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ABSTRACT. A plane poset is a nite set with two partial orders, satisfying a certain incompatibility condition. The set PP of isoclasses of plane posets owns two products, and an innitesimal unital bialgebra structure is dened on the vector space HPP generated by PP , using the notion of biideals of plane posets. We here dene a partial order on PP , making it isomorphic to the set of partitions with the weak Bruhat order. We prove that this order is compatible with both products of PP ; moreover, it encodes a non degenerate Hopf pairing on the innitesimal unital bialgebra HPP . Keywords. Plane posets; weak Bruhat order; innitesimal unital bialgebras. AMS classication. 06A11, 16W30, 06A07.
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Introduction In [17], Malvenuto and Reutenauer introduced the notion of double poset is a nite set with two partial orders. The set of (isoclasses of) double posets owns several algebraic structures, as:



• a product called composition ; it corresponds, roughly speaking, to the concatenation of Hasse graphs. 1



• a coproduct, dened with the notion of ideals for the rst partial order. One obtains in this way the Malvenuto-Reutenauer Hopf algebra of double posets [17]. • a pairing dened with the help of Zelevinsky pictures [9, 11, 12, 22]. It is shown in [17] that this pairing is Hopf; consequently, the Hopf algebra of double posets is free, cofree and self-dual. This Hopf algebra also contains many interesting subobjects, as, for example, the Hopf algebra of special posets, that is to say double posets such that the second partial order is total, a notion related to Stanley's (P, ω)-posets [19, 15], the Hopf algebra of plane posets [8, 7], that is to say double posets such that the two partial orders satisfy an incompatibility condition (see denition 1 below), or the noncommutative Hopf algebra of plane trees [4, 5, 10], also known as the noncommutative Connes-Kreimer Hopf algebra. In particular, the Hopf subalgebra of plane posets turns out to be isomorphic to the Hopf algebra of permutations introduced by Malvenuto and Reutenauer in [16], also known as the Hopf algebra of free quasi-symmetric functions [2, 1]. An explicit isomorphism can be dened with the help of a bijection Ψn between the set of plane posets on n vertices and the symmetric group on n letters, recalled here in theorem 3. This isomorphism and its applications are studied in [8]. We proceed here with the algebraic study of the links between permutations and plane posets. As the symmetric group Sn is partially ordered by the weak Bruhat order, via the bijection Ψn the set of plane posets is also partially ordered. This order has a nice combinatorial description, see denition 8. It admits a decreasing bijection ι, given by the exchange of the two partial orders dening plane posets; on the permutation side, this bijection consists of reversing the words representing the permutations. For example, let us give the Hasse graph of this partial order restricted to plane posets of degree 3, and the Hasse graph of the weak Bruhat order on S3 : qqq (321) w GG w ww ww w qq q w



GG GG GG



GG GG GG GG G



(312)



(231)



q



qq



∨q @



q qq



w ww ww w w ww



@@ ~~ @@ ~~ @@ ~ @@ ~~ @ q ~~~ qq



∧ qq



(132)



GG GG GG GG G



(213)



w ww ww w w ww



(123)



When restricting this partial order to plane forests, up to a bijection with binary trees we recover the classical injection of the Tamari poset into the Bruhat poset. Moreover, this partial order is related to an innitesimal unital bialgebra structure on plane posets. Recall that an innitesimal unital bialgebra H [13, 14] is both an algebra and a coalgebra, satisfying the following compatibility: if x, y ∈ H,



∆(x · y) = ∆(x) · (1 ⊗ y) + (x ⊗ 1) · ∆(y) − x ⊗ y. For a certain coproduct ∆1 , given by biideals, the space of plane posets HPP becomes an innitesimal unital bialgebra for two products, namely the composition m and the transformation of m by ι. This coproduct is a special case of the four-parameters deformation of [3]. This structure is also self-dual, with an explicit Hopf pairing h−, −i1 (theorem 23). This pairing is related to the partial Bruhat order in the following way: if P, Q are two plane posets, ( 1 if ι(P ) ≤ Q, hP, Qi1 = 0 otherwise. 2



All these results admit a one parameter deformation, which is given in this text. These results should be later extended to generalizations of the correspondence between plane posets and permutations: we hope for example to replace permutations by packed words and plane posets by certain families of nite topologies, the nal aim being the study of the Hopf algebra of packed words WQSym [18], which is still quite mysterious. The text is organised as follows: the rst section deals with double and plane posets: after some reminders, we give the denition of the innitesimal coproduct and its one-parameter deformation. The partial order on plane posets is dened in the second section; the isomorphism with the weak Bruhat order is also proved. In the last section, the innitesimal unital bialgebra structure and the partial order are related via the denition of a Hopf pairing. Aknowledgement. The research leading these results was partially supported by the French National Research Agency under the reference ANR-12-BS01-0017.



