramifed if P 0 is ramified and p = charFq does not divide the ramification index e(P 0 |P ). (ii) said to be widely ramified if P 0 is ramified and p = charFq divides e(P 0 |P ). The next proposition is quite helpful in determining the order of ramification in the compositum of function fields, (see [41], p. 125).



Lemma 2.2 (Abhyankar’s Lemma) Let F 0 /F be a finite separable extension of function fields. Suppose that F 0 = F1 F2 is the compositum of two intermediate fields F ⊆ F1 , F2 ⊆ F 0 . Let P 0 ∈ PF 0 be an extension of P ∈ PF , and set Pi := P 0 ∩ Fi for i = 1, 2. Assume that at least one of the extensions P1 |P or P2 |P is tame, then e(P 0 |P ) = lcm{e(P1 |P ), e(P2 |P )}. A practical way of determining the rational places of an algebraic function field F 0 is to study the splitting behavior of the rational places of the rational function field Fq (x) in F 0 . Note that all the places of the rational function field are given in Example 1.



Another important invariant of a curve C is its genus (equivalently, the genus of the algebraic function field Fq (C)). A useful way to determine the genus of a curve C1 is to present it as a branched covering of another curve C0 of which one knows the genus. Let φ : C1 → C0 be a non-constant morphism, the degree of φ is defined to
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be the degree of the field extension Fq (C1 )/Fq (C0 ). Suppose that the extension Fq (C1 )/Fq (C0 ) is a separable field extension, the ramification divisor of φ, denoted by Rφ , is defined as follows: Let P1 ∈ C1 be such that φ(P1 ) = P0 . Let t1 and t0 be local parameters at P1 and P0 , respectively, (i.e., vP1 (t1 ) = vP0 (t0 ) = 1). Denote by φ∗ : Div(C0 ) → Div(C1 ) the pullback homomorphism defined by φ∗ (P0 ) =



X



eP P



φ(P )=P0



P ∈C1



and extended to all divisors by linearity. Then φ∗ (dt0 ) = gdt0 for some g in the local ring of P0 . Let vP1 (g) = aP1 , then the ramification divisor is the positive divisor defined by Rφ =



X



aP1 P1 ,



where the summation is over all P1 ∈ C1 , (in fact, the sum is over all ramification points of φ which is finite in number).



Theorem 2.3 (Hurwitz genus formula) Let φ : C1 → C0 be a non-constant separable morphism of degree n. Then 2g(C1 ) − 2 = n(2g(C0 ) − 2) + deg Rφ . A special case of Theorem 2.3 is when all the ramification points are tamely ramified, (see Definition 3). In this case the ramification divisor is given by the ramification indices, (see, for example, [36], p. 95).



Theorem 2.4 Let φ : C1 → C0 be a non-constant separable morphism of degree n. If all the ramified points of φ are tamely ramified, then 2g(C1 ) − 2 = n(2g(C0 ) − 2) +



X



P1 ∈C1



(eP1 − 1).



2. PRELIMINARIES



2.3



18



Bounds on the Number of Fq -Rational Points on a Curve



Let Fq be a finite field with q = pν elements and C be a curve (smooth projective absolutely irreducible) defined over Fq . Let Nq (C), g(C) denote the number of Fq -rational points and the genus of C, respectively, (equivalently, Nq (C) is the number of Fq -rational places of Fq (C), and g(C) is the genus of the function field Fq (C)), the celebrated Hasse-Weil bound is; √ Nq (C) ≤ q + 1 + 2g(C) q.



(2.3)



The bound (2.3) was improved by J. P. Serre to the bound: √ Nq ≤ q + 1 + g(C)[2 q]



(2.4)



where [x] denotes the integer part of x. (see, for example, [41]). √ √ q( q − 1) When g(C) ≤ , Serre bound (2.4) is the most general bound but for 2 √ √ q( q − 1) g(C) > , this bound is no more effective. In 1981, Ihara showed, [14], 2 by a simple and elegant argument that p (8q + 1)g 2 + 4(q 2 − q)g − g Nq (C) ≤ q + 1 + . (2.5) 2 √ √ q( q − 1) For g(C) > , Ihara bound is better than the bound given in (2.4). 2



For a fixed q and an integer g ≥ 0, let Nq (g) denote the maximum number of Fq -rational points that a smooth, projective, absolutely irreducible algebraic curve over Fq of genus g can have. It follows from (2.4) that √ Nq (g) ≤ q + 1 + g[2 q]



(2.6)



Oesterl´e gave an essential improvement of (2.4) and (2.5) in what is so called
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Oesterl´e bound by using Oesterle’s optimization of Serre’s method based on “explicit Weil formulas”. Oesterle’s bound on Nq (g) is of quite importance when g is relatively large with respect to q, [29]. It is of great importance for applications of curves with many points to construct curves whose number of Fq -rational points is equal or close to Nq (g). A curve C is called optimal curve if Nq (C) = Nq (g). To study the asymptotic behavior of Nq (g) for fixed q and g → ∞, Ihara [14] introduced the following quantity Nq (g) . g g→∞ √ It follows from Serre’s bound (2.4) that A(q) ≤ [2 q] for all q. Some improveA(q) = lim sup



ments on this bound were obtained by Ihara [14] and Manin [18]. Later Vl˘ad¸ut and Drinfeld [46] proved (Vl˘ ad¸ut-Drinfeld bound) A(q) ≤



√



q − 1.



(2.7)



In [9], Garcia and Stichtenoth, gave an explicit construction of a sequences of curves for which the bound (2.7) is reached for q a square. Hence for prime powers q that are square, the Vl˘ad¸ut-Drinfeld bound is the best possible.



2.4



Character Sums



Let Fq be a finite field with q = pm elements. Definition 4 A multiplicative character of Fq is a group homomorphism χ from the multiplicative group F∗q to the group U = {z ∈ C∗ : |z| = 1} i.e., χ : F∗q → U,



χ(xy) = χ(x) · χ(y).
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It is known that for a finite group G, the group of characters G0 is isomorphic to G itself (see, for example, [17] or [28]). Since the group F∗q is a cyclic group of order q − 1, every multiplicative character χ of Fq satisfies χq−1 = χ0 , where χ0 is the identity of the group of multiplicative characters which is given by χ0 (x) = 1 for every x ∈ F∗q . The order of the character χ is the smallest positive integer d such that χd = χ0 , and χ is said to be of exponent n if χn = χ0 . Clearly this is equivalent to d|n, where d is the order of χ. Suppose n|q − 1, then for any multiplicative character χ of exponent n and any x ∈ F∗q , we have χ(xn ) = χn (x) = 1. Thus χ(y) = 1 if y ∈ (F∗q )n , the group of non-zero nth powers.



Definition 5 An additive character of Fq is a group homomorphism ψ of the additive group of Fq to U = {z ∈ C∗ : |z| = 1} i.e., ψ : Fq → U



ψ(x + y) = ψ(x) + ψ(y).



Denote by T rq/p : Fq → Fp and N ormq/p : Fq → Fp , the trace map and norm map, respectively, defined by T rq/p (x) = x + xp + · · · + xp



r−1



,



r−1



N ormq/p (x) = x · xp · · · xp



.



It is known that every additive character ψ of Fq is given by ψa (x) =   exp 2πi T r(ax) for some a ∈ Fq (see, for example, [34], [17]). p Let Fqν be an extension of the field Fq of degree ν. If χ is a multiplicative character of Fq , then χν (x) = χ(N ormqν /q (x))
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is a multiplicative character of Fqν , it is called the multiplicative character induced by χ . Similarly, if ψ is an additive character of Fq , then ψν (x) = ψ(T rqν /q (x)) is an additive character of Fqν , which is called the additive character induced by ψ.



The number Nqν of solutions x, z ∈ Fqν of the equation z n = g(x) is given by Nqν =



X X χ



x∈



Fqν



χν (g(x)) =



X X χ



x∈



Fqν



χ(N ormqν /q g(x)),



(2.8)



where the sum is over all multiplicative characters of Fq of exponent n. The number Nqν of solutions x, y ∈ Fqν of the equation y q − y = f (x) is given by Nqν =



X X ψ



x∈



Fqν



ψν (f (x)) =



X X ψ



x∈



Fqν



ψ(T rqν /q f (x)),



(2.9)



where the external sum is over all additive characters ψ of the field Fq .



