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Basics of probability theory I



What is a probability? A probability is a number between zero and one giving an indication of our belief about something. This belief comes from our knowledge about that thing.



I



What is your definition?



I



Think about a coin or a dice.



I



How about a dice where the numbers 1, 1, 2, 3, 4, 5 are on the 6 faces and we ask: What is the probablity to see ”1”?



I



What is the probability that today be the anniversary of one of the people present in this place?



I



What is the probability that ”Trump” accepts to have a scientific adviser ?
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Basics of probability theory I



I



Discrete variable: Probability distribution: {p1 , · · · , pn } where P(X = xi ) = pi . Continuous variable: Probability density function p(x): Z b p(x) dx. P(a < X ≤ b) = a



I



Expected value: E {f (X )} =



X



f (xi )pi



i



Z E {f (X )} =



f (x)p(x) dx



Particular cases: I I I



f (x) = x: Mean E {x} f (x) = (x − E {x})2 : Variance Var {x} f (x) = − ln p(x): Entropy H = E {− ln p(x)}
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Notations and Examples I



Gaussian or Normal distribution: p(x|µ, v ) = N (x|µ, v ) = (2πv )



I



  1 2 exp − (x − µ) , 2v



for which we have E {X } = µ and Var (X ) = v . Gamma distribution: p(x|α, β) = G(x|α, β) =



I



1/2



β α α−1 x exp [−βx] Γ(α)



for which we have E {X } = αβ and Var (X ) = Inverse Gamma distribution: p(x|α, β) = IG(x|α, β) = for which we have E {X } =



β α−1



α . β2



β −α+2 −α+1 x exp [−β/x] Γ(α) and Var (X ) =



β2 (α−1)(α−2) .
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Notations and Examples I



Student or t-distribution Γ( ν+1 ) p(x|ν) = S(x|ν) = √ 2 ν νπ Γ( 2 )



 − ν+1 2 x2 1+ ν



where I I



I



ν is the number of degrees of freedom, Γ is the Gamma function and



ν = 1: Cauchy distribution. p(x) =



π 1 + x2



An interesting relation: Z ∞ S(x|ν) = N (x|0, 1/λ) G(λ|ν/2, ν/2) dλ 0



A more general two parameters relation is: Z ∞ S(x|α, β) = N (x|0, v ) IG(v |α, β) dv 0 A. Mohammad-Djafari, ABC for Large Scale Inverse Problems and Big Data, Tutorial at MaxEnt 2017, July 09-14, Sao Paolo, Bresil 6/126



Notations and Examples



(a) Normal



(b) Gamma



(c) Inverse Gamma



(d) Student-t
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Notations and Examples: bivariate case I I



I



Joint probability law: p(x, y ) Marginals: Z p(x) = p(x, y ) dy ,



p(x, y ) dx



p(y |x) =



p(x, y ) p(x)



Conditionals p(x|y ) =



I



Z p(y ) =



p(x, y ) , p(y )



In addition to the expected values E {X }, E {Y }, variances Var {X } and Var {Y }, we can define the covariance: cov(X , Y ) = E {(x − E {X })(y − E {Y })} and the mean vector µ = [µ(X ), µ(Y )] and the Covariance matrix   Var {X } cov(X , Y ) C= cov(X , Y ) Var {Y }
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Bivariate Normal distribution 



1 p(x1 , x2 ) = N (x|µ, Σ) = (2π)det (Σ) exp − (x − µ)0 Σ−1 (x − µ) 2   √ v1 ρ v1 v2 0 0 √ , with x = [x1 , x2 ] , µ = [µ1 , µ2 ] , Σ = v2 ρ v1 v2 det (Σ) = (1 − ρ2)v1 v2 ,  √ v2 −ρ v1 v2 −1 1 √ Σ = (1−ρ2 )v1 v2 . −ρ v1 v2 v1 All marginals p(x1 ), p(x2 ) and conditionals p(x1 |x2 ) and p(x2 |x1 ) are Gaussians. 1/2
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Bivariate examples: Separable Normal-Inverse Gamma p(x, v ) = N (x|µ0 , v0 )IG(v |α0 , β0 ) Evidently, the variables are independent and so the marginals are p(x) = N (x|µ0 , v0 ) and p(v ) = IG(v |α0 , β0 ).
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bivariate examples: Normal-Inverse Gamma p(x, v ) = N (x|µ0 , v )IG(v |α0 , β0 )



Here, the two variables are not independent. The marginal for v is p(v ) = IG(v |α0 , β0 ), but the marginal for x is the Student-t distribution: Z ∞ p(x) = N (x|µ0 , v )IG(v |α0 , β0 ) dv = St (x|µ0 , α0 , β0 ) 0



E {x} = µ0 , Var {x} =



β β β2 , E {v } = , Var {v } = , α−1 α−1 (α − 1)(α − 2)
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multivariate cases



I



p(x), x = [x1 , · · · , xn ], x−i = [x1 , · · · , xi−1 , xi+1 , · · · xn ]



I



Marginals: Z p(xi ) =



I



p(x) dx−i ,



Conditionals p(xi |x−i ) =



p(x) p(x−i )



I



Mean vector: µ = [E {x1 } , · · · , E {xn }]0



I



Covariance matrix: C = E {(x − µ)(x − µ)0 }



I



multivariate normale: N (x|µ, Σ)
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multivariate normal



N (x|µ, Σ) = (2π) with



−n/2



det (Σ)



1/2







1 exp − (x − µ)0 Σ−1 (x − µ) 2



x = [x1 , · · · , xn ]0 , µ = [µ1 , · · ·  v1 cov (x1 , x2 )   cov (x2 , x1 ) v2 Σ=  ..  . ··· cov (xn , x1 ) ···







, µn ]0 and ··· ··· ··· ···



cov (x1 , xn ) .. . .. . vn



     



I



All the marginals and conditionals are Gaussian



I



If x ∼ N (x|µ, Σ) and y = Ax then y ∼ N (y|Aµ, AΣA0 ).



A. Mohammad-Djafari, ABC for Large Scale Inverse Problems and Big Data, Tutorial at MaxEnt 2017, July 09-14, Sao Paolo, Bresil 13/126



multivariate Student-t p(x|µ, Σ, ν) ∝ |Σ|



I



−1/2



(ν+p)/2 1 0 −1 1 + (x − µ) Σ (x − µ) ν



p=1 p(x) =



I







−(ν+1) Γ((ν + 1)/2) √ (1 + x 2 /ν) 2 Γ(ν/2) νπ



p = 2, Σ−1 = A |A|1/2



Γ((ν + p)/2) √ f (x1 , x2 ) = Γ(ν/2) ν p π p 2π I



 1 +



p X p X



 −(ν+2) 2



Aij xi xj /ν 



i=1 j=1



p = 2, Σ = A = I f (x1 , x2 ) =



−(ν+2) 1 (1 + (x12 + x22 )/ν) 2 2π
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multivariate normale and multivariate Student-t



Normal



Student-t



A. Mohammad-Djafari, ABC for Large Scale Inverse Problems and Big Data, Tutorial at MaxEnt 2017, July 09-14, Sao Paolo, Bresil 15/126



Basic Bayes I



Two related events A and B with probabilities P(A, B), P(A|B) and P(A|B).



I I



Product rule: P(A, B) = P(A|B)P(B) = P(B|A)P(A) P Sum rule: P(A) = B P(A|B)P(B)



I



Bayes rule: P(B|A) =



I



Two related discrete valued variables X and Y with probability distributions: P(X , Y ), P(Y |X ) and P(X |Y ).



I



Bayes rule: P(X |Y ) =



I



Two related continuous variables X and Y with probability density functions: p(x, y ), p(y |x) and p(x|y ).



I



Bayes rule: p(x|y ) =



P(A|B)P(B) P(A)



=



P(Y |X )P(X ) P(Y )



p(y |x)p(x) p(y )



=



PP(A|B)P(B) B P(A|B)P(B)



=



R



PP(Y |X )P(X ) X P(Y |X )P(X )



p(y |x)p(x) p(y |x)p(x) dx
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Bayes for parameter estimation P(data|hypothesis)P(hypothesis) P(data)



I



P(hypothesis|data) =



I



Bayes rule tells us how to do inference about hypotheses from data. Finite parametric models:



I



p(θ|d) = I I I I



p(d|θ) p(θ) p(d)



Forward model (called also likelihood): p(d|θ) Prior state of knowledge: p(θ) Posterior state of knowledge: p(θ|d) The denominator called Evidence, Normalization factor or Partition function Z p(d) = p(d|θ) p(θ) dθ
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Bayesian parameter estimation: Main steps Three main steps: I Assigning the likelihood p(d|θ): This depends on the forward model and the observations uncertainty I Assigning the prior p(θ) One can use many ideas: I I I I



Symmetries, Invariances, Principle of Maximum Entropy, Information geometry, Conjugacy, ...