Notations.



K is a commutative eld. All the vector spaces, algebras, coalgebras,. . . of this text are taken over K .



1 Double and plane posets 1.1 Preliminaries Denition 1



1. [17] A double poset is a nite set P with two partial orders ≤h and ≤r .



2. A plane poset is a double poset P such that for all x, y ∈ P , such that x 6= y , x and y are comparable for ≤h if, and only if, x and y are not comparable for ≤r . The set of isoclasses of plane posets will be denoted by PP . For all n ∈ N, the set of isoclasses of plane posets of cardinality n will be denoted by PP(n). 3. Let P, Q ∈ PP . We shall say that P is a plane subposet of Q if P ⊆ Q and if the two partial orders of P are the restriction of the two partial orders of Q to P .



Examples. Here are the plane posets of cardinality ≤ 4. They are given by the Hasse graph of ≤h , together with this further condition: if x and y are two vertices of this graph which are not comparable for ≤h , then x ≤r y if y is more on the right than x. PP(0) = {∅}, PP(1) = { q },



q PP(2) = { q q , q }, qq q



q



q q q qq PP(3) = { q q q , q q , q q , ∨q , q , ∧ },  qq qq  q q q q , q q qq , q qq q , qq q q , q ∨ q , ∨q q q q q qq q PP(4) = q ∧ qq  q q q q q q q ∨q q ∨q , ∨q , ∨q , q , q , ∧ qqq , q ,



q q q q q , q qq , qq q , q ∧ q q, ∧ q q q , qq q ∧ q q qq q q q q q q q , q, ∧ q q , qq ,  q q , q



The following result is proposition 11 of [7]:



Proposition 2 Let P



∈ PP . We dene a relation ≤ on P by: (x ≤ y) if (x ≤h y or x ≤r y).



Then ≤ is a total order on P . 3



qq ,  q . ∧ qq  ∨q







As a consequence, for any plane poset P ∈ PP(n), we shall assume that P = {1, . . . , n} as a totally ordered set. The following theorem is proved in [8] (up to a passage to the inverse):



Theorem 3



1. Let σ ∈ Sn . We dene a plane poset Pσ in the following way:



• Pσ = {1, . . . , n} as a set. • If i, j ∈ Pσ , i ≤h j if i ≤ j and σ −1 (i) ≤ σ −1 (j). • If i, j ∈ Pσ , i ≤r j if i ≤ j and σ −1 (i) ≥ σ −1 (j).



The total order on {1, . . . , n} induced by this plane poset structure is the usual one. 2. For all n ≥ 0, the following map is a bijection: ( Sn Ψn : σ



→ PP(n) 7→ Pσ .



Examples. q Ψ2 ((12)) = q ,



Ψ((1)) = q , q q Ψ3 (123)) = q , q qq



Ψ3 ((231)) = Ψ4 (1234)) Ψ4 ((1324)) Ψ4 ((2134)) Ψ4 ((2341)) Ψ4 ((3124)) Ψ4 ((3241)) Ψ4 ((4123))



qq



Ψ3 ((132)) = ∨q , ,



qq q = q , q ∧ qq = ∨q , qq q q, = ∧ qq = q q, q ∧ qq = q, q q q q, = ∧ qq = q q, q qq q



Ψ4 ((4231)) =



Ψ2 ((21)) = q q ,



,



q Ψ3 (312)) = q q , qq



Ψ4 ((1243)) =



∨qq



,



q qq Ψ4 ((1423)) = ∨q , q q q , Ψ4 ((2143)) = q q q



Ψ4 ((2413)) = qq , q q



q



q q, Ψ3 (213)) = ∧



Ψ3 ((321)) = q q q ,



q qq Ψ4 ((1342)) = ∨q , qqq



Ψ4 ((1432)) = ∨q , q



∧ qq



Ψ4 ((2314)) = q , qq



Ψ4 ((2431)) = ∨q q , q



Ψ4 ((3142)) = qq ,



qqq , Ψ4 ((3214)) = ∧



q q Ψ4 ((3412)) = q q ,



q Ψ4 ((3421)) = q q q ,



qq



Ψ4 ((4132)) = q ∨q , q Ψ4 ((4312)) = q q q ,



q



q q, Ψ4 ((4213)) = q ∧



Ψ4 ((4321)) = q q q q .