2.5



Linear Codes and Goppa Construction



Let p be a prime number and let Fq be a finite field with q = pν elements. Definition 6 A linear [n, k, d]q -code C is a subspace of Fnq , where n is called the length of the code C, k = dimFq C is called the dimension of C, and d is the minimum Hamming-distance between different elements of C.
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The Hamming distance on Fnq is defined by d(a, b) = |{i : ai 6= bi }|, where a = (a1 , · · · , an ) and b = (b1 , · · · , bn ). Each linear [n, k, d]-code C defines a pair of its relative parameters (δ, R), d k where δ = is the relative minimum distance and R = is the transmission n n rate of C. The performance of a code C is measured by its two invariants δ and R. So, the term “good code” means a code with large n, δ and R. In essence coding theory is a game, where one tries to find codes that optimize these invariants. There are some bounds on the parameters of any code and the most immediate one is the Singleton bound: k + d ≤ n + 1.



(2.10)



This bound can be written ‘by dividing (2.10) by n’ in the equivalent form: R+δ ≤1+



1 . n



(2.11)



The following example is a well-known class of codes, which attains the bound (2.10), and gives the motivation for the construction of geometric Goppa codes. Example 2 (Reed solomon Codes) Let ℘ = {P1 , · · · , Pn } ⊆ Fq be a subset of cardinality n. For an integer k with 1 ≤ k ≤ n, consider the k-dimensional vector space Lk := {f (X) ∈ Fq [X] : deg f ≤ k − 1} and the evaluation map ev : Lk 7−→ Fnq given by ev(f ) := (f (P1 ), · · · , f (Pn )). The map ev is injective and its image C is a [n, k, n − k + 1]q -code. The parameters of Reed-Solomon codes satisfy k + d = n + 1, i.e., they reach the Singleton bound (2.10), and because of this property, Reed-Solomon codes
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are widely used in coding theory. However, the length of Reed-Solomon codes is bounded by the size of the finite field Fq . Goppa construction of linear [n, k, d]q codes associated to a smooth projective curve C defined over a finite field Fq gives a natural generalization of Reed-Solomon codes [13]. Using this construction for linear codes, one can prove the existence ‘good codes’, whose length is much larger than the cardinality of Fq . We recall this well-known construction: Let C be an absolutely irreducible smooth projective curve of genus g defined over a finite field Fq . Let P = {p1 , p2 , · · · , pn } be a set of n-distinct Fq -rational points on C, and set D0 = p1 + p2 + · · · + pn . Let D be Fq -divisor on C, with its support disjoint from that of D0 . The linear space L(D) = {f ∈ Fq (C)∗ |(f ) + D ≥ 0} ∪ {0} yields the linear evaluation map Ev : L(D) −→ Fnq ,



f 7−→ (f (p1 ), f (p2 ), · · · , f (pn )).



The image of this map is the linear [n, k, d]q -code C = C(D0 , D), which is called a geometric Goppa code associated to the pair (D0 , D). The parameters k and d of this code can be estimated using standard facts about the geometry of curves (see, for example, [41] or [36]). In fact, if g ≤ degD ≤ n, then one has: i) d ≥ n − degD, ii) k ≥ degD + 1 − g, with equality if degD ≥ 2g − 1. Using the Singleton bound, one gets 1+



1 g k d 1 − ≤ + ≤1+ . n n n n n



d k and ) is one which arises from a n n curve C having as many points as possible. Therefore, a good code (one with large



3



Artin-Schreier Coverings of the Projective line



3.1



Statements of the Main Results



Let Fq denote a finite field with q elements. In this chapter, we construct smooth projective curves defined over Fq by the fibre products of Artin-Schreier extensions of the projective line P1 . We apply Goppa construction to these curves and obtain long linear codes with “good parameters”.



Definition 7 Let Fq (C) be the field of rational functions on a smooth projective absolutely irreducible curve C defined over Fq . The endomorphism of Fq (C) defined by ℘(f ) = f p − f is called Artin-Schreier operator.
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Definition 8 A function f (x) ∈ Fq (C) is called Artin-Schreier degenerate, if f (x) = ℘(h(x)) + a for some h(x) ∈ Fq (C) and a ∈ Fq . Otherwise, f (x) is called Artin-Schreier non-degenerate.



We can easily say that f (x) ∈ Fq (C) is Artin-Schreier non-degenerate, if there doesn’t exist any g(x) ∈ Fq (x) such that f (x) = g p (x) − g(x) + a, with a ∈ Fq . We abbreviate Artin-Schreier non-degenerate by “A-S non-degenerate”. The function field that we consider in this chapter is the rational function field Fq (x). Let f (x) ∈ Fq (x) be A-S non-degenerate, then the curve Cf defined over Fq by y p − y = f (x) ∈ Fq (x).



(3.1)



is absolutely irreducible. For example, it is known that if f (x) ∈ Fq [x], with deg f (x) = m and (m, p) = 1, then f (x) is non-degenerate, (cf. [34], p. 55). To find the number of Fq -rational points of the curve (3.1), we state the Hilbert’s Theorem 90. “we replace p by q and q by q ν to state the theorem in slightly a general form for subsequent use”. Let Fqν be a finite field with q ν = pmν elements, and let T rqν /q : Fqν −→ Fq denote the trace map defined by T rqν /q (x) = x + xq + · · · + xq



ν−1



.



Theorem 3.1 (Hilbert’s Theorem 90) For a ∈ Fqν , T rqν /q a = 0 if and only if a = bq − b for some b ∈ Fqν . Proof : See [16]. By this theorem, the number Nq (Cf ) of Fq -rational points of the smooth projective model of (3.1) is given by Nq (Xf ) = pN + 1



(3.2)
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where N = #{x ∈ Fq : T rq/p f (x) = 0}. We note that Artin-Schreier equation has only one point at infinity which is totally ramified, hence rational, (see Example 3).



Definition 9 Let A be Fq -linear subspace of Fq (x), A is called Artin-Schreier non-degenerate if each f (x) ∈ A is A-S non-degenerate. Let A be A-S non-degenerate linear space of Fq (x). Regarding A as a vector space over Fp , there is a basis {f1 (x), f2 (x), · · · , fs (x)} of A over Fp and one can write A = Fp f1 (x) + · · · + Fp fs (x). Then the system of equations over Fq given by y1p − y1 = f1 (x) .. .



(3.3)



ysp − ys = fs (x)



defines an absolutely irreducible curve Cs . The following lemma from [42] says that the curve Cs depends on A and doesn’t depend on the chosen basis. For the proof, see Lemma 2.1 in [42].



Lemma 3.2 The curve Cs defined by (3.3) is up to isomorphism independent of the chosen basis of A.



In [43], G. van der Geer and M. van der Vlugt considered the fibre products, √



yip − yi = ai x



q+1



,



yip − yi = ai xp



√ q



ai ∈ F∗q satisfying ai + ai = 0, q = pν , ν even,



ν+1 2 +1



ν−1



− ai 2 xp



ν−1 2 +1



,



ai ∈ F∗q , q = pν , ν odd.
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As a result, they got smooth projective curves Cs with  √  (ps − 1) q 2 g(Cs ) = √  (ps − 1) pq 2



1 ≤ s ≤ ν2 , ν even, 1 ≤ s ≤ ν, ν odd.



and the number of Fq -rational points of the curve Cs is   ps q + 1 Nq (Cs ) =  ps q + 1



1 ≤ s ≤ ν2 , ν even, 1 ≤ s ≤ ν, ν odd.