Using the Bayes rule to obtain p(θ|d) and using it. Main difficulties: Z I Computing the evidence: p(d) = p(d|θ)p(θ) dθ I



I I



Summarizing: MAP, PM, Median, ... Approximate computation when exact computation is not possible. This is the main purpose of this talk.
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Exponential family and conjugate priors Exponential family: p(x|θ) = a(x) g (θ) exp



" K X



# φk (θ) hk (x)



k=1



  p(x|θ) = a(x) g (θ) exp φt (θ)h(x) Conjugate priors: I



I



A family F of prior probability distributions p(θ) is said to be conjugate to the likelihood p(x|θ) if, for every p(θ) ∈ F, the posterior distribution p(θ|x) also belongs to F. The main argument for the development of the conjugate priors is the following: When the observation of a variable X with a probability law p(x|θ) modifies the prior p(θ) to a posterior p(θ|x), the information conveyed by x about θ is obviously limited, therefore it should not lead to a modification of the whole structure of p(θ), but only of its parameters.
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Exponential family and conjugate priors Exponential family: A conjugate prior family for the exponential family " K # X p(x|θ) = a(x) g (θ) exp φk (θ) hk (x) k=1



is given by " τ0



p(θ|τ0 , τ ) = z(τ )[g (θ)] exp



K X



# τk φk (θ) .



k=1



The associated posterior law is     K n X X τk + p(θ|x, τ0 , τ ) ∝ [g (θ)]n+τ0 a(x)z(τ ) exp  hk (xj ) φk (θ) . k=1



j=1
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Exponential family and conjugate priors We can rewrite this in a more compact way: If p(x|θ) = Exfn(x|a(x), g (θ), φ, h), then a conjugate prior family is p(θ|τ ) = Exfn(θ|g τ0 , z(τ ), τ , φ), and the associated posterior law is p(θ|x, τ ) = Exfn(θ|g n+τ0 , a(x) z(τ ), τ 0 , φ) where τk0 = τk +



n X



hk (xj )



j=1



or 0



¯ τ = τ + h,



with h¯k =



n X



hk (xj ).



j=1
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Exponential family and conjugate priors Natural exponential family: I



Likelihood   p(x|θ) = a(x) exp θ t x − b(θ)



I



Conjugate prior:   p(θ|τ 0 ) = g (θ) exp τ t0 θ − d(τ 0 )



I



Posterior:   p(θ|x, τ 0 ) = g (θ) exp τ tn θ − d(τ n ) where



with



τ n = τ 0 + ¯x



n



¯ xn =



1X xj . n j=1
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Exponential family and conjugate priors A slightly more general notation: I Likelihood   p(x|θ) = a(x) exp θ t x − b(θ) Conjugate prior:   p(θ|α0 , τ 0 ) = g (α0 , τ 0 ) exp α0 τ t0 θ − α0 b(τ 0 ) Posterior:   p(θ|α0 , τ 0 , x) = g (α, τ ) exp α τ t θ − αb(τ ) with α = α0 + n I



and τ =



α0 τ 0 + n¯x ) (α0 + n)



Properties:  ¯ = ∇b(θ) E {X|θ} = E X|θ



E {∇b(θ)|α0 , τ 0 } = τ 0 n¯ x + α0 τ 0 n E {∇b(θ)|α0 , τ 0 , x} = = π¯ xn +(1−π)τ 0 , with π = α0 + n α0 + n
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Bayesian parameter estimation: simple one parameter case I



Observation model: d i = θ + i , i = 1, · · · , n



I



Assigning the likelihood p(i ) = N (i |0, v ) → p(d i |θ) = N (d i |θ,   v1),P Q 2 p(d|θ) = i p(d i |θ) =h (2πv )−n/2 exp i− 2v i (d i − θ) ¯ 2 L(θ) = p(d i |θ) ∝ exp − 1 (θ − d) 2v /n



I



Assigning the prior p(θ) = N (θ|θ0 , v0 )



I



Use the Bayes rule h i ¯ 2 − 1 (θ − θ0 )2 p(θ|d) ∝ L(θ) p(θ) = exp − 2v1/n (θ − d) 2v0 p(θ|d) = N (θ|b θ, vb) P e v0 ¯ ve 0v b θ = ve+v vˆ = vv0+e ve = vn , d¯ = n1 ni=1 d i 0 d + ve+v 0 θ0 , v,
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Bayesian parameter estimation: simple one parameter case d i = θ + i , i = 1, · · · , n p(i ) = N (i |0, v ) → p(d i |θ) = N (d i |0, v ), → L(θ) = p(d|θ) p(θ) = N (θ|θ0 , v0 ) p(θ|d) ∝ L(θ) p(θ) = N (θ|b θ, vb) P e v0 ¯ ve 0v b ve = vn , d¯ = n1 ni=1 d i θ = ve+v 0 d + ve+v 0 θ0 , vˆ = vv0+e v, v = 1, θ0 = 0, v0 = 2, n = 1 and n = 2
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Bayesian parameter estimation: simple one parameter case d i = θ + i , i = 1, · · · , n, p(d i |θ) = N (d i |0, v ), p(θ) = N (θ|θ0 , v0 ) → p(θ|d) = N (θ|b θ, vb) P v0 ve v0 ¯ ve b θ = ve+v 0 d + ve+v 0 θ0 , vˆ = v 0+ev , ve = vn , d¯ = n1 ni=1 d i I I



I



I I



¯ vˆ = 0 which means that the prior v = 0 (Exact data): b θ = d, information has no effect. v0 = 0 (very sure a priori): b θ = θ0 , vˆ = 0 which means that there is no need for the data if a priori you are sure about the value of the quantity you want to measure. v → ∞ (irrelevant data): b θ = θ0 , vˆ = 1 which means that the instrument is so imprecise that the measured data brings no information. ¯ vˆ = 1 which means v0 → ∞ (non informative prior): b θ = d, that the prior information does not change anything. ¯ vˆ = 1 which means n → ∞ (great number of data): b θ = d, that the likelihood becomes so narrow that the effect of the prior is negligible.
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Bayesian parameter estimation: two parameters case 



 d = Aθ  + ,     d 1 = θ1 + θ2 + 1 , d1 1 1 θ1 → d 2 = θ1 − θ2 + 2 , ,A = ,θ = ,  d= d2 1 −1 θ2 (  b Σ) b p(θ|d) = N (θ|θ, p(d|θ) = N (d|Aθ, v I), → b = v [A0 A + v I]−1 , θ = ΣA b 0d p(θ) = N (θ|θ 0 , v0 I), Σ v0







Prior, Likelihood and Posterior:
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Bayesian parameter estimation: two parameters case d i = θ + i , i = 1, · · · , n p(i ) = N (i |0, v ) → p(d i |θ, v ) = N (d i |0, v ), → L(θ) = p(d|θ, v ) p(θ) = N (θ|θ0 , v0 ), p(v |α0 , β0 ) = IG(v |α0 , β0 ) p(θ, v |d, φ0 ) =



Y 1 N (θ|θ0 , v0 )IG(v |α0 , β0 ) N (d i |θ, v ) p(d|φ0 ) i



where we noted φ0 = (θ0 , v 0, α0 , β0 ). p(v , θ|d, φ0 )h∝ N (d|θ1, v I)N (θ|θ0 , v0 )IG(v |α0 , iβ0 ) 1 Pn 1 2 2 v −α0 +1 exp [−β /v ] ∝ v −n/2 exp − 2v 0 i=1 (d i − θ) − 2v0 (θ − θ0 ) h i   P n 1 2 − β /v exp − 1 (θ − θ )2 ∝ v −n/2−α0 −1 exp − 2v (d − θ) 0 0 i i=1 2v0 which can be written in two forms:
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Bayes: Two parameters case  p(θ, v |d, φ0 ) ∝ N (d|θ1, v I)N (θ|θ0 , v0 ) IG(v |α0 , β0 )    ∝ N (θ|b θ, vˆ )IG(v |α0 , β0 ) v /n v0 v /n v0   b  with d¯ + θ0 , vˆ = , θ= v /n + v 0 v /n + v 0 v 0 + v /n    p(θ, v |d, φ0 ) ∝ N (d|θ1, v I)IG(v |α0 , β0 ) N (θ|θ0 , v0 )   b N (θ|θ0 , v0 ) IG(v |b α, β) n 1X   b α b = α0 + n/2, β = β0 + (d i − θ)2   with 2 i=1
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Bayesian parameter estimation: two parameters case d i = θ + i , i = 1, · · · , n p(i ) = N (i |0, v ) → p(d i |θ, v ) = N (d i |0, v ), → L(θ) = p(d|θ, v ) p(θ, v ) = N (θ|θ0 , v )IG(θ, v |α0 , β0 ) p(θ, v |d, φ0 ) =



Y 1 N (θ|θ0 , v )IG(v |α0 , β0 ) N (d i |θ, v ) p(d|φ0 ) i



where we noted φ0 = (θ0 , α0 , β0 ). p(v , θ|d, φ0 )∝ N (d|θ1, v I)N (θ|θ0 , v )IG(v |α0 , β0 ) 1 Pn 1 0 +1 ∝ v −n/2 exp − 2v (d i − θ)2 − 2v (θ − θ0 )2 v −α  1 exp [−β02/v  ]  i=1 1 Pn 2 −n/2−α −1 0 ∝v exp − 2v i=1 (d i − θ) − β0 /v exp − 2v (θ − θ0 ) which can also be written in the forms:
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Bayes: Simple two parameters case  b  α, β)  p(θ, v |d, φ0 ) ∝ IG(v |b b = α0 + (n + 1)/2,   with α



n



X 1 b = β0 + 1 (d i − θ)2 + (θ − θ0 )2 β 2 2 i=1



This is an implicie equation because βb depends on θ. There is no analytic expression. As we can see later an approximate separable expression can be computed iteratively:
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Two parameters case: Approximate solution I I



p(θ, v |d, φ0 ) is not a separable function of θ and v . A separable approximation e v˜ )IG(v |e e q(θ, v ) = N (θ|θ, α, β) can be obtained using VBA (will be seen later).  e   Initialize θ P e 2 → v˜ = α e = α0 + n/2, βe = β0 + 12 ni=1 (d i − θ)   ˜ /n vˆ /n v0 0v ¯ vˆ = vv0+˜ θe = vˆ/n+v v /n , 0 d + vˆ /n+v 0 θ0



βe α e
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Recursive Bayes I



First example: Infering θ: Exact analytical expression p(d|θ) ↓ p(θ) −→ Bayes −→ p(θ|d)



I



Second example: Infering θ = (θ1 , θ2 ): Exact analytical expression p(d|θ) ↓ p(θ) −→ Bayes −→ p(θ|d)



I



Third example: Infering (θ, v ): Numerical and approximate computation p(d|θ, v ) ↓ p(θ, v ) −→ Bayes −→ p(θ, v |d) ' q1 (θ)q2 (v )
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Recursive Bayes I



Direct



p(d|θ) ↓ p(θ) −→ Bayes −→ p(θ|d)



Recursive h i Y  p(θ|d) ∝ p(di |θ)p(θ) ∝ [p(θ)p(d1 |θ)] p(d2 |θ) · · · p(dn |θ) I



i



p(d1 |θ) p(d2 |θ) p(dn |θ) ······ ↓ ↓ ↓ p(θ)→ Bayes →p(θ|d1 )→ Bayes →p(θ|d1 , d2 )...→ Bayes →p(θ|d)
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Bayes: one parameter case p(θ|d) = I



p(d|θ) p(θ) ∝ p(d|θ) p(θ) p(d)