We shall use three particular families of plane posets: q



Denition 4 Let P



q q ∈ PP . We shall say that P is a plane forest if it does not contain ∧ as a plane subposet. The set of plane forests will be denoted by PF , and the set of plane forests of cardinality n will be denoted by PF(n).



Remark.



rooted forest.



In other words, a plane poset is a plane forest if, and only if, its Hasse graph is a



1.2 Algebraic structures on plane posets We dene two products on plane posets. The rst is called composition in [17] and is denoted by in [7]. We shall shortly denote it by a dot in this text.



Denition 5 Let P, Q ∈ PP . 4



1. The double poset P · Q is dened as follows: • P · Q = P t Q as a set, and P, Q are plane subposets of P · Q. • For all x ∈ P , for all y ∈ Q, x ≤r y .



2. The double poset P Q is dened as follows: • P Q = P t Q as a set, and P, Q are plane subposets of P Q. • For all x ∈ P , for all y ∈ Q, x ≤h y .



Examples. 1. The Hasse graph of P · Q is the concatenation of the Hasse graphs of P and Q. qq q qq qq q q q q. 2. Here are some examples for : q q = q , q q = q , q q q = ∨q , q q q = ∧



The vector space generated by PP is denoted by HPP . These two products are linearly extended to HPP ; then (HPP , ·) and (HPP , ) are two associative, unitary algebras, sharing the same unit 1, which is the empty plane poset. Moreover, they are both graded by the cardinality of plane posets.



1.3 Innitesimal coproducts Denition 6 [17]. Let P



= (P, ≤h , ≤r ) be a plane poset, and let I ⊆ P .



1. We shall say that I is a h-ideal of P , if, for all x, y ∈ P : (x ∈ I, x ≤h y) =⇒ (y ∈ I).



2. We shall say that I is a r-ideal of P , if, for all x, y ∈ P : (x ∈ I, x ≤r y) =⇒ (y ∈ I).



3. We shall say that I is a biideal of P if it both a h-ideal and a r-ideal.



Remarks. 1. What we call here ideal is called superior ideal in [17]. 2. If P is a plane poset and I ⊆ P , I is a biideal of P if, for all x, y ∈ P :



(x ∈ I, x ≤ y) =⇒ (y ∈ I).



Theorem 7 Let q ∈ K . We dene a coproduct on HPP in the following way: for all P X



∆q (P ) =



q



hIP \I



∈ PP ,



(P \ I) ⊗ I,



I biideal of P



where, for all I, J ⊆ P , hJI = ]{(x, y) ∈ I × J | x ∧ qqq ∨q qq UUU qq qq UUUU >> ~ @@@ ~ ~ ~ @@@ ~ ~ ~ ~ U U >> @@ @@ UUUU ~~ ~~ ~~ ~~ >> @@ @@ ~~ ~~UUUUU ~~ ~~ >> ~ ~ @ @@ q ~ ~ U ~ U @ q ~~ ~ q ~~ q U U ~ UUUU ∧ qq qq q q ∧ q q qq ~ q T ∨q ? ∨q O q q q T j T j OOO o T j ?? � TTTT oo � OO jjjjjj o ?? � o T TToT ?? �� jjjOOOO ooo TTTTTTT ?? �� jjjj O o j � O o j T j OOO q ? qq � TTTT oo jjj O ∧ TT qq � q q ooo ∨qq jjjj qq ∨q TTTT j ∧ TTTT jjjj j j TTTT j TTTT jjjj TTTT jjjj j j j TTTT j q TTT qq jjjjjjj q



2.2 Isomorphism with the weak Bruhat order on permutations Lemma 11 Let σ ∈ Sn and let P = Ψn (σ). Let 1 ≤ i < j ≤ n. Then σ is of the form (. . . ij . . .) if, and only if, the three following conditions are satised: 8



• i i and σ −1 (x) > σ −1 (i). If x = j , then x ≥h j and x ≤r j . If x 6= j , then x appears after i in the word representing σ , so it appears after j . If x > j , then x ≥h j and if x < j , then x ≤r j . ⇐=. As i 
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