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Spherical codes and Borsuk’s conjecture Aicke Hinrichs 1 Mathematisches Institut, Friedrich-Schiller-University Jena, D-07743 Jena, Germany



Abstract The approach of Kalai and Kahn towards counterexamples of Borsuk’s conjecture is generalized to spherical codes. This allows the construction of a finite set in R 323 which can not be partitioned into 561 sets of smaller diameter, thus improving upon the previous known examples. The construction is based on the subset of vectors of minimal length in the Leech lattice. Key words: Borsuk’s conjecture, spherical codes, Leech lattice, few distance sets 1991 MSC: 52A20, 52C17, 52A37, 05B35



Borsuk’s conjecture stated in [1] asks whether every bounded set S ⊂ Rd containing at least two points can be partitioned into at most d + 1 sets of smaller diameter. This conjecture was confirmed only for d ≤ 3. Kahn and Kalai [4] constructed sets which, for large enough d, can not be partitioned √ d into at most 1.1 subsets of smaller diameter. Improvements on the least dimension where Borsuk’s conjecture is shown to be false were obtained by Nilli (d = 946, [5]), Raigorodski (d = 561, [6]), and Weissbach (d = 560, [8]). Raigorodski also showed that Borsuk’s conjecture is false in all dimensions d ≥ 561, [7]. It is the purpose of this note to improve upon these bounds. We prove the following theorem, which provides a counterexample to Borsuk’s conjecture in dimension d with 323 ≤ d < 561. Theorem 1 There exists a finite set in the unit sphere in R323 which can not be partitioned into 561 sets of smaller diameter. Hence Borsuk’s conjecture fails in all dimensions exceeding 322. 1
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Let us first recall some definitions from the theory of spherical codes. We use notations as can be found in [2]. Ωd denotes the unit sphere in Rd . A finite subset C of Ωd is called a spherical code. If S ⊂ [−1, 1) and hx, yi ∈ S for all x, y ∈ C with x 6= y, then C is said to be a spherical S-code. The largest cardinality of a spherical S-code in Ωd is denoted by A(d, S). We shall also consider spherical S-codes contained in a subset M ⊂ Ωd . The largest cardinality of such a code is denoted by A(d, S, M ). Let us define the Borsuk number b(d) to be the smallest positive integer m such that any finite subset of Rd with at least two points can be partitioned into m subsets of smaller diameter. The proof of Theorem 1 is based on the following general result. Theorem 2 Let S be a finite subset of [−1, 1), M ⊂ Ωd , n = d(d + 3)/2, and define α = max S ∩ [−1, 0) and β = min S ∩ [0, 1). If α + β < 0, then b(n − 1) A(d, S \ {α, β}) ≥ A(d, S) and b(n − 1) A(d, S \ {α, β}, M ) ≥ A(d, S, M ). Proof of Theorem 2. Let C ∈ Ωd be a maximal spherical S-code, i.e.  d d |C| = A(d, S). Fix an orthonormal basis (ei )i=1 , (fi )i=1 , (gi,j )1≤i 
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