Maximum A Posteriori (MAP): Optimization b θ = arg max {p(θ|d)} = arg max {p(d|θ) p(θ)} θ



I



θ



Posterior Mean: Integration Z b θ = Ep(θ|d) {θ} =



I



θp(θ|d) dθ



Region of high probabilities: Integration Z bθ2 [b θ1 , b θ2 ] : p(θ|d) dθ = 1 − α b θ1



I



Sampling and exploring: Nested sampling, ... θ ∼ p(θ|d)
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Bayes: N parameters case p(θ|d) =



p(d|θ) p(θ) ∝ p(d|θ) p(θ) p(d)



I



Maximum A Posteriori (MAP): Optimization



I



b = arg max {p(θ|d)} = arg max {p(d|θ) p(θ)} θ θ θ Posterior Mean: Integration Z b θ = Ep(θ |d) {θ} = θp(θ|d) dθ



I



I



Region of high probabilities: Integration Z [θ ∈ R] : p(θ|d) dθ = 1 − α θ ∈R Sampling and exploring: Gibbs sampling, ... θ ∼ p(θ|d)
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Great dimensional case: Curve fitting examples I



Polynomial curve fitting g i = g (ti ) = θ0 + θ1 ti + θ2 ti2 + · · · + θn tin + i P n = N i = 1, . . . , M n=0 θ n ti + i ,



I



Sinusoidal curve fitting X g i = g (ti ) = θn sin(2πnti ) + i ,



i = 1, . . . , M



n I



General dictionary decomposition X g i = g (ti ) = θn φn (ti ) + i ,



i = 1, . . . , M



n I



All linear in parameter models
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Great dimensional case: Curve fitting examples General dictionary decomposition X d i = g (ti ) = θn φn (ti ) + i ,



i = 1, . . . , m



n



Different cases: φn (t) = t n , φn (t) = sin(2πnt), ...     



d1 d2 .. . dm











    =  



··· ···



··· ··· .. .



φ0 (tn ) φ1 (tn ) .. .



φm (t0 ) φm (t1 ) φm (t2 ) · · ·



···



φm (tn )



φ0 (t0 ) φ1 (t0 ) .. .



φ0 (t1 ) φ1 (t1 ) .. .



φ0 (t2 ) φ1 (t2 ) .. .



    



θ0 θ1 .. .



      +  



θn



1 2 .. .



    



m



d = Hθ +  Columns of the matrix H are called the atoms or the elements of the dictionary.
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Great dimensional case: Inverse problems examples I



linear models I I I I I I I I I



I



Signal deconvolution Signal deconvolution in Mass Spectrometry Fourier or Laplace Transforms inversion in Mass Spectrometry Image restoration Computed Tomography Brain electrical source localization using EEG Imaging Brain activity using MEG Imaging Brain activity using MRI and fMRI Geophysical imaging using reflected wave at the surface of the earth



Bi-Linear and Non Linear models I I



Microwave Imaging Scattering and Diffusion Imaging
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Convolution and Deconvolution Z g (t) = g (m) =



K X



h(τ ) f (t − τ ) dτ = h(t) ∗ f (t) h(k)f (m − k) + (m) −→ g = Hf + 



k=1



             



g (0) g (1) .. . .. . .. . .. . g (M)



       =      



h(K ) · · · 0 .. . .. . .. . .. . 0



h(0)



0



h(K ) · · ·



···



···



0



···



···



h(0)



h(K ) · · ·



 f (−p)  .. 0  . ..   .  f (0)  ..   .  f (1) ..  ..    . .  ..   ..  . .  ..  . 0   ..  h(0) . f (M)



    (0)   (1)     .   ..     ..     +   .   ..   .     ..   .    (M)
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Deconvolution Z g (t) =



desired signal f (t)



h(τ ) f (t − τ ) dτ + (t)



observed signal g (t)
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Deconvolution in TOF MS systems Bluring effect and noise in ToF MS data: Z g (t) = h(τ )f (t − τ ) dτ + (t), a) desired spectra f (t)



b) observed data g (t).



I



Deconvolution: Reduce the noise and improve the resolution



I



Bayesian approach: Use all prior information and quantify uncertainties
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Fourier or Laplace transforms in FTICR- MS systems Fourier Transform Ion Cyclotron Resonance (FTICR) Z g (s) = f (t) exp {−st} dt with s = jω or s = jω + α, where α is an attenuation factor. a) desired spectra f (t)



I



I



b) observed data g (s).



Fourier Synthesis Inverse problem: Directly process the data to obtain improved resolution spectra Bayesian approach: Quantify uncertainties
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Blur effect in MALDI MS



source: https://www.nature.com/article-assets/npg/nmeth/journal/v14/n1/extref/nmeth.4071-S1.pdf



ZZ



I



g (x, z) = h(x 0 , z 0 )f (x − x 0 , z − z 0 ) dx dz Image Deconvolution: Reduce the noise and improve the resolution
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Common model I I I



I



I I I



I I



I



R Deconvolution in ToF: g (τ ) = f (t) h(τ − t) dt R Fourier model in FTICR: g (s) = f (t) exp {−st} dt 2D-Deconvolution in MALDI MAS: RR g (x, z) = h(x 0 , z 0 )f (x − x 0 , z − z 0 ) dx dz Discretization: g = Hf +  f unknown desired spectra distribution g all the observed data H forward operator: Convolution, Fourier Transform, ... matrices Structure of H: Toeplitz, DFT matrix,...  all the errors (modeling, approximations, discretization and measurement noise) Extensions: Background u, distincts error terms: g = Hf + u + ξ + 
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Bayesian inference: great dimensional case I I I



Linear models: g = Hf +  (Parameter estimation notation) Linear models: d = Hθ +  (Inverse problems notation) Gaussian priors: p(d|θ) = N (d|Hθ, v I) p(θ) = N (θ|0, vθ I)



I



Gaussian posterior: b V) b p(θ|d) = N (θ|θ, b = [H0 H + λI]−1 H0 d, θ b = [H0 H + λI]−1 V



I



I



λ=



v vθ



b can be done via optimization of: Computation of θ J(θ) = − ln p(θ|d) = 2v1 kd − Hθk2 + 2v1θ kθk2 + c b = [H0 H + λI]−1 needs great dimensional Computation of V matrix inversion.
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Bayesian inference: great dimensional case I



Gaussian posterior: b V), b p(θ|d) = N (θ|θ, b = [H0 H + λI]−1 H0 d, V b = [H0 H + λI]−1 , λ = θ



I



I



v vθ



b can be done via optimization of: Computation of θ J(θ) = − ln p(θ|d) = c + kd − Hθk2 + λkθk2 Gradient based methods: ∇J(θ) = −2H0 (d − Hθ) + 2λθ



I



constant step, Steepest descend, ...   θ (k+1) = θ (k) −α(k) ∇J(θ (k) ) = θ (k) +2α(k) H0 (d − Hθ) + λθ



I I



Conjugate Gradient, ... At each iteration, we need to be able to compute: I I



b = Hθ (k) Forward operation: d b Backward (Adjoint) operation: Ht (d − d)
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Bayesian inference: great dimensional case I



I



b can be done by optimization needing Computation of θ mainly two operations: Forward Hθ and Adjoint H0 δd b = [H0 H + λI]−1 needs great dimensional Computation of V matrix inversion.



I



I



Almost impossible except in particular cases of Toeplitz, Circulante, TBT, CBC,... where we can diagonalize it via Fast Fourier Transform (FFT). b and V b Recursive use of the data and recursive update of θ leads to Kalman Filtering which are still computationally demanding for High dimensional data.



I



We also need to generate samples from this posterior: There are many special sampling tools.



I



Mainly two categories: Using the covariance matrix V or its inverse (Precision matrix) Λ = V−1
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Great dimensional case: Structured matrices I



b = [H0 H + λI]−1 Computation of V



I



If H is a Circulante matrice, then H = FΛF0 where F is the DFT or FFT matrix and F0 the IDFT or IFFT and Λ is a diagonal matrix whose elements are the FT of the first ligne of the circulant matrix.



H0 H+λI]−1 = [F0 ΛFF0 Λ+λ]−1 = [F0 Λ2 F+λI]−1 = F[Λ2 +λI]−1 F0 I



Case of Deconvolution: H is Toeplitz, but can be approximated by a circulant matrix where its first line contains the samples of the impulse response. In that case, the vector of the diagonal elements represents the spectrum of the impulse response (Transfer function).
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Great dimensional case: Approximate computation of the inverse of a great dimensional matrix I I I



b = [H0 H + λI]−1 Main computational task: Σ Computing the exact inverse (N 3 ) Computing the approximate inverse



Consider A to be the exact inverse and B the approximate one. The problem can be handled as an optimization with: I Mean Absolute Difference (MAD) ∆1 (A, B) = kA − Bk1 =



N N 1 XX |Ai,j − Bi,j | N2 i=1 j=1



I



Mean Quadratic Difference (MQD) ∆2 (A, B) = kA −



Bk22



N N 1 XX = 2 |Ai,j − Bi,j |2 N i=1 j=1
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Approximate computation of the inverse of a great dimensional matrix I



Trace of Difference (TD) ∆3 (A, B) = tr (A − B) − N =



N X (Ai,i − Bi,i ) − N i=1



I



Log of ratio of Determinents (LrD)    det (A) = ln det B −1 A ∆4 (A, B) = ln det (B)



I



Combined Trace of product-LrD ∆5 (A, B) = tr (AB) − N + ln



det (A) det (B)



This last one is appealing because related to the KL divergence of two normal distributions.
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Approximate computation of the inverse of a great dimensional matrix ∆5 (A, B) = tr (AB) − N + ln I I



det (A) det (B)