We modify the set of polynomials considered in [43] and construct a new family of smooth projective curves defined over Fq by the fibre product (3.3) with g number of Fq -rational points quite larger than q = |Fq | and the ratio is small. N Namely, we obtain the following:



Theorem 3.3 Let q = pν and Fq2 be a finite field with q 2 elements. Then for any integer s such that 1 ≤ s < q and (s, p) = 1, there exists a smooth projective curve Cs with genus g(Cs ) and number of Fq2 -rational points Nq (Cs ) satisfy (q N1 (s) − 1)(s(q + 1) − 1) , Nq (Cs ) = q N1 (s)+2 + 1, 2     s s(q + 1) − 1 where N1 (s) = s − + 2 logp ( ) . p q g(Cs ) ≤



For q = pν with ν ≥ 3 an odd number, we have the following similar result: Theorem 3.4 Let q = p2ν+1 and Fq be a finite field with q elements. Then for any integer s such that 1 ≤ s < pν−1 and (s, p) = 1, there exists a smooth projective curve Cs with genus g(Cs ) and number of Fq -rational points satisfy (pN2 (s) − 1)(s(pν+1 + 1) − 1) , 2   s where N2 (s) = (2ν + 1)(s − ). p g(Cs ) 
 s − [ ps ] + 2[logp ( s(q+1)−1 q



(q N1 (s) −1)(s(q+1)−1) , 2



there exists a



geometric Goppa [n, k, d]q2 -code C(D0 , D) with parameters l < n ≤ q N1 (s)+2 , k≥l−



(q N1 (s) −1)(s(q+1)−1) 2



+ 1,



d ≥ n − l. Proof : Let Cs be the (smooth projective) curve in Theorem 3.3. Let S be the set of Fq2 -rational points of Cs at the finite part of it, and let p∞ denote the point of Cs at infinity. By Lemma 3.14, |S| = q N1 (s)+2 . Let n ≤ q N1 (s)+2 and set D0 = p1 + p2 + · · · + pn ,



D = lp∞ .



Applying Goppa’s construction to these Fq2 -divisors on Cs for any integer l such that



(q N1 (s) −1)(s(q+1)−1) 2



< l < n, we get the required code. 



The corresponding codes to the curves given in Theorem 3.4 with quite similar proof is:



Corollary 3.18 Let Fq be a finite field with q = p2ν+1 elements, and let s be any integer such that 1 ≤ s < pν−1 and (s, p) = 1. Let N2 (s) = (2ν + 1)(s − [ ps ]).
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(pN2 (s) −1)(s(pν+1 +1)−1) , 2
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there exists a geometric Goppa [n, k, d]q -



code C(D0 , D) with parameters l < n ≤ qpN2 (s) k≥l−



(pN2 (s) −1)(s(pν+1 +1)−1) 2



+1



d ≥ n − l. Remark 3.19 The longest code in Corollary 3.17 has length p2ν pν((p−1)p ν−2



ν−1 +ν)



,



and the longest one in Corollary 3.18 has length p(2ν+1)(p−1)p . The relative k d parameters R = and δ = of the codes in Corollary 3.17 and Corollary 3.18 n n satisfy, respectively: R≥1−δ− R≥1−δ−



(q N1 (s) − 1)(s(q + 1) − 1) − 1 , q N1 (s)+2 + 1



(pN2 (s) − 1)(s(pν+1 + 1) − 1) − 1 . qpN2 (s) + 1



4



Multiple Kummer Coverings of the Projective Line In this chapter we study in details the genus and the number of Fq -rational points of some multiple Kummer coverings of the projective line P1 . The polynomials that we will consider in the last section of this chapter were studied by Stepanov ¨ [37], [35], Ozbudak [24], [25], Glukhov [11], [12]. The purpose is to apply the results in this chapter to obtain and prove the results in Chapter 5.



4.1



Genus Calculation



Let Fq be a finite field with q elements and let n be an integer such that n|q − 1. Definition 10 A polynomial g(x) ∈ Fq [x] is called nth Kummer degenerate if there exists a function u(x) ∈ Fq [x] and a divisor d of n such that d > 1 and g(x) = u(x)d . Otherwise, g(x) is called nth Kummer non-degenerate.



40
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Suppose that g(x) satisfies the condition: “There exists a place P ∈ PFq (x) such that gcd(n, vP (g(x))) = 1”,



(4.1)



then g(x) is nth Kummer non-degenerate and the extension Fq (x)(z)/Fq (x) where z n = g(x),



with n a divisor of q − 1,



is a cyclic field extension of Fq (x) with [Fq (x)(z) : Fqν (x)] = n and Fq is the full constant field of K := Fq (x)(z). In the language of curves, the curve C given by the affine Kummer equation: z n = g(x),



n|q − 1



(4.2)



is absolutely irreducible. In computing the genus of the curve, we will always consider the curve over an algebraic closure of the constant field. Namely, we will consider the algebraic constant field extension K 0 := Fq K of the function field of the curve. The genus will be the same in this case (see, for example, [41], p. 101). The genus of the function field K defined by (4.2) can be easily derived from the degree of g(x) and the multiplicities of its zeros as follows: Let x = α ∈ Fq be a zero for g(x) with multiplicity nα , then we have dα points on the curve C with first coordinate x = α, where dα = gcd(n, nα ) and these n dα points have ramification index eα := . Since the ramification is tame, the dα different exponent is equal to eα − 1 =



n n −1= − 1. dα gcd(n, nα )



Similarly, define the multiplicity of α = ∞ by n∞ =deg g(x), then the ramification n index is e∞ = , where d∞ = gcd(n, n∞ ), and the different exponent is d∞ n n −1= − 1. e∞ − 1 = d∞ gcd(n, deg g)
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So, if one writes g(x) = (x − α1 )n1 · · · (x − αt )nt ,



(4.3)



it follows from this observations and Hurwitz genus formula (Theorem 2.4) that: t



1X g(C) = 1 − n + gcd(n, degg) + (n − (n, ni )). 2 i=1 In particular, if ni = 1 for all i = 1, · · · , t in (4.3), then we have the following: Lemma 4.1 Let g1 (x), h1 (x) ∈ Fq [x] be square free, relatively prime polynomials with deg g1 = d1 , deg h1 (x) = b1 . Let n ≥ 2 be an integer such that n|q − 1 and set d = (n, b1 + d1 ). Then the genus of the curve C1 given by z n = g1 (x)h1 (x) is g(C1 ) =



 1 (n − 1)(b1 + d1 ) − n − d + 1. 2



Lemma 4.2 Let g1 (x), · · · , gr (x) ∈ Fq [x] be square free polynomials of the same degree d1 , and h1 (x), · · · , hr (x) ∈ Fq [x] be square free polynomials with the same degree b1 . Let n ≥ 2 be an integer with n|q − 1 and set d = (n, b1 + d1 ). Assume that gj (x), hj (x), j = 1, · · · , r are pairwise coprime. Then the genus of the curve Cr defined over Fq by; zjn = gj (x)hj (x), is given by g(Cr ) =



1 ≤ j ≤ r,



 nr−1  r(n − 1)(b1 + d1 ) − n − d + 1. 2



Proof : Let K = Fq (x, z1 , z2 , · · · , zr ) be the function field corresponding to the curve Cr and let Kj = Fq (x)(zj ). Then each Kummer extension Kj /Fq (x) is of degree n, since the zeros of gj (x)hj (x) are simple. (In fact, one simple zero j an is enough to guarantee that degree is n, by condition 4.1). Denote by P∞
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infinite place of the extension Kj /Fq (x) lying over the infinite place P∞ of the rational function field Fq (x). The Kummer extension Kj /Fq (x) is ramified at P∞ , if d = (n, b1 + d1 ) < n and unramified, if d = n. The ramification index is given n j by e(P∞ , P∞ ) = . By Abhyankar’s Lemma (Lemma 2.2), the ramification index d n K , P∞ ) = . in the compositum field K is given by e(P∞ d Let Z(gj (x)hj (x)) = {a ∈ Fq : gj (a)hj (a) = 0},



Z=



r [



Z(gj (x)hj (x)).



j=1



Denote by Paj a place of Kj /Fq (x) which lies over the place Pa of Fq (x). The extension Kj /Fq (x) is ramified at Pa if and only if a ∈ Z(gj (x)hj (x)), and the ramification index is e = n, since the zeros of gj (x)hj (x) are simple. Again, by Abhyankar’s Lemma the ramification index of Pa in the compositum field K is n for any a ∈ Z. Since the polynomials gj (x)hj (x), j = 1, · · · , r are pairwise coprime, [Fq (x, z1 , z2 , · · · , zr ) : Fq (x)] = nr . By Hurwitz genus formula, g(K) =



 nr−1  (n − 1) · |Z| − n − d + 1. 2



We note also that since the polynomials gj (x)hj (x), j = 1, · · · , r are pairwise coprime and square-free, we have |Z| = r(b1 + d1 ), the proof is finished.  F. Arslan and S. Sert¨oz [1] computed the genus of the complete intersection given in Lemma 4.2. The equations in their result were defined over C but since the ramification is tame, their result and Lemma 4.2 match, (see Theorem 4 in [1]).