This last one is appealing because related to the KL divergence of two normal distributions. KL divergence of the Gaussian law Q = N (x|µ0 , Σ0 ) with respect to P = N (x|µ1 , Σ1 ) is given by:



    det (Σ1 ) 1 −1 0 −1 KL (Q|P) = tr Σ0 Σ1 + (µ1 − µ0 ) Σ0 (µ1 − µ0 ) − n + ln 2 det (Σ0 ) KL (Q|P) =



I



  1 −1 0 −1 tr Σ−1 0 Σ1 + (µ1 − µ0 ) Σ0 (µ1 − µ0 ) − n − ln det Σ0 Σ1 2



Think about P being the posterior law and Q its approximate factorized solution.
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Great dimensional case: Sampling methods g = Hf +   p(g) = N (g|Hf 0 , vf HH0 + v I),     b with:   p(f|g)= N (f|bf, Σ) p(g|f) = N (g|Hf, v I) bf = f 0 + [H0 H + λI]−1 H0 (g − Hf 0 ) p(f) = N (f|f 0 , vf I) →   b = v [H0 H + λI]−1  Σ    = v H0 [HH0 + λ−1 I]−1 , λ = vvf Generating a sample from the posterior law p(f|g): I Computation of b f J(f) = kg − Hfk2 + λkf − f 0 k22 , I



b = AA0 , Cholesky decomposition Σ



I



generate a vector u ∼ N (u|0, I) generate a sample f = Au + bf



I



λ=



v , vf
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Great dimensional case: Sampling methods b = AA0 computational and memory Cholesky decomposition Σ costs are too high. I Perturbation-Optimisation method:  b with:  p(f|g)= N (f|bf, Σ) bf = f 0 + [H0 H + λI]−1 H0 (g − Hf 0 )   b = v [H0 H + λI]−1 = v H0 [HH0 + λ−1 I]−1 , λ = v Σ



I



vf



Bases on: b If x = f + [H0 H + λI]−1 H0 (g − Hf), then: E {x} = bf, Cov (x) = Σ I Generate two random vectors: f ∼ N (f |0, vf I) and g ∼ N (g |0, v I) I Define g e = g + g and ef 0 = f 0 + f and optimize I



I



1 J(f) = ke g − Hfk2 + λkf − ef 0 k22 2 n o The obtained solution f (n) = arg minf J(ef) is a sample from the desired posterior law.
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Great dimensional case: Sampling methods Another perturbation method: I I



Initialize ve and vf and note Ve = diag [ve ] and Vf = diag [vf ] Repeat I



Compute f (k) by optimizing J(f) = kg − Hfk2V + λkf − f 0 k2V e



I



I I



I



I



f



Generate two random vectors: f ∼ N (f |0, vf I) and g ∼ N (g |0, v I) e = g + g and ef = bf + f Define g Compute δg = (e g − Hef), δf = H0 δg compute ve = δg. ∗ δg and vf = δf. ∗ δf



Use the samples f (k) to compute means and variances
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Bayesian inference: non Gaussian priors case I



Linear forward model: d = Hθ + 



I



Gaussian noise model:   1 2 kd − Hθk2 p(d|θ) = N (d|Hθ, v I) ∝ exp − 2v



I



Sparsity enforcing prior: p(θ) ∝ exp [αkθk1 ]



Posterior:   1 p(θ|d) ∝ exp − J(θ) with J(θ) = kd−Hθk22 +λkθk1 , λ = 2v α 2v I



I



b can be done via optimization of Computation of the MAP θ J(θ)



I



Other computations are much more difficult.
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Laplace Approximation I I



Linear forward model: g = Hf +  Gaussian noise model:   1 2 kg − Hfk2 p(g|f) = N (g|Hf, v I) ∝ exp − 2v



Sparsity enforcing prior: p(f) ∝ exp [αkfk1 ] Posterior:   1 J(f) with J(f) = kg − Hfk22 + λkfk1 , λ = 2v α p(f|g) ∝ exp − 2v I



I



I



Approximated p(f|g) by a Gaussian around its maximum (MAP) bf = arg maxf {p(f|g)}:   1 −m/2 1/2 0 b b p(f|g) ≈ (2π) |A| exp − (f − f) A(f − f) 2 where Ai,j =



I



∂ 2 ln p(f |d) ∂f i ∂f j



is the Hessian matrix. Needs computation of bf and |A|.
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Bayes Rule for Machine Learning problems (Simple case) I



Inference on the parameters: Learning from data d: p(θ|d, M) =



I



Model Comparison: p(Mk |d) = with



p(d|Mk ) p(Mk ) p(d)



Z p(d|Mk ) =



I



p(d|θ, M) p(θ|M) p(d|M)



p(d|θ, Mk ) p(θ|M) dθ



Prediction with selected model: Z p(z|Mk ) = p(z|θ, Mk )p(θ|d, Mk ) dθ
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Approximation methods



I



Laplace approximation



I



Bayesian Information Criterion (BIC)



I



Variational Bayesian Approximations (VBA)



I



Belief Propagation (BP) and Message Passing (MP)



I



Expectation Propagation (EP) and Approximate Message Passing (AMP)



I



Markov chain Monte Carlo methods (MCMC)



I



Nested sampling



I



Exact Sampling



I



....
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Laplace Approximation I I



Data set d, models M1 , · · · , MK , parameters θ 1 , · · · , θ K Model Comparison: p(θ, d|M) = p(d|θ, M) p(θ|M) p(θ|d, M) = Z p(θ, d|M)/p(d|M)



I



p(d|M) = p(d|θ, M) p(θ|M) dθ For large amount of data (relative to number of parameters, m), p(θ|d, M) is approximated by a Gaussian around its b maximum (MAP) θ:   1 0 −m/2 1/2 b b p(θ|d, M) ≈ (2π) |A| exp − (θ − θ) A(θ − θ) 2 d2 θi θj ln p(θ|d, M)



I



is the m × m Hessian matrix. b p(d|M) = p(θ, d|M)/p(θ|d, M) and evaluating it at θ:



I



b Mk )+ln p(θ|M b k )+ m ln(2π)− 1 ln |A| ln p(d|Mk ) ≈ ln p(d|θ, 2 2 b Needs computation of θ and |A|.



where Ai,j =
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Bayesian Information Criteria (BIC) I



BIC is obtained from the Laplace approximation b k ) + p(d|θ, b Mk ) + d ln(2π) − 1 ln |A| ln p(d|Mk ) ≈ ln p(θ|M 2 2 by taking the large sample limit (n 7→ ∞) where n is the number of data points: b Mk ) − ln p(d|Mk ) ≈ p(d|θ,



d ln(n) 2



I



Easy to compute



I



It does not depend on the prior



I



It is equivalent to MDL criterion



I



Assumes that as (n 7→ ∞), all the parameters are identifiable.



I



Danger: counting parameters can be deceiving (sinusoid, infinite dim models)
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Bayes Rule for Machine Learning with hidden variables I I



Data: d, Hidden Variables: x, Parameters: θ, Model: M Bayes rule p(x, θ|d, M) =



I



p(d|x, θ, M) p(x|θ, M))p(θ|M) p(d|M)



Model Comparison p(Mk |d) =



p(d|Mk ) p(Mk ) p(d)



with Z Z p(d|Mk ) = I



p(d|x, θ, Mk ) p(x|θ, M))p(θ|M) dx dθ



Prediction with a new data z Z Z p(z|M) = p(z|x, θ, M)p(x|θ, M)p(θ|M)) dx dθ
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Lower Bounding the Marginal Likelihood Jensen’s inequality: Z Z ln p(d|Mk ) = ln



p(d, x, θ|Mk ) dx dθ Z Z



p(d, x, θ|Mk ) dx dθ = ln q(x, θ) q(x, θ) Z Z p(d, x, θ|Mk ) ≥ q(x, θ) ln dx dθ q(x, θ) Using a factorised approximation for q(x, θ) = q1 (x)q2 (θ): Z Z p(d, x, θ|Mk ) ln p(d|Mk ) ≥ q1 (x)q2 (θ) ln dx dθ q1 (x)q2 (θ) = FMk (q1 (x), q2 (θ), d) Maximising this free energy leads to VBA.



A. Mohammad-Djafari, ABC for Large Scale Inverse Problems and Big Data, Tutorial at MaxEnt 2017, July 09-14, Sao Paolo, Bresil 63/126



Variational Bayesian Learning Z Z



p(d, x, θ|M) dx dθ q1 (x)q2 (θ) = H(q1 ) + H(q2 ) + hln p(d, x, θ|M)iq1 q2



FM (q1 (x), q2 (θ), d) =



q1 (x)q2 (θ) ln



Minimising this lower bound with respect to q1 and then q2 leads to EM-like iterative update h i (t+1) q1 (x) ∝ exp hln p(d, x, θ|M)iq(t) (θ ) E-like step 2 h i (t+1) q2 (θ) ∝ exp hln p(d, x, θ|M)iq(t+1) (x) M-like step 1



which can also be written as: h i (t+1) q1 (x) ∝ exp hln p(d, x|θ, M)iq(t) (θ ) E-like step 2 h i (t+1) q2 (θ) ∝ p(θ|M) exp hln p(d, x|θ, M)iq(t+1) (x) M-like step 1
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EM and VBEM algorithms EM for Marginal MAP estimation Goal: maximize p(θ|d, M) w.r.t. θ E Step: Compute (t+1) q1 (x) = p(x|d, θ (t) ) and Q(θ) = hln p(d, x, θ|M)iq(t+1) (x)



Variational Bayesian EM Goal: lower bound p(d|M) VB-E Step: Compute (t+1) q1 (x) = p(x|d, φ(t) ) and Q(θ) = hln p(d, x, θ|M)iq(t+1) (x)



M Step: Maximize θ (t+1) = arg maxθ {Q(θ)}



M Step: Maximize (t+1) q2 (θ) = exp [Q(θ)]



1



1



Properties: e I VB-EM reduces to EM if q2 (θ) = δ(θ − θ) I VB-EM has the same complexity than EM I If we choose q2 (θ) in the conjugate family of p(d, x|θ), then φ becomes the expected natural parameters I The main computational part of both methods is in the E-step. We can use belief propagation, Kalman filter, etc. to do it. In VB-EM, φ replaces θ.
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General Variational inference



I



I



Variational inference (VI) methods (Neal and Hinton, 1998, Jordan et al, 1998) have been used in a variety of probabilistic problems and in particular in Bayesian network. Between these methods, we can mention I I I I I I



Belief Propagation (BP), Expectation Propagation (EP) (Minka 2001), Variational Bayesian Approximation (VBA) Variational Message Passing (VMP) (Winn and Bishop 2005) Approximate Message Passing (AMP) ....
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Variational inference Let note by x = (g, f) where I g are visible (observed) and I f are the hidden (latent) variables. I In general p(x) can be decomposed as Y p(x) = p(xi |pai ) i



I



I



where pai denotes the set of variables corresponding to the parents of the nodes i and xi denotes the variable or group of variables associated with node i. When we are interested to the posterior law of the latent variables p(f|g) or the marginal law of of an individual latent variable p(f j |g), very often, we can not obtain analytical expressions for them. The goal of VI is to find a tractable variational distribution q(f) that closely approximate p(f|g).
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Variational inference I



Measure of approximation KL (q : p) Z q(f) df KL (q : p) = q(f) ln p(f|g)



I



Using Jensen inequalities, it can be shown: ln p(g) = F(q(f)) + KL (q(f) : p(f|g)) where



Z F(q(f)) = −



q(f) ln



q(f) df p(g, f)



is called Free Energy. I



As KL (q : p) ≥ 0 it follows that F(q(f)) is a lower bound for ln p(g).



I



So minimizing the exclusive KL (q : p) or maximizing the Free energyF(q(f)) results to the same q(f).
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Variational inference I



Factorized form



q(f) =



Y



qj (f j )



j



I



where f j are disjoint groups of variables. The case of fully separability is called Mean Field Approximation (MFA). Q Z Y j qj (f j ) df F(q(f)) = − qj (f j ) ln p(g, f) j Z X H(qi ) = − qj (f j ) hln p(g, f)iq−j df + H(qj ) + i6=j



= −KL qj (f j ) :



qj∗ (f j )







+ terms independent of qj



where H represents the entropy and ln qj∗ (f j ) = hln p(g, f)iq−j + cte where h.iq−j denotes an expectation with respect to all factors qj except qj (f j ).
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Variational inference I



The Free energy is minimized when h i 1 ln qj∗ (f j ) = exp hln p(g, f)iq−j Z



I



Variational Message Passing: Y p(x) = p(xi |pai ) i



ln qj∗ (f j ) = hln p(x)iq−j + cte * + Y ln qj∗ (f j ) = ln p(xi |pai ) + cte i



ln qj∗ (f j ) = hln p(f j |paj )iq−j +



q−j



X



hln p(xk |pak )iq−j + cte



k∈chj



wher chj are the children of node j in the graph.
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Variational inference ln qj∗ (f j ) = hln p(f j |paj )iq−j +



X



hln p(xk |pak )iq−j + cte



k∈chj



wher chj are the children of node j in the graph. I The computation of q ∗ (f j ) can therefor expressed as a local j computation at the node j. I This computation involves the sum of the terms involving the parent nodes and one term from each of the child nodes. I These terms are called messages from the corresponding nodes. I The exact form of the messages depend on the functional form of the conditional distributions in the model. I Important simplifications are obtained when the distributions are from the exponential families and are conjugate with respect to the distributions over the parents variables.
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Variational inference with Conjugate exponential families I



Exponential family:   p(f|φ) = exp φ0 u(f) + a(f) + b(φ) ,



hu(f)i = −



∂b(φ) . ∂φ



I



If p(f|paf ) is in exponential family, then:   p(f|paf ) = exp φf (paf )0 uf (f) + af (f) + bf (paf )



I



If g ∈ chf and p(g|f, cpf ) also in exponential family, then:   p(g|f, cpf ) = exp φg (f, cpf )0 ug (g) + af (g) + bf (f, cpf ) where cpf are the co-parents of f with respect to g, i.e. the set of co-parents of g excluding itself.



I



p(f|paf ) can be thought of as a prior and p(g|f, cpf ) as a contribution to the likelihood of f in the data g.
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Variational inference with Conjugate exponential families I



Conjugacy requires:   q(f|φq ) = exp φgf (g, cpf )0 uq (f) + c(g, cpf )



I



It can be shown that q ∗ (f j ) has also the exponential form   q ∗ (f|φq∗ ) = exp φ0q∗ uq∗ (f) + aq∗ (f) + bq∗ (φq∗ ) with



φq∗ = hφf (paf )i +



X



hφg f (gk , cpk )i



k∈chy )



I



where all expectations are with respect to q. From these relations, we can define the message from a parent node f to a child node g:



mf →g = huf i and the message from a child node g to a parent node f:  mg→f = φgf hug i , {mi→g }i∈cpf which relies on g having received messages previously from all the co-parents. A. Mohammad-Djafari, ABC for Large Scale Inverse Problems and Big Data, Tutorial at MaxEnt 2017, July 09-14, Sao Paolo, Bresil 73/126



Variational inference with Conjugate exponential families



I



If any node is observed then the messages are defined as above but with < uA > replaces by uA .



I



When a node f has received messages from all parents and children, an updated distribution q ∗ by updating φ∗f by X  φ∗ = φq∗ {mi→f }i∈cpf + mj→f j∈chf )



I



The computations become faisible and consists in updating the parameters.
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Expectation Propagation (EP)



I



In its general form the Expectation propagation (EP) is a method of distributional approximation via data partitioning.



I



In its classical formulation, EP is an iterative approach to approximately minimizing the Kullback-Leibler divergence from a target density p(f), to a density q(f) from a tractable family such as exponential families.



I



Since its introduction by [Opper+Winther:2000] and [Minka:2001b], EP has become a mainstay in the toolbox of Bayesian computational methods for inferring intractable posterior densities.
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Expectation Propagation (EP): Basic algorithm I



Main assumption: p(f) ∝



K Y



pk (f).



k=0 I



In Bayesian inference, the target is typically the posterior density p(f|g), where one can assign for example one factor as the prior p(f) and other factors as the likelihood for one data K point p(g k |f): Y p(f|g) ∝ p(f) p(g k |f) k=1



I



A message passing algorithm works by iteratively approximating p(f|g) with a density q(f) which admits the K same factorization: Y q(f) ∝ qk (f), k=0



minimizing KL (p : q)
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Expectation Propagation (EP): Basic algorithm I



The factors fk (f) together with the associated approximations qk (f) are referred to as sites.



I



cavity distribution, g−k (f) ∝



I



q(f) , qk (f)



tilted distribution, g−k (f) ∝ fk (f)g−k (f).



I



The algorithm proceeds by first constructing an approximation g new (f) to the tilted distribution g−k (f).



I



After this, an updated approximation to the target density’s fk (f) can be obtained as gknew (f) ∝ g new (f)/g−k (f).
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Expectation Propagation (EP): General message passing algorithm 1. Choose initial site approximations qk (f). 2. Repeat for k ∈ {1, 2, . . . , K } until all site approximations qk (f) converge: 2.1 Compute the cavity distribution, g−k (f) ∝ q(f)/qk (f). 2.2 Update site approximation qk (f) so that qk (f)q−k (f) approximates pk (f)q−k (f). I



I



Each step of this general EP can be done in different ways. For example the step 2 can be done in serial or parallel batches. The last step (b) can be done, for example by qknew (f) = arg min {KL (pk (f)q−k (f)|qk (f)q−k (f))} qk



I



or any other divergence measure or even in an exact way. For example, classical message passing performs this step exactly to get the true tilted distribution.
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General message passing algorithm In practice, we may consider the following considerations: I



Partitionneng the data



I



Choosing the parametric form of the approximating qk (f)



I



Selection of the initial site approximations qk0 (f)



I



Tools to perform inference on tilted distributions



I



Synchronous or Asynchronous site updates.



I



Application of constraints such as moments preservation, positive definiteness of the covariance matrices, etc.



The step for choosing the ways to do inference on tilted distributions, we may consider three methods: I



Mode-based tilted approximation



I



Variational tilted approximation



I



Simulated-based tilted approximation
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Comparison between VBA and EP I



If we note by: I



I



P the original (Exact) probability law and by Q the approximate one, then:



I



VBA tries to find Q by minimizing KL (Q : P). So, the obtained Q recovers well the high regions (mode and mean). The variances may be under-estimated.



I



VBA tries to find Q by minimizing KL (P : Q) So, the obtained Q recovers well the tail regions (higher moments).



I



For Bayesian Network problems, both VBA and EP can be applied.



I



For Inverse problems, separable Q VBA computation is easier.
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Computed Tomography: Seeing inside of a body I



f (x, y ) a section of a real 3D body f (x, y , z)



I



gφ (r ) a line of observed radiography gφ (r , z)



I



Forward model: Line integrals or Radon Transform Z gφ (r ) = f (x, y ) dl + φ (r ) L



ZZ r ,φ = f (x, y ) δ(r − x cos φ − y sin φ) dx dy + φ (r ) I



Inverse problem: Image reconstruction Given the forward model H (Radon Transform) and a set of data gφi (r ), i = 1, · · · , M find f (x, y )
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2D and 3D Computed Tomography 3D



2D



Z gφ (r1 , r2 ) =



Z f (x, y , z) dl



Lr1 ,r2 ,φ



gφ (r ) =



f (x, y ) dl Lr ,φ



Forward probelm: f (x, y ) or f (x, y , z) −→ gφ (r ) or gφ (r1 , r2 ) Inverse problem: gφ (r ) or gφ (r1 , r2 ) −→ f (x, y ) or f (x, y , z)
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Algebraic methods: Discretization y 6



S•



Hij



r 



@ @



Q Q



f1 Q



@ @ @ f (x, y )@ @@   @  @ φ @ @ x HH @ H @ @ @ @ •D



QQ fjQ Q Q Q Qg



i



fN



P f b (x, y ) j j j 1 if (x, y ) ∈ pixel j bj (x, y ) = 0 else g (r , φ) Z N X g (r , φ) = f (x, y ) dl gi = Hij fj + i → g = Hf +  L