Corollary 4.3 Let g1 (x), · · · , gr (x) ∈ Fq [x] be square free polynomials of the same degree d1 , and h1 (x), · · · , hr (x) ∈ Fq [x] be square free polynomials with the same degree b1 . Let n ≥ 2 be an integer such that n|q − 1. Let n1 , ν1 be two positive integers such that n = n1 + ν1 , gcd(n, n1 ) = 1, and set d = gcd(n, n1 d1 + ν1 b1 ).
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Then the genus of the curve Cr0 defined over Fq by; zjn = gj (x)n1 hj (x)ν1 , is given by g(Cr0 ) =



1≤j≤r



 nr−1  r(n − 1)(b1 + d1 ) − n − d + 1. 2



Proof : For any α such that gj (α) = 0 for some j = 1, · · · , r, (in fact, there is only one j because of the condition on gj0 s), the ramification index is e(Pα ) = n = n, by assumption on n1 . Similarly, for any β such that hj (β) = 0 gcd(n, n1 ) n for some j = 1, · · · , r, the ramification index is e(Pβ ) = = n. Note gcd(n, ν1 ) that gcd(n, ν1 ) = 1, because n = n1 + ν1 and gcd(n, n1 ) = 1. By Abhyankar’s Lemma the ramification index for the infinite place in the function field K 0 = n Fq (x, z1 , z2 , · · · , zr ) is e(P∞ ) = . Hurwitz genus formula gives d XX X 2g(K 0 ) − 2 = −2nr + (eP − 1) + (eP − 1) Pa P |Pa



= −2nr + (n − 1)



XX



P |P∞



1+(



Pa P |Pa



= −2nr + (n − 1)r(b1 + d1 )



r



X n 1 − 1) d P |P∞



n n dnr + ( − 1) . n d n



The result follows. 



4.2



The Number of Fq -Rational Points



Let Fqν be a finite field with q ν elements and n ≥ 2 be an integer such that n|q −1. Let g(x) ∈ Fqν [x] be nth -Kummer non-degenerate polynomial (see definition 10). Then the extension K = Fqν (x, z)/Fqν (x) defined by z n = g(x)



(4.4)



is a function field extension over Fqν (i.e., Fqν is also algebraically closed in K).
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As noted in section 2.4, the number of Fqν -solutions to the affine curve defined by (4.4) is Nqν =



X X χ



x∈



Fqν



χν (g(x)) =



X X χ



x∈



Fqν



χ(N ormqν /q g(x)),



where the sum is over all multiplicative characters of Fq of exponent n. Let n = n1 + n2 with n1 , n2 are positive integers and gcd(n1 , n) = 1. The family of polynomials   (ν−2) n1  (ν+2) n2   xq 2 −1 + 1 xq 2 −1 + 1  (ν−1) n1  (ν+1) n2 g(x) =   xq 2 −1 + 1 xq 2 −1 + 1



ν is even ν is odd



¨ ¨ were studied in Stepanov [35], [37], Stepanov and Ozbudak [38], Ozbudak [24], [25], and Glukhov [11], [12]. Here, we collect some facts about this family of polynomials in order to use them later. Let u = 1 if ν = 1 and u = 2 if ν = 2. The following lemma about the greatest common divisor of the polynomials xq



(ν+u) 2 −1



+ 1 and xq



(ν−u) 2 −1



+ 1 is



proved in [12].



Lemma 4.4 Let q ν = pmν , where p is a prime, m ≥ 1, ν > 2 are integers. Then    1 q is odd, ν is odd or ν ≡ 2 (mod 4),   (ν+u) (ν−u) gcd (xq 2 −1 +1, xq 2 −1 +1) = xq−1 + 1 q arbitrary and 4|ν or q even and ν odd,     xq2 −1 + 1 if q is even, ν ≡ 2 (mod 4). It is convenient for us to separate the values of q and ν into the following three cases: (1) q is odd, ν is odd or ν ≡ 2 (mod 4), (2) q is arbitrary and 4|ν or q is even ν odd, (3) q is even, ν ≡ 2 (mod 4). The greatest common divisor suggests that one defines the following polynomials
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for the three cases correspondingly: G1 (x) = xq



(ν−u) 2 −1



xq



(ν−u) 2 −1



G2 (x) =



+ 1,



H1 (x) = xq



(ν+u) 2 −1



+1 , q−1 x +1



xq



(ν+u) 2 −1



H2 (x) =



(ν−u)



xq−1



+1



+1 +1



(ν+u)



xq 2 −1 + 1 G3 (x) = , xq2 −1 + 1



xq 2 −1 + 1 H3 (x) = xq2 −1 + 1



Lemma 4.5 For i = 1, 2, 3, the polynomials Gi (x), Hi (x) defined above satisfy the following: (1) Gi (x), Hi (x) are monic polynomials, (2) gcd (Gi (x), Hi (x)) = 1, (3) Gi (x), Hi (x) are square free polynomials, (4) q − 1 divides deg Gi (x)Hi (x). Proof : (1) easy. (2) follows from Lemma 4.4. (3) each of the polynomials G1 (x), H1 (x), (xq−1 + 1)G1 (x), (xq−1 + 1)H1 (x), (xq



2 −1



+ 1)G1 (x), (xq



2 −1



+ 1)H1 (x) is relatively prime with its derivative. Hence,



they are separable polynomials. (4) deg G1 (x)H1 (x) = q



(ν−u) 2



deg G2 (x)H2 (x) = q(q



−1+q



(ν−u) 2



deg G3 (x)H3 (x) = q 2 (q



(ν−u) 2



− 1) + q(q



(ν−u) 2



− 1; (ν−u) −1 2



− 1) + q 2 (q



− 1);



(ν−u) −1 2



− 1). 



Let n ≥ 2 be an integer such that n|q − 1 and let n = n1 + n2 where n1 , n2 are positive integers such that gcd(n, n1 ) = 1, (hence gcd(n, n2 ) = 1 as well). Now, define the following polynomials: n1



n2



g1 (x) = G1 (x) H1 (x)



n1  (ν+u) n2  (ν−u) q 2 −1 q 2 −1 +1 x +1 = x
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g2 (x) = G2 (x)n1 H2 (x)n2 =



(ν−u) 2 −1



 xq



g3 (x) = G3 (x)n1 H3 (x)n2 =



n1



(ν+u)
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n2



+ 1   xq 2 −1 + 1  xq−1 + 1 xq−1 + 1 n1 n2 (ν−u) (ν+u)  xq 2 −1 + 1   xq 2 −1 + 1 



(4.5)



. xq2 −1 + 1 xq2 −1 + 1 The following theorem gives the number of Fqν -solutions to the affine equation z n = gi (x), i = 1, 2, 3, (see [11], [12]). Theorem 4.6 Let Fqν be a finite field with q ν = pνm elements, with ν > 2. Let n = n1 + n2 be an integer such that n|q − 1 with n1 , n2 be two positive integers such that (n1 , n) = 1. Then the number of Fqν -rational points for each of the following affine equations    g (x) q is odd, ν is odd or ν ≡ 2 (mod 4),   1 yn = g2 (x) q arbitrary and 4|ν or q even and ν odd,     g (x) if q is even, ν ≡ 2 (mod 4), 3



the number is Nq = nq ν . Proof : See [11], [12].



Theorem 4.6 says that for i = 1, 2, 3 with the corresponding q and ν, we have χν (gi (x)) = χ(N ormqν /q gi (x)) = 1 for all multiplicative characters of Fq of exponent n. Let c1 , · · · , cqν be the elements of Fqν , and define gij (x) = gi (x + cj )



i = 1, 2, 3,



j = 1, · · · , q ν .



It is clear that for i = 1, 2, 3 and for all j = 1, · · · , q ν , one has χν (gij (x)) = χ(N ormqν /q gij (x)) = χν (gi (x)) = χ(N ormqν /q gi (x)) = 1 for all multiplicative characters of Fq of exponent n. Hence, for i = 1, 2, 3, the number of Fqν -solutions for each of the affine equations y n = gij (x)



j = 1, · · · , q ν
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is the same, which is equal to n · q ν (by Theorem 4.6). For i = 1, 2, 3, set n   o Bi := gik (x) : gcd gil (x), gim (x) = 1 if l 6= m .



(4.6)



That is, for i = 1, 2, 3, Bi is the set of all pairwise coprime polynomials in the set {gij (x) : j = 1, · · · , q ν }. ¨ The cardinalities of the sets B1 , B2 , B3 were proved by Ozbudak in [24] and [25]. The cardinalities are given by the following: Theorem 4.7 Let B1 , B2 , B3 be as above, then |B1 | = q ν , |B2 | = q ν−1 , |B3 | = q ν−2 . Proof: [24], [25]. For i = 1, 2, 3, the polynomials in Bi are pairwise coprime by definition of Bi and square-free by Lemma 4.5. Hence, one has the following: Theorem 4.8 Fix i ∈ {1, 2, 3}. Let Bi be given by (4.6). Then for any 1 ≤ r ≤ |Bi |, the number of Fqν -solutions to the affine curve Cr defined by zijn = gij (x),



1 ≤ j ≤ r, and gij (x) ∈ Bi are different,



is q ν · nr .



fr of Cr is The genus of the smooth projective model C



 nr−1  r(n − 1)(deg Gi + deg Hi ) − n − d + 1 2 where Gi , Hi are given by 4.5 and d = gcd(n, deg gi ), where gi is given in 4.5. fr ) = g(C



Proof : Since the number of Fqν -solutions is nq ν for any equation in the system defining the curve, the fibre over x on Cr has nr Fqν -rational points for any x ∈ Fqν . The assertion about the genus follows from Corollary 4.3. 



5



Artin-Schreier and Kummer Coverings of the Projective Line



5.1



Preliminaries and Statement of the Main Result



Let q = pm be a power of a prime number and Fqν be a finite field with q ν elements, ν ≥ 2. In this chapter, we construct curves defined over Fqν by the system of equations yiq − yi = fi (x) zjn = gj (x)



1≤i≤s 1 ≤ j ≤ r.



(5.1)



First, let us consider the smooth projective curve defined over Fqν by the affine equation y q − y = f (x)



(5.2)



where f (x) ∈ Fqν (x). If the polynomial φ(T ) = T q − T − f (x) is irreducible over Fqν (x)[T ], then the
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function field extension E = Fqν (x)(y)/Fqν (x) defined by (5.2) is an elementary abelian p-extension of the rational function field Fqν (x), (i.e., the extension E/Fqν (x) is a Galois extension with Galois group Gal(E/Fqν (x)) elementary abelian of exponent p). Conversely, for any elementary abelian p-extension of the rational function field E/Fqν (x), there exists an element y ∈ E such that E = Fqν (x)(y) and the minimal polynomial of y over Fqν (x) is given by (5.2), (see, [9]). We state the following proposition which collects the basic facts about algebraic extensions of function fields whose Galois group are elementary abelian of exponent p. This proposition will be our main tool in what follows. The proof can be found in, for example, ([41], p. 115) or ([36], p. 137).



Proposition 5.1 Let q be an arbitrary prime power, and let F be an algebraic function field with full constant field Fqν . Let u ∈ F and assume there exists at least one place P ∈ PF such that there exists



z∈F



with



vP (u − (z q − z)) = −m < 0



and



(p, m) = 1.



Consider the field extension F 0 = F (y) with y satisfying the equation y q − y = u.



(5.3)



Then for any place P ∈ PF , there is an element z ∈ F such that vP (u−(z q −z)) ≥ 0, or there is a z ∈ F with vP (u − (z q − z)) = −m < 0 and (p, m) = 1. For each place P ∈ PF let mP be the “well defined integer” determined as follows: mP = −1 if vP (u − (z q − z)) ≥ 0 for some z ∈ F , and mP = m if there is a z ∈ F with vP (u − (z q − z)) = −m < 0 and (q, m) = 1. Moreover, the following holds: 1. F 0 /F is a Galois extension of degree q = pn , and the Galois group of F 0 /F is isomorphic to (Z/pZ)n .
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2. Fqν is algebraically closed in F 0 . 3. Any P ∈ PF is unramified in F 0 /F if and only if mP = −1. 4. P is completely ramified in F 0 /F if and only if mP > 0; and if P 0 is the unique prime divisor of F 0 lying over P , then the different exponent of P 0 |P in F 0 /F is given by d(P 0 |P ) = (q − 1)(mP + 1), and the genus of F 0 is given by g(F 0 ) = q · g(F ) +



 X q − 1 −2+ (mP + 1)degP . 2 P ∈P F



Example 3 Let ν ≥ 2 and let f (x) ∈ Fqν [x] be a polynomial with deg f (x) = m, gcd(m, q) = 1. Then the smooth projective curve C defined over Fqν by y q − y = f (x) has genus



g(C) =



(q − 1)(m − 1) 2



and number of Fqν -rational points is given by Nqν (C) = q · #{x ∈ Fqν : T rqν /q f (x) = 0} + 1. i) Using Hilbert’s Theorem 90, one gets that the number of affine solutions to the curve in this example is q · #{x ∈ Fqν : T rqν /q f (x) = 0}. ii) If P is any finite place of Fqν (x) and vP is the corresponding normalized valuation, then vP (f (x)) ≥ 0, i.e., one can take z = 0 in the notations of Proposition 5.1. iii) If P∞ is the infinite place of the rational function field, and v∞ is the corresponding normalized valuation, then v∞ (f (x)) = −m. So, one can take the
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infinite place of the rational function field to satisfy the condition of Proposition 5.1. By that proposition, the infinite place is completely ramified, so there is one point at infinity in the curve C, which is rational. The integer mp∞ = m and substituting this in the formula of the different exponent gives the formula for the genus.



Let Fqν denote a finite field with cardinality q ν , where q = pm is a power of a prime and ν ≥ 2. Let f1 (x), f2 (x), · · · , fs (x) be a basis of a linear Fq -subspace in Fqν [x] such that gcd(deg fi (x), p) = 1 for all 1 ≤ i ≤ s. Moreover, let n be an integer, n ≥ 2, such that n|q − 1, and g1 , g2 , · · · , gr ∈ Fqν [x] be squarefree polynomials having the same degree d, and suppose that gj (x) are pairwise coprime. Then the system of equations yiq − yi = fi (x)



1≤i≤s



zjn = gj (x)



1≤j≤r



(5.4)



defines an absolutely irreducible curve, (by Proposition 5.1). Let K = Fqν (x, z1 , · · · , zr ) be the algebraic function field defined by the equations zjn = gj (x)



1 ≤ j ≤ r.



Then by the conditions on the gj (x), one has [Fqν (x, z1 , · · · , zr ) : Fqν (x)] = nr . The function field E corresponding to the curve in (5.4) is an algebraic function field extension of degree q s of the function field K = Fqν (x, z1 , · · · , zr ), and one has the following function field extensions K ⊆ K(y1 ) ⊆ K(y1 , y2 ) ⊆ · · · ⊆ K(y1 , y2 , · · · , ys ).
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Each extension has degree q in the subsequent one. To prove this fact, it is enough (by Proposition 5.1) to find in each step a place Pj ∈ PK(y1 ,···,yj ) which is completely ramified in K(y1 , · · · , yj+1 ). We will prove that in each case an infinite place will do the job. It is known that by fibre products of Artin-Schreier and Kummer extensions, one cannot get asymptotically good curves, [4]. That is, N (X) = 0. g(X)→∞ g(X) lim



So, one expects that there are bounds on s and r in (5.4) to keep the ratio



g(X) Nqν (X)



small enough to construct linear codes. Let E(ν, r, s) be the function of s and r defined by:  ν−1 ν+1  r(q ν+1 2 + q 2 − 2) + s(q 2 + 1) E(ν, r, s) =  r(q ν2 +1 + q ν2 −1 − 2) + s(q ν2 + 1)



ν is odd



(5.5)



ν is even.