I I I







f (x, y ) =



j=1



H is huge dimensional: 2D: 106 × 106 , 3D: 109 × 109 . Hf corresponds to forward projection Ht g corresponds to Back projection (BP)
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Microwave or ultrasound imaging Measures: diffracted wave by the object g (ri ) Unknown quantity: f (r) = k02 (n2 (r) − 1) Intermediate quantity : φ(r) ZZ



Gm (ri , r0 )φ(r0 ) f (r0 ) dr0 , ri ∈ S D ZZ φ(r) = φ0 (r) + Go (r, r0 )φ(r0 ) f (r0 ) dr0 , r ∈ D g (ri ) =



D



Born approximation (φ(r0 ) ' φ0 (r0 )) ): ZZ g (ri ) = Gm (ri , r0 )φ0 (r0 ) f (r0 ) dr0 , ri ∈ S D



r



r



r r ! ! L r , aa r , E - E r e φ0r (φ, f )% r % r r r r g r r



Discretization:   g = H(f) g = Gm Fφ −→ with F = diag(f) φ= φ0 + Go Fφ  H(f) = Gm F(I − Go F)−1 φ0
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Microwave or ultrasound imaging: Bilinear model Nonlinear model: ZZ



Gm (ri , r0 )φ(r0 ) f (r0 ) dr0 , ri ∈ S D ZZ φ(r) = φ0 (r) + Go (r, r0 )φ(r0 ) f (r0 ) dr0 , r ∈ D g (ri ) =



D



Bilinear model: w (r0 ) = φ(r0 ) f (r0 ) ZZ g (ri ) = Gm (ri , r0 )w (r0 ) dr0 , ri ∈ S D ZZ φ(r) = φ0 (r) + Go (r, r0 )w (r0 ) dr0 , r ∈ D D ZZ w (r) = f (r)φ0 (r) + Go (r, r0 )w (r0 ) dr0 , r ∈ D D



Discretization: g = Gm w + , w = φ . f I Constrast f - Field φ: φ = φ0 + G o w + ξ I Constrast f - Source w : w = f . φ0 + G o w + ξ



A. Mohammad-Djafari, ABC for Large Scale Inverse Problems and Big Data, Tutorial at MaxEnt 2017, July 09-14, Sao Paolo, Bresil 85/126



Bayesian approach for linear inverse problems I I I



M: g = Hf +  Observation model M + Information on the noise : p(g|f, θ1 ) = p (g − Hf|θ1 ) A priori information p(f|θ2 ) Basic Bayes (Supervised case) : θ 2 θ1 ?  ? 



p(f|g, θ1 , θ2 ) =



p(g|f ,θ1 ) p(f |θ2 ) p(g|θ1 ,θ2 )



f



H



?  



g



I



Unsupervised:



p(f, θ|g, α0 ) = θ = (θ1 , θ2 )







 



 p(g|f ,θ1 ) p(f |θ2 ) p(θ |α0 ) p(g|α0 )



β0



α0



?  ? 



θ2



θ1



f







 ?  ?  



H



? 



g
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Linear inverse problems with sparse solutions M:



g = Hf + 



I



Observation model M + Information on the noise : p(g|f, vf ) = N (g|Hf, v I), p(v ) = IG(v |α0 , β0 )



I



A priori information How to choose p(f):



I



I I I



f is sparse.



Generalized Gaussian Mixture models Student-t



p(f j |v fj ) = N (f j |0, 1/z j ) and p(z j |αz0 , βz0 ) = G(z j |αz0 , βz0 ) → p(f j ) = QSt(f j |αz0 , βz0 ) p(f|z) = j p(f j |v fj ) Q p(z|αz0 , βz0 ) = j p(z j |αz0 , βz0 ) p(g|f ,v ) p(f |z) p(z|αz0 ,βz0 ) p(f, z, v |g) = p(g|αz0 ,βz0 ,α0 ,β0 )



αz0 , βz0 α0 , β0 ?  ? 



z



v



f







  ?  ?   



H



?  



g
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Bayesian approach for bilinear inverse problems



M: M:



I



g = Gm w + , g = Gm w + ,



w = f.φ0 + Go w + ξ,



w = φ.f



w = (I − Go )−1 (Φ0 f + ξ),



Basic Bayes:



w = φ.f



vξ



vf



?  ?  v



ξ



p(f, w|g, θ) =



p(g|w,θ1 )p(w|f ,,θ2 )p(f |,θ3 ) p(g|θ )



f







  −1 (I − G? Φ0 0) ? @   −1 (I − G0 ) @ R w   



Gm



?  



g
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Bayesian approach for bilinear inverse problems M: M:



I



g = Gm w + , g = Gm w + ,



w = f.φ0 + Go w + ξ,



w = φ.f



w = (I − Go )−1 (Φ0 f + ξ),



Unsupervised:



p(f, w, θ|g, α0 ) ∝ p(g|w, θ1 ) p(w|f, θ2 ) p(f|θ3 ) p(θ|α0 ) θ = (θ1 , θ2 , θ3 )



w = φ.f



αξ0 , βξ0 αf0 , βf0 ?  ? 



θ2



θ3



ξ



f



α ,β



 0 0 ?  ?  ? 



θ1



   −1 (I − G? Φ0 0) @ ?   −1 (I − G0 ) @ R w   



Gm



? 



g
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Bayesian inference for inverse problems Simple case: g = Hf +  θ2



θ1



p(f|g, θ) ∝ p(g|f, θ 1 ) p(f|θ 2 )



?  ? 



– Objective: Infer f  – MAP: bf = arg max {p(f|g, θ)} f Z H ?  – Posterior Mean (PM): bf = f p(f|g, θ) df g  Example: Caussian case:  p(g|f, v ) = N (g|Hf, v I) b → p(f|g, θ) = N (f|bf, Σ) vf v p(f|vf ) = N (f|0, vf I) ?  ?  bf = arg min {J(f)} with – MAP: f  1 2 + 1 kfk2 f kg − Hfk J(f) =   v vf f



H



? 



g











–(Posterior Mean (PM)=MAP: bf = (Ht H + λI)−1 Ht g with λ = b = (Ht H + λI)−1 Σ



v vf .
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Gaussian model: Simple separable and Markovian g = Hf +  Separable Gaussian



g = Hf +   p(g|f, θ1 ) = N (g|Hf, v I) b → p(f|g, θ) = N (f|bf, Σ) vf v p(f|vf ) = N (f|0, vf I) bf = arg min {J(f)} with ?  ?  – MAP: f 1  f J(f) = v kg − |Hfk2 + v1f kfk2  H



? 



g







Gauss-Markov vf , D



v



?  ? 



f







 



H



? 



g



–(Posterior Mean (PM)=MAP: bf = (Ht H + λI]−1 Ht g with λ = b = v (Ht H + λI]−1 Σ



v vf .



Markovian case: p(f|vf , D) = N (f|0, vf (DDt )−1 ) – MAP:



J(f) =



1 v kg



− |Hfk2 +



1 vf



–(Posterior Mean (PM)=MAP: bf = (Ht H + λDt D]−1 Ht g with λ = b = v (Ht H + λDt D]−1 Σ



kDfk2



ve vf .
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Bayesian inference (Unsupervised case) Unsupervised case: Hyper parameter estimation p(f, θ|g) ∝ p(g|f, θ 1 ) p(f|θ 2 ) p(θ) – Objective: Infer (f, θ) b = arg max JMAP: (bf, θ)



(f ,θ ) {p(f, θ|g)}



– Marginalization 1: Z p(f|g) = p(f, θ|g) dθ ?  ?  θ2 θ1 2:  – Marginalization Z ?  ?  p(θ|g) = p(f, θ|g) df followed by:  f n o  b b b θ = arg maxθ {p(θ|g)} → f = arg maxf p(f|g, θ) H ?  – MCMC Gibbs sampling: g f ∼ p(f|θ, g) → θ ∼ p(θ|f, g) until convergence  Use samples generated to compute mean and variances β0



α0



– VBA: Approximate p(f, θ|g) by q1 (f) q2 (θ) Use q1 (f) to infer f and q2 (θ) to infer θ
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JMAP, Marginalization, VBA I



JMAP: p(f, θ|g) optimization



I



−→ bf b −→ θ



Marginalization p(f, θ|g) −→



p(θ|g)



b −→ p(f|θ, b g) −→ bf −→ θ



Joint Posterior Marginalize over f I



Variational Bayesian Approximation



p(f, θ|g) −→



Variational Bayesian Approximation



−→ q1 (f) −→ bf b −→ q2 (θ) −→ θ
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Variational Bayesian Approximation I



Approximate p(f, θ|g) by q(f, θ) = q1 (f) q2 (θ) and then use them for any inferences on f and θ respectively.



I



Criterion KL(q(f, Z Z Z θ|g) : p(f,Zθ|g)) q1 q2 q q1 q2 ln KL(q : p) = q ln = p p Iterative algorithm q1 −→ q2 −→ q1 −→ q2 , · · ·



I



  q b1 (f)



h i ∝ exp hln p(g, f, θ; M)ibq2 (θ ) h i  q b2 (θ) ∝ exp hln p(g, f, θ; M)ibq1 (f ) p(f, θ|g) −→



Variational Bayesian Approximation



−→ q1 (f) −→ bf b −→ q2 (θ) −→ θ
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Variational Bayesian Approximation p(g, f, θ|M) = p(g|f, θ, M) p(f|θ, M) p(θ|M) p(g, f, θ|M) p(f, θ|g, M) = p(g|M) ZZ p(f, θ|g; M) KL(q : p) = q(f, θ) ln df dθ q(f, θ) ZZ p(g, f, θ|M) p(g|M) = q(f, θ) df dθ q(f, θ) ZZ p(g, f, θ|M) df dθ ≥ q(f, θ) ln q(f, θ) Free energy: ZZ p(g, f, θ|M) F(q) = q(f, θ) ln df dθ q(f, θ) Evidence of the model M: p(g|M) = F(q) + KL(q : p)
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VBA: Separable Approximation p(g|M) = F(q) + KL(q : p) q(f, θ) = q1 (f) q2 (θ) Minimizing KL(q : p) = Maximizing F(q) b2 ) = arg min {KL(q1 q2 : p)} = arg max {F(q1 q2 )} (b q1 , q (q1 ,q2 )



(q1 ,q2 )



KL(q1 q2 : p) is convexe wrt q1 when q2 is fixed and vise versa:  b1 = arg minq1 {KL(q1 q b2 : p)} = arg maxq1 {F(q1 q b2 )} q b2 = arg minq2 {KL(b q q1 q2 : p)} = arg maxq2 {F(b q1 q2 )}  h i  q b1 (f) ∝ exp hln p(g, f, θ; M)ibq2 (θ ) h i  q b2 (θ) ∝ exp hln p(g, f, θ; M)ibq1 (f )
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BVA: Choice of family of laws q1 and q2 Case 1 : −→ Joint MAP  n o ( e M) ef = arg max p(f, r θ|g; e e b1 (f|f) = δ(f − f) q f n o e = δ(θ − θ) e−→θ= e arg max p(ef, θ|g; M) b2 (θ|θ) q θ



I



I







Case 2 : −→ EM  e M)i b1 (f) q ∝ p(f|θ, g) Q(θ, θ)= hln p(f, θ|g; q1 (o f |θe ) n −→ e e e e b2 (θ|θ) = δ(θ − θ) θ q = arg maxθ Q(θ, θ)



Appropriate choice for inverse problems   e g; M) Accounts for the uncertainties of b1 (f) ∝ p(f|θ, q −→ b b2 (θ) ∝ p(θ|f, g; M) q θ for bf and vice versa. I



Exponential families, Conjugate priors
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JMAP, EM and VBA JMAP Alternate optimization Algorithm: n o e ef = arg max p(f, θ|g) e −→ef −→ bf θ (0) −→ θ−→ f ↑ ↓ n o b ←− θ←− e e = arg max p(ef, θ|g) ←−ef θ θ θ EM: e θ (0) −→ θ−→ ↑ b ←− θ←− e θ



e g) q1 (f) = p(f|θ, e = hln p(f, θ|g)i Q(θ, θ) q1o (f ) n e = arg max Q(θ, θ) e θ θ



−→q1 (f) −→ bf ↓ ←− q1 (f)



VBA: h i θ (0) −→ q2 (θ)−→ q1 (f) ∝ exp hln p(f, θ|g)iq2 (θ ) −→q1 (f) −→ bf ↑ ↓ h i b θ ←− q2 (θ)←− q2 (θ) ∝ exp hln p(f, θ|g)iq1 (f ) ←−q1 (f)
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Non stationary noise and sparsity enforcing model – Non stationary noise: g = Hf+, i ∼ N (i |0, vi ) →  ∼ N (|0, V = diag [v1 , · · · , vM ]) – Student-t prior model and its equivalent IGSM : f j |v fj ∼ N (f j |0, v fj ) and v fj ∼ IG(v fj |αf0 , βf0 ) → f j ∼ St(f j |αf0 , βf0 ) 



p(g|f, v ) = N (g|Hf, V ), V = diag [v ] p(f|vf ) = N (f|0, Vf ), Vf = diag [vf ]  Q ?  ?  p(v ) = Qi IG(vi |α0 , β0 ) vf v   p(vf ) = i IG(v fj |αf0 , βf0 )



αf0 , βf0 α0 , β0



?  ? 



f







p(f, v , vf |g) ∝ p(g|f, v ) p(f|vf ) p(v ) p(vf )



 



H



?  



g







Objective: Infer (f, v , vf ) – VBA: Approximate p(f, v , vf |g) by q1 (f) q2 (v ) q3 (vf )
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Sparse model in a Transform domain 1 g = Hf + , f = Dz, z sparse  p(g|z, v ) = N (g|HDf, v I) Vz = diag [vz ] p(z|vz ) = N (z|0, Vz ), p(v ) = IG(v αz0 , βz0 Q  |α0 , β0 ) p(v ) = z i IG(vz j |αz0 , βz0 ) ?  p(z, v , vz , v ξ |g) ∝p(g|z, v ) p(z|vz ) p(v ) p(vz ) p(v ξ ) vz α , β 0 0 – JMAP: ?  ?  (b z, vˆ , b vz ) = arg max {p(z, v , vz |g)} v z (z,v ,vz )   D ?  Alternate optimization: ?    b z = arg minz {J(z)} with: f     −1/2 2 1  zk J(z) = 2vˆ kg − HDzk2 + kVz H 2 βz0 +b zj ?  vbzj = αz +1/2  g  0    vˆ = β0 +kg−HDzbk2  α0 +M/2 – VBA: Approximate p(z, v , vz , v ξ |g) by q1 (z) q2 (v ) q3 (vz ) Alternate optimization.
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Sparse model in a Transform domain 2 g = Hf + , f = Dz + ξ, z sparse  p(g|f, v ) = N (g|Hf, v I) p(f|z) = N (f|Dz, v ξ I), αξ0 , βξ0 αz0 , βz0  p(z|v Vz = diag [vz ] z ) = N (z|0, Vz ),  ?  ?  vξ vz α , β p(v ) = IG(v Q  |α0 , β0 )  0 0 p(vz ) = i IG(vz j |αz0 , βz0 ) ?  ?  ? p(v ) = IG(v |α , β )  ξ0 ξ ξ ξ0 v z ξ  p(f, z, v , vz , v ξ |g) ∝p(g|f, v ) p(f|zf ) p(z|vz )    D ?  @  ? p(v ) p(vz ) p(v ξ ) R f @  – JMAP:   (bf, b z, vˆ , b vz , vbξ ) = arg max {p(f, z, v , vz , v ξ |g)} H ?  (f ,z,v ,vz ,v ξ ) g Alternate optimization.  – VBA: Approximate p(f, z, v , vz , v ξ |g) by q1 (f) q2 (z) q3 (v ) q4 (vz ) q5 (v ξ ) Alternate optimization.
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Gauss-Markov-Potts prior models for images



f (r) z(r) c(r) = 1 − δ(z(r) − z(r0 ))  a0 g = Hf +  m 0 , v0 γ α0 , β0 p(g|f, v ) = N (g|Hf, v I) α0 , β0 p(v ) = IG(v |α0 , β0 ) ?  ?  ?   p(f = k,Q mk , vk ) = N (f (r)|mk , vk )  (r)|z(r) P   v z θ  p(f|z, θ) =  k r∈Rk ak N (f (r)|mk , v k ),     θ = {(a , m , k k v k ), k = 1, · · · , K } @  ?  ?  R f @ p(θ) = D(a|a )N  0 , v 0)IG(v|α0 , β0 )   h0 P(a|m i  P    0 p(z|γ) ∝ exp γ δ(z(r) − z(r )) Potts MRF 0 r r ∈N (r) H ?  p(f, z, θ|g) ∝ p(g|f, v ) p(f|z, θ) p(z|γ) g MCMC: Gibbs Sampling  VBA: Alternate optimization.
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Bayesian approach: from simple to more sophisticated αξ0 , βξ0 αz0 , βz0



αξ0 , βξ0 αz0 , βz0



?  ? 



αf0 , βf0 α0 , β0



vξ



vz



ξ



z



?  ? 



α ,β



α ,β



vξ



vz



vu



ξ



z



α ,β



 0 ζ0 u0 u0  0 0 ? ?   ?  ?  ? ?  ?  ?  ?  



vf



v



vf



v



v



v



        D ?  D ?  ?  ?  ?  ?  ? ? ? @  @   R f @ R f @     u f f        Z Z H H H H Z  ? ?   ?  ~ ? Z



g







g = Hf +  p(f|g, θ)



g







g = Hf +  p(f, vf , v |g)



g







g = Hf +  f = Dz + ξ p(f, z, vz , vf , v |g)



g







g = Hf + u +  f = Dz + ξ p(f, z, vz , vf , v |g)
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Inverse Problems with: non stationary noise and sparse dictionary prior g = Hf + , f = Dz + ξ, z sparse  p(g|f, v ) = N (g|Hf, V ), V = diag [v ] p(f|z) = N (f|Dz, v ξ I), αξ0 , βξ0 αz0 , βz0  p(z|v Vz = diag [vz ] z) =  QN (z|0, Vz ), ?  ?  vξ vz α , β p(v ) = Qi IG(vi |α0 , β0 )  0 0 p(vz ) = i IG(vz j |αz0 , βz0 ) ?  ?  ? p(v ) = IG(v |α , β )  ξ0 ξ ξ ξ0 v z ξ p(f, z, v , vz |g) ∝p(g|f, v ) p(f|zf ) p(z|vz )    D ?  ? @  p(v ) p(vz ) p(v ξ ) R f @  JMAP:   (bf, b z, b v , b vz , vbξ ) = arg max {p(f, z, v , vz , v ξ |g)} H ?  (f ,z,v ,vz ,v ξ ) g Alternate optimization.  VBA: Approximate p(f, z, v , vz , v ξ |g) by q1 (f) q2 (z) q3 (v ) q4 (vz ) q5 (v ξ ) Alternate optimization.
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Non stationary noise, Dictionary based, Base line removing and Resolution improving   Gaussian g = u + , u = Hf + ζ, ζ Sparse  ?  ?  vξ  f = Dz + ξ, z Sparse, ξ Gaussian; vz αζ , βζ 0 p(g|u, vQ ) = N (g|u, V ), V = diag [v ]  0 ?  ?  ?  p(v ) = IG(v |α , β ); i 0 0 i   vζ z ξ p(u|f, v ) = N (u|Hf, V ), Vζ = diag [vζ ]  ζ    Q D ?  @  ? p(vζ ) = j IG(v ζj |αζ0 , βζ0 );  α0 , β0 @ R f ζ p(f|z) = N (f|Dz, vI),   ?  p(z|vz ) =QN (z|0, Vz ), Vz = diag [vz ] H  v ?  p(vz ) = j IG(vz j |αz0 , βz0 );  u ?  p(f, z, v , vz |g) ∝p(g|f, v ) p(f|zf ) p(z|vz )   ?  p(v ) p(vz ) p(v ξ ) Pq  P g αξ0 , βξ0 αz0 , βz0
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Microwave imaging: A bilinear problem 