In order to get curves of the type (5.4) with many points it is necessary to



choose the polynomials fi (x), gj (x) ∈ Fqν [x] such that equation (5.4) has a large number of solutions in the field Fqν . One way of getting a large number of solutions to (5.4) is to have a (large) subset A ⊆ Fqν satisfying 1. T rqν /q fi (x) = 0 for all x ∈ A and for all fi (x), 2. χ(N ormqν /q (gj (x))) = 1 for all x ∈ A and for all gj (x), where χ is any character of the group F∗q whose index equals n. We apply the fibre products (5.4) to some polynomials fi (x), gj (x) satisfying conditions 1 and 2 with A = Fqν . Namely, the polynomials we will consider in the fibre product (5.4) are: (i) A modified set of the polynomials considered in chapter 3 for the ArtinSchreier part.
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(ii) The polynomials in chapter 4 for the Kummer part. We obtain the following result: Theorem 5.2 Let Fqν be a finite field with q ν elements, ν > 2, and let n ≥ 2 be an integer with n|q − 1. Let s and r be positive integers such that (s, p) = 1 and E(ν, r, s) ≤ q ν , where E(ν, r, s) is given in (5.5). Then there exist two families of polynomials Aj and Bj for each case j = 1, 2, · · · , 6 such that the affine curve given by (5.4) has Nqν (C(s,r) ) = nr · q s · q ν many Fqν -rational points and genera g(C(s,r) ) bounded by the numbers given in table thefollowing table: TABLE I p



ν



bounds on the genus  (q 2 + 1) − 2q) − 2n + I(ν, n, r, s) 2  r−1  ν−2 s n = 4k + 2 ≤ q · r(n − 1)(q 2 (q 2 + 1) − 2q 2 ) − 2n + I(ν, n, r, s) 2r−1   ν−1 s n 2 odd ≤q · r(n − 1)(q (q + 1) − 2q) − 2n + I(ν, n, r, s) 2  r−1  ν−2 n = 4k ≤ qs · r(n − 1)(q 2 (q 2 + 1) − 2q) − 2n + I(ν, n, r, s) 2r−1   ν−2 s n 2 2 = 4k + 2 ≤ q · r(n − 1)(q (q + 1) − 2) − 2n + I(ν, n, r, s) 2r−1   ν−1 n odd ≤ qs · r(n − 1)(q 2 (q + 1) − 2) − 2n + I(ν, n, r, s) 2



p = 2 ν = 4k p=2 ν p=2 ν p>2 ν p>2 ν p>2 ν



≤ qs ·



r−1 



n



r(n − 1)(q



ν−2 2



with I(ν, n, r, s) given by:  r−1 s     n (q − 1) s(q ν+1 2 + 1) + 1 + 1 2 I(ν, n, r, s) =  r−1 s n (q − 1)  ν   2 s(q + 1) + 1 + 1 2



ν is odd ν is even.



Remark 5.3 The exact value of the genus of the curves in each case is computed but we state only a bound on the genus for typographic reasons. Remark 5.4 The number of Fqν -rational points in the main theorem is of order
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nr · q s · q ν which is far larger than q ν which is the number of elements in the field Fqν . The condition E(ν, r, s) ≤ q ν keeps the ratio



g(X) Nqν (X)



small which is of



particular interest in applications.



5.2



Genus Calculation



Let p be a prime number and q = pm be a power of p. Let Fqν be a finite field with q ν elements, and let Fq be an algebraic closure of Fqν . For convenience, we will consider the curves in this section to be defined over Fq in order to compute the genus. Let g1 (x), · · · , gr (x), h1 (x), · · · , hr (x) ∈ Fq [x] be monic, square free, pairwise coprime polynomials with gi (x) having the same degree d1 and hi (x) having the same degree b1 . Let n ≥ 2 be an integer such that n|q − 1 and let n1 , ν1 be two positive integers such that n = n1 + ν1 , gcd(n, n1 ) = 1. Set µ = n1 b1 + ν1 d1 and d = gcd(n, µ). Then the genus of the curve Cr defined over Fqν by: z1n = g1 (x)n1 h1 (x)ν1 .. .



(5.6)



zrn = gr (x)n1 hr (x)ν1 is given by g(Cr ) = See Corollary 4.3.



 nr−1  r(n − 1)(b1 + d1 ) − n − d + 1. 2



Let K = Fqν (x, z1 , z2 , · · · , zr ) be the algebraic function field with the relations given in (5.6), and let f (x) ∈ K be a polynomial function with deg f (x) = ` and gcd(`, q) = 1. By Proposition 5.1, the curve C(1,r) defined over Fqν by the system
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of equations y q − y = f (x) zjn = gj (x)n1 hj (x)ν1



1≤j≤r



(5.7)



is absolutely irreducible. In fact, if P is any finite place of K and vP is the corresponding normalized valuation, then vP (f (x)) ≥ 0. Namely, one can take z = 0 in the notations of K Proposition 5.1. If P∞ is an infinite place above the infinite place P∞ of the n K (f (x)) = −` · . rational function field, then v∞ d



We use Proposition 5.1 to give a formula for the genus of (5.7).



Lemma 5.5 The genus of the curve C(1,r) defined by the affine equation y q − y = f (x) zjn = gj (x)n1 hj (x)ν1



1≤j≤r



is given by  (q − 1)     nr−1  r−1 r(n − 1)(b1 + d1 ) − n − d + g C(1,r) = q · n n` + d + 1. 2 2 Proof : The function field of the curve C(1,r) is K(y), where K = Fqν (x, z1 , · · · , zr ). K Let v∞ be the normalized discrete valuation associated to an infinite place P∞ in



K, then n v∞ (x) = − , d



µ v∞ (zj ) = − . d



n Since v∞ (f (x)) = −`· , and gcd(p, −`· nd ) = 1, in the notation of Proposition 5.1, d n we have mP∞ = ` · . d Using the fundamental equality, one has X



K P ∈P∞



degP =



nr [K : Fqν (x)] r−1 = . n = dn K |P ) e(P∞ ∞ d
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For any finite place Pa of K, vPa (f (x)) ≥ 0, hence Pa is unramified in K(y)/K. So, the only places ramified in the extension K(y)/K are the places above the infinite place in the rational function field P∞ . By Proposition 5.1,  n q − 1 r−1 − 2 + dn (` · + 1) g(C(1,r) ) = q · g(K) + 2 d  nr−1    q − 1  = q r(n − 1)(b1 + d1 ) − n − d + 1 + − 2 + nr ` + dnr−1 2 2  (q − 1)   nr−1  r(n − 1)(b1 + d1 ) − n − d + nr−1 n · ` + d + 1 = q· 2 2



which is the required formula. 



1 be a point at infinity of the curve C(1,r) defined by Lemma 5.5 and let Let P∞ 1 1 v∞ be the normalized discrete valuation associated to P∞ , then 1 v∞ (x) = −q ·



n , d



1 v∞ (zj ) = −q ·



µ , d



1 v∞ (y) = −` ·



n . d



Let h(x) ∈ K(y) = Fqν (x, z1 , · · · , zr , y) be a polynomial with deg h(x) = m and gcd(m, q) = 1, and assume that m ≤ `. Let a, b be two integers such that a` + bq = m and a > 0. We will compute the genus of the curve defined over Fqν by y1q − y1 = h(x) y q − y = f (x) zjn = gj (x)n1 hj (x)ν1 ,



1 ≤ j ≤ r.



Since all the finite places in K(y) = Fqν (x, z1 , · · · , zr , y) are unramified in 1 , in the notation of Proposition 5.1. K(y, y1 )/K(y), it is enough to find mP∞



Without loss of generality we may assume f (x) = cx` ,



h(x) = kxm .



k Let α ∈ F∗qν be such that αq = a , then  c  1 h(x) − (αxb y a )q + αxb y a v∞   a 1 m q bq b a = v∞ kx − α x (y + f (x)) + αx y
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  1 kxm − αq xbq (y + cx` )a + αxb y a = v∞ a     X a i 1 m q bq = v∞ kx − α x y · (cx` )(a−i) + αxb y a i i=0 a     X a y i 1 m q a a`+bq q a a`+bq b a = v∞ kx − α c x −α c x + αx y i cx` i=1 a     X a y i 1 q a a`+bq b a = v∞ − α c x + αx y i cx` i=1   1 = v∞ αxb y a n = − · m. d We used the strict triangle inequality in the step prior to last step. This gives the unique integer m1P∞ in Proposition 5.1. These observations with Proposition 5.1 give the following lemma for the genus: Lemma 5.6 Let f (x), h(x) ∈ Fqν [x] be two Fq -linearly independent polynomials such that deg f (x) = `, deg h(x) = m and m ≤ `.