g = Gm w + , ˜ o (Φ0 f + ξ), G ˜ o = (I − Go )−1 w=G  p(g|w, v ) = N (g|Gm w, v I) αξ0 , βξ0 αf0 , βf0 ˜ ˜ ˜0 p(w|f, v ξ ) = N (w|Go Φ0 f, v ξ Go Go I) ?  ?  vξ vf α , β p(v ) = IG(v |α0 , β0 )  0 0 p(v ξ ) = IG(v ξ |αξ0 , βξ0 ) ?  ?  ? p(v ) = IG(v |α , β )  f0 f f f0 v w ξ p(f, w, v , vf , v ξ |g) ∝p(g|w, v ) p(w|f, vf ) p(f|vf )    −1 (I − G? Φ0 0) ? @   p(v ) p(vf ) p(v ξ ) −1 (I − G0 ) @ R w  – JMAP:   b vˆ , vbf , vbξ ) = arg max {p(f, w, v , vf , v ξ |g)} (bf, w, Gm ?  (f ,w,v ,vf ,v ξ ) g Alternate optimization.  – VBA: Approximate p(f, w, v , vf , v ξ |g) by q1 (f) q2 (w) q3 (v ) q4 (vf ) q5 (v ξ ) Alternate optimization.
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Sparse deconvolution=advanced peak finding
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Mixture Models 1. Mixture models 2. Different problems related to classification and clustering I I I I



Training Supervised classification Semi-supervised classification Clustering or unsupervised classification



3. Mixture of Gaussian (MoG) 4. Mixture of Student-t (MoSt) 5. Variational Bayesian Approximation (VBA) 6. VBA for Mixture of Gaussian 7. VBA for Mixture of Student-t 8. Conclusion
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Mixture models I



General mixture model p(x|a, Θ, K ) =



K X



ak pk (xk |θ k ),



0 < ak < 1,



k=1



K X



ak = 1



k=1



I



Same family pk (xk |θ k ) = p(xk |θ k ), ∀k



I



Gaussian p(xk |θ k ) = N (xk |µk , Vk ) with θ k = (µk , Vk )



I



Data X = {xn , n = 1, · · · , N} where each element xn can be in one of the K classes cn .



I



ak = p(cn = k), a = {ak , k = 1, · · · , K }, Θ = {θ k , k = 1, · · · , K }, c = {cn , n = 1, · · · , N} p(X, c|a, Θ) =



N Y



p(xn , cn = k|ak , θ k )



n=1
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Different problems I



I



Training: Given a set of (training) data X and classes c, estimate the parameters a and Θ. Supervised classification: Given a sample xm and the parameters K , a and Θ determine its class k ∗ = arg max {p(cm = k|xm , a, Θ, K )} . k



I



Semi-supervised classification (Proportions are not known): Given sample xm and the parameters K and Θ, determine its class k ∗ = arg max {p(cm = k|xm , Θ, K )} . k



I



Clustering or unsupervised classification (Number of classes K is not known): Given a set of data X, determine K and c.



A. Mohammad-Djafari, ABC for Large Scale Inverse Problems and Big Data, Tutorial at MaxEnt 2017, July 09-14, Sao Paolo, Bresil 110/12



Training I



I



I



Given a set of (training) data X and classes c, estimate the parameters a and Θ. Maximum Likelihood (ML): b = arg max {p(X, c|a, Θ, K )} . (b a, Θ) (a,Θ) Q Bayesian: Assign priors p(a|K ) and p(Θ|K ) = K k=1 p(θ k ) and write the expression of the joint posterior laws: p(a, Θ|X, c, K ) =



p(X, c|a, Θ, K ) p(a|K ) p(Θ|K ) p(X, c|K )



where ZZ p(X, c|K ) = I



p(X, c|a, Θ|K )p(a|K ) p(Θ|K ) da dΘ



Infer on a and Θ either as the Maximum A Posteriori (MAP) or Posterior Mean (PM).
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Supervised classification I



Given a sample xm and the parameters K , a and Θ determine p(cm = k|xm , a, Θ, K ) =



p(xm , cm = k|a, Θ, K ) p(xm |a, Θ, K )



where p(xm , cm = k|a, Θ, K ) = ak p(xm |θ k ) and p(xm |a, Θ, K ) =



K X



ak p(xm |θ k )



k=1 I



Best class k ∗ : k ∗ = arg max {p(cm = k|xm , a, Θ, K )} k



A. Mohammad-Djafari, ABC for Large Scale Inverse Problems and Big Data, Tutorial at MaxEnt 2017, July 09-14, Sao Paolo, Bresil 112/12



Semi-supervised classification I



Given sample xm and the parameters K and Θ (not the proportions a), determine the probabilities p(cm = k|xm , Θ, K ) =



p(xm , cm = k|Θ, K ) p(xm |Θ, K )



where Z p(xm , cm = k|Θ, K ) = and p(xm |Θ, K ) =



p(xm , cm = k|a, Θ, K )p(a|K ) da K X



p(xm , cm = k|Θ, K )



k=1 I



Best class k ∗ , for example the MAP solution: k ∗ = arg max {p(cm = k|xm , Θ, K )} . k
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Clustering or non-supervised classification I



Given a set of data X, determine K and c.



I



Determination of the number of classes: p(K = L|X) =



p(X|K = L) p(K = L) p(X, K = L) = p(X) p(X)



and p(X) =



L0 X



p(K = L) p(X|K = L),



L=1



where L0 is the a priori maximum number of classes and p(X|K = L) =



Z Z YY L



ak p(xn , cn = k|θ k )p(a|K ) p(Θ|K ) da dΘ.



n k=1 I



When K and c are determined, we can also determine the characteristics of those classes a and Θ.
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Mixture of Gaussian and Mixture of Student-t p(x|a, Θ, K ) =



K X



ak p(xk |θ k ),



k=1 I



0 < ak < 1,



K X



ak = 1



k=1



Mixture of Gaussian (MoG)



p(xk |θ k ) = N (xk |µk , Vk ), θ k = (µk , Vk )   1 − 12 − p2 0 −1 N (xk |µk , Vk ) = (2π) |Vk | exp (xk − µk ) Vk (xk − µk ) 2 I



Mixture of Student-t (MoSt)



p(xk |θ k ) = T (xk |νk , µk , Vk ), θ k = (νk , µk , Vk ) h i (νk +p)  − (ν+p) Γ 2 2 1 − 21 0 −1 T (xk |ν, µk , Vk ) = ν 1 + (xk − µk ) Vk (xk − µk ) p p |Vk | ν Γ( 2k )ν 2 π 2
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Mixture of Student-t model I



Student-t and its Infinite Gaussian Scaled Model (IGSM): Z ∞ ν ν T (x|ν, µ, V) = N (x|µ, u −1 V) G(u| , ) dz 2 2 0 where   1 N (x|µ, V)= |2πV|− 2 exp − 12 (x − µ)0 V−1 (x − µ)    1 = |2πV|− 2 exp − 12 Tr (x − µ)V−1 (x − µ)0 and G(u|α, β) =



I



β α α−1 u exp [−βu] . Γ(α)



Mixture of generalized Student-t: T (x|α, β, µ, V) p(x|{ak , µk , Vk , αk , βk }, K ) =



K X



ak T (xn |αk , βk , µk , Vk ).



k=1
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Mixture of Gaussian model I



I



Introducing znk ∈ {0, 1}, zk = {znk , n = 1, · · · , N}, Z = {znk } with P(znk = 1) = P(cn = k) = ak , θ k = {ak , µk , Vk }, Θ = {θ k , k = 1, · · · , K } Q Assigning the priors p(Θ) = k p(θ k ), we can write: YX Y p(X, c, Z, Θ|K ) = ak N (xn |µk , Vk ) (1−δ(znk )) p(θ k ) n



p(X, c, Z, Θ|K ) =



k



k



YY n



I



[ak N (xn |µk , Vk )]znk p(θ k )



k



Joint posterior law: p(c, Z, Θ|X, K ) =



I



p(X, c, Z, Θ|K ) . p(X|K )



The main task now is to propose some approximations to it in such a way that we can use it easily in all the above mentioned tasks of classification or clustering.



A. Mohammad-Djafari, ABC for Large Scale Inverse Problems and Big Data, Tutorial at MaxEnt 2017, July 09-14, Sao Paolo, Bresil 117/12



Hierarchical graphical model for Mixture of Gaussian γ0 , V 0



µ0 , η0



k0



 p(a) = D(a|k0 )  ? ? ?      p(µk |Vk ) = N (µk |µ0 1, η0 −1 Vk ) µk a Vk  p(Vk ) = IW(Vk |γ0 , V0 )    @ P(znk = 1) = P(cn = k) = ak R  @ ?     znk cn xn   



p(X, c, Z, Θ|K ) =



YY n



[ak N (xn |µk , Vk )]z nk



k



p(ak )p(µk |Vk )p(Vk )
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Mixture of Student-t model Introducing U = {unk } θ k = {αk , βk , ak , µk , Vk }, Θ = {θ k , k = 1, · · · , K } Q I Assigning the priors p(Θ) = k p(θ k ), we can write: YY z p(X, c, Z, U, Θ|K ) = ak N (xn |µk , un,k −1 Vk ) G(unk |αk , βk ) nk p(θ k ) I



n I



k



Joint posterior law: p(c, Z, U, Θ|X, K ) =



I



p(X, c, Z, U, Θ|K ) . p(X|K )



The main task now is to propose some approximations to it in such a way that we can use it easily in all the above mentioned tasks of classification or clustering.
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Hierarchical graphical model for Mixture of Student-t ξ0



γ0 , V 0



µ0 , η0



 k0  p(a) = D(a|k0 )    p(µk |Vk ) = N (µk |µ0 1, η0 −1 Vk )  @   R  @ ? ? ?       p(Vk ) = IW(Vk |γ0 , V0 ) αk a βk Vk - µk p(αk ) = E(αk |ζ0