Let



g1 (x), · · · , gr (x), h1 (x), · · · , hr (x) ∈ Fqν [x] be monic, square free, pairwise coprime polynomials, with gi (x) having the same degree d1 and hi (x) having the same degree b1 . Let n ≥ 2 be an integer such that n|q − 1 and let n1 , ν1 be two positive integers such that n = n1 + ν1 , gcd(n, n1 ) = 1. Set µ = n1 b1 + ν1 d1 and d = gcd(n, µ). Then the genus of the curve C(2,r) given by the affine equations y1q − y1 = h(x) y q − y = f (x) zjn = gj (x)n1 hj (x)ν1 ,



1≤j≤r



is q−1 n ( − 2 + dnr−1 (m · + 1)) 2 d   n n (q − 1) r−1 2 n q( ` + 1) + ( m + 1) + 1 = q (g(K) − 1) + 2 d d



g(C(2,r) ) = q · g(C(1,r) ) +
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 (q − 1)  n  nr−1  n r(n − 1)(b1 + d1 ) − n − d + nr−1 q( ` + 1) + ( m + 1) + 1. 2 2 d d



Remark 5.7 We stress that the ordering m ≤ ` of the degrees of the polynomials h(x), f (x) is crucial as seen in the formula of the genus, (see Remark 3.7).



Easy induction argument on the number s gives the following result:



Theorem 5.8 Let Fqν be a finite field of q ν elements. Let f1 , f2 , · · · , fs ∈ Fqν [x] be a set of Fq -linearly independent polynomials with deg fi = mi , (mi , q) = 1, and m1 ≤ m2 ≤ · · · ≤ ms . Let g1 (x), · · · , gr (x), h1 (x), · · · , hr (x) ∈ Fqν [x] be monic, square free, pairwise coprime polynomials, with gi (x) having the same degree d1 and hi (x) having the same degree b1 . Moreover, let n ≥ 2 be an integer such that n|q − 1 and let n1 , ν1 be two positive integers such that n = n1 + ν1 , with gcd(n, n1 ) = 1. Set µ = n1 b1 + ν1 d1 and d = gcd(n, µ). Then the genus of the smooth projective model of the curve C(s,r) yiq − yi = fi (x),



1≤i≤s



zjn = gj (x),



1≤j≤r



is given by  nr−1  r(n − 1)(b1 + d1 ) − n − d 2  (q − 1) r−1  s−1 n n s−2 n + n q ( ms + 1) + q ( ms−1 + 1) + · · · + ( m1 + 1) + 1. 2 d d d



g(C(s,r) ) = q s



Remark 5.9 Since mi ≤ ms for all i ≤ s, one easily sees that g(C(s,r) ) ≤ q



r−1  sn



2







r(n − 1)(b1 + d1 ) − n − d +



nr−1 (q s − 1) n ( · ms + 1) + 1. 2 d



We use this note to obtain the bound on the genus in table I.
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Remark 5.10 In [3], F. Castro gave a bound for the genus of composite fields of an Artin-Schreier and Kummer extensions by computing the filtration of the ramification of the Galois group Gal(K/F ), but under the condition that all the functions on the Kummer part have different zero sets and poles.



The following lemma is quite useful, the proof is similar to that of Theorem 3.6, (see also Corollary 3.10).



Corollary 5.11 Let {f1 , f2 , · · · , fs } ∈ Fqν [x], ν ≥ 2, be a set of Fq -linearly independent polynomials having the same degree deg fi (x) = m and (mi , q) = 1. Then the genus of the curve Cs yiq − yi = fi (x) is given by g(Cs ) =



5.3



i = 1, · · · , s



(5.8)



(q s − 1)(m − 1) . 2



The Number of Fqν -Rational Points and Proof of The Main Result



Let Fqν be a finite field with q ν elements, where ν > 2 and q = pm , and let f (x) ∈ Fqν [x] be any non-zero polynomial. The number of affine Fqν -rational points of the equation y q − y = f (x)



(5.9)



is at most q ν+1 , (by Hilbert’s Theorem 90). We consider some special polynomials fi (x) ∈ Fqν [x], i = 1, · · · , s, for which the number of affine Fqν -rational points of the equation (5.9) attains the bound q ν+1 .
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ν



For the finite field Fq2ν and a ∈ F∗q2ν such that aq + a = 0. Set n o ν S1 := fj (x) ∈ Fq2ν [x] : fj (x) = axj(1+q ) , j = 1, 2, · · · . Lemma 5.12 For any f (x) ∈ S1 , the number of affine Fq2ν -rational points of the curve y q − y = f (x) is q 2ν+1 . Proof : Similar to the proof of Lemma 3.12. Lemma 5.13 Let Fq2ν be a finite field consisting of q 2ν elements. Let V = {a ∈ Fq2ν : aq + a = 0}. Then (i) V is Fq -linear subspace of Fq2ν , (ii) dimFq V = ν. Proof : (i) If a1 , a2 ∈ V and c ∈ Fq , then (a1 + a2 )q = aq1 + a1 + aq2 + a2 = 0 (ca1 )q + ca1 = cq aq1 + ca1 = c(aq1 + a1 ) = 0. (ii) Since |V | = q ν , the result follows.  Definition 11 A smooth projective curve C defined over a finite field Fq2 is said to be Hasse-Weil maximal if its number of Fq2 -rational points attains the HasseWeil bound Nq2 (C) = q 2 + 1 + 2g(C)q.
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The next Lemma from [5] gives restrictions on the genus of Hasse-Weil maximal curves.



Lemma 5.14 Let C be a Hasse-Weil maximal curve defined over Fq2 with genus g(C). Then g(C) ≤



(q − 1)2 4



or



g(C) =



q(q − 1) . 2



R¨ uck and Stichtenoth showed that the Hermitian curve defined over Fq2 by y q + y = xq+1 is the only (up to Fq2 -isomorphism) Hasse-Weil maximal curve whose genus is q(q − 1) g(C) = , [27]. 2 We use lemma 5.14 to prove that the monomials given in S1 are essentially the only monomials in Fq2ν [x] satisfy Lemma 5.12. Corollary 5.15 Let f (x) = cxq



ν +1



∈ Fq2ν [x] be a monomial such that



T rq2ν /q (f (x)) = 0 for all x ∈ Fq2ν . Then c ∈ V . Proof : Let a1 , · · · , aν be a basis of V over Fq . If c were not in V , then the curve defined by y1q − y1 = a1 xq .. .



ν +1



yνq − yν = aν xq q yν+1 − yν+1 = cxq



has genus g(C) =



q ν (q ν+1 −1) , 2



ν +1



ν +1



see Corollary 5.11.



Since for every x ∈ Fq2 , the fibre over x has q ν+1 solutions, we get that number of Fq2ν -rational points of the curve C is Nq2 (C) = q 2ν · q ν+1 + 1. Hence, the



5. ARTIN-SCHREIER AND KUMMER COVERINGS OF THE PROJECTIVE LINE



curve is Hasse-Weil maximal with genus g(C) >



63



q ν (q ν − 1) , a contradiction to 2



Lemma 5.14.  In [10], Gilliot proved Corollary 5.15 using bounds for exponential sums over finite fields, (see Corollary 1.3 in [10]). Fix an integer 1 ≤ s ≤ q ν − 1 and (s, p) = 1. Set



n o As := fi (x) ∈ S1 : degfi (x) ≤ s(q ν + 1), fi (x) are Fq -linearly independent . It is easy to show, (see [39]),    s |As | = ν s − . q



(5.10)



For the case ν is odd, we have the following:



Lemma 5.16 Let Fq2ν+1 be a finite field with q 2ν+1 elements, then for any b ∈ F∗q2ν+1 and any integer j ≥ 1, the number of affine Fq2ν+1 -rational points of the equation y q − y = bxj(q



ν+1 +1)



ν



− bq xj(q



ν +1)



is q 2ν+2 .



Proof : Similar to the proof of Lemma 3.15. Let b1 , b2 , · · · , b2ν+1 ∈ F∗q2ν+1 be a basis of Fq2ν+1 over Fq and s ≤ q ν−1 be an integer such that (s, q) = 1. Set n o ν ν+1 ν A0s := fjk (x) = bk xj(q +1) −bqk xj(q +1) : (j, q) = 1 and deg fjk (x) ≤ s(q ν+1 +1) It is easy to show, (see [39]), |A0s |



    s = 2ν + 1 s − . q



(5.11)
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The candidates polynomials for the Kummer equations in the system yiq − yi = fi (x),



1 ≤ i ≤ s,



zjn = gj (x),



1 ≤ j ≤ r,



(5.12)



with many Fqν -solutions that we will consider here are the polynomials considered in Chapter 4. More precisely, let n be an integer greater than 2 such that n|q − 1, and let u = 1 for odd ν and u = 2 for even ν. Let n1 , n2 be two positive integers such that n = n1 + n2 and gcd(n, n1 ) = 1. Then gi (x) are given by:   (ν−u) n1  (ν+u) n2  q 2 −1 q 2 −1  x + 1 · x + 1 q is odd, ν is odd or ν ≡ 2 (mod 4)          (ν−u) n1  q (ν+u) n2 2 2 −1 +1 −1 +1 q x x gi (x) = · q arbitrary and 4|ν or q even ν odd xq−1 +1 xq−1 +1       n1  q (ν+u) n2  (ν−u)   2 −1 +1  x  xq q22 −1−1 +1 · q is even, ν ≡ 2 (mod 4). 2 x +1 xq −1 +1 (5.13)



These polynomials were considered in the previous chapter and the number of solutions (x, z) ∈ Fqν × Fqν for the corresponding case (i = 1, 2, 3) for the affine equation z n = gi (x) is nq ν (see Theorem 4.6).



For any i = 1, 2, 3 and any cj ∈ Fqν let gij (x) = gi (x + cj ), where gi (x) are the polynomials given in (5.13), then the number of solutions of the equation y n = gij (x), n|q − 1, is the same for any i = 1, 2, 3 and any j = 1, 2, · · · , q ν , which is equal to n · q ν (by Theorem 4.6). Also, recall that in (4.6), the sets of polynomials Bi were defined as follows n   o Bi := gik (x) : gcd gil (x), gim (x) = 1 if l 6= m , i = 1, 2, 3
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Moreover, |B1 | = q ν , |B2 | = q ν−1 , |B3 | = q ν−2 , (see Theorem 4.7).



We summarize the set of polynomials that we have considered and have a large number of Fqν -solutions for the equations y q − y = f (x) and z n = g(x) in the following table. Table II p



ν



p=2



ν



p=2



ν



p=2



ν



p>2 ν p>2 ν p>2 ν



g(x)  q ν−2 2 −1



f (x)



n1  q ν+2 n2 x +1 x 2 −1 +1 = 4k · xq−1 +1 xq−1 +1 ν+2  q ν−2  n2  n 1 x 2 −1 +1 xq 2 +1 +1 = 4k + 2 · xq2 −1 +1 2 xq −1 +1  q ν−1  n2 n1  q ν+1 x 2 −1 +1 x 2 −1 +1 odd · xq−1 +1 xq−1 +1 ν+2  q ν−2  n2  n 1 x 2 −1 +1 xq 2 −1 +1 = 4k · xq−1 +1 xq−1 +1  ν−2 n1  ν+2 n2 q 2 −1 q 2 −1 = 4k + 2 x +1 +1 · x  ν−1 n1  ν+1 n2 q 2 −1 q 2 −1 x odd +1 +1 · x



ν



ax1+q 2 ν



ax1+q 2 bxq



ν+1 2 +1 ν



− bq



ν−1 2



xq



ν−1 2 +1



ax1+q 2 ν



ax1+q 2 bxq



ν+1 2 +1



− bq



ν−1 2



xq



ν−1 2 +1



Note: the finite field Fqν , ν > 2, n: a positive integer, n ≥ 2, n|q − 1, n = n1 + n2 , ν



where n1 , n2 ≥ 1 with g.c.d(n, n1 ) = 1. a ∈ F∗qν : aq 2 + a = 0, and b ∈ F∗qν .



Using the set of polynomials in As , or A0s , B1 , B2 , or B3 , (according to the corresponding case of q and ν), we prove the main theorem: Proof of Main Theorem: If one has T rqν /q fi (x) = 0 and χ(N ormqν /q (gj (x))) = 1 for all x ∈ Fqν and for all characters of the group F∗qν whose index equals n, then for any x ∈ Fqν the fibre over x on the affine curve C(s,r) yiq − yi = fi (x),



1 ≤ i ≤ s,



zjn = gj (x),



1 ≤ j ≤ r,



(5.14)
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has q s · nr Fqν -rational points. We use the polynomials in As or A0s (whichever is appropriate) for the ArtinSchreier part, and the polynomials of B1 , B2 , B3 (whichever is appropriate) for the Kummer part. The formulas (5.10), (5.11), and Theorem 4.7 give the cardinalities of these sets of polynomials. So, the number of Fqν -solutions of the affine curve C(s,r) is q ν · q s · nr . Since each of the polynomials G1 (x)H1 (x), G2 (x)H2 (x), G3 (x)H3 (x) is separable it has as many roots as its degree, and the elements of B1 , B2 , and B3 are pairwise coprime. Theorem 5.8 and the bounds   s(q ν+1 2 + 1) ν is odd mi ≤  s(q ν2 + 1) ν is even.



give the bound on the genus of the curve C(s,r) , (see Remark 5.9). 



5.4



Geometric Goppa Codes



In this section we apply Goppa’s construction of linear codes to the family of curves in Theorem 5.2, we obtain:



Corollary 5.17 Let Fqν be a finite field with q ν elements, ν > 2, and let t be an integer such that t|q − 1. Let r and s be two integers such that E(ν, r, s) ≤ q ν where  ν−1 ν+1  r(q ν+1 2 + q 2 − 2) + s(q 2 + 1) E(ν, r, s) =  r(q ν2 +1 + q ν2 −1 − 2) + s(q ν2 + 1)



ν is odd ν is even.



Moreover, let g(p, ν, r, s) be the bounds on the genus given in table I, for the corresponding cases, i = 1, · · · , 6. Then for any l > g(p, ν, r, s), there exists a
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geometric Goppa [n, k, d]q -code C(D0 , D) with parameters l < n ≤ tr q ν q s , k ≥ l − g(p, ν, r, s), d ≥ n − l. Proof : Let C(s,r) be the (smooth projective) curve in Theorem 5.2. Let S be the set of Fqν -rational points of C(s,r) at the finite part of it, and let P∞ denotes a point of C(s,r) at infinity. By Theorem 5.2, |S| = q ν · q s · tr . Let n ≤ q ν · q s · tr and set D0 = p1 + p2 + · · · + pn ,



D = lP∞ ,



where p1 , · · · , pn ∈ S. Applying Goppa’s construction to these Fqν -divisors on C(s,r) for any integer l such that g(p, ν, r, s) < l < n, we get the required code. 
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Lecteur de codes Ã  barres 2D sans fil - Manhattan Products 

Lecteur de codes Ã  barres 2D sans fil. Profondeur de lecture de 450 mm, USB. Part No.: 178907. CaractÃ©ristiques: AccÃ©lÃ¨re la saisie des donnÃ©es, rÃ©duit le nombre d'erreurs et amÃ©liore l'efficacitÃ©. IdÃ©al pour les dÃ©taillants et les processu
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Education Personnel Codes of Conduct 

IRC Code of Conduct on Sexual Exploitation and Abuse in Humanitarian Crises. â€¢. Code of Conduct and Responsibilities for Teachers and Staff at the Osire ...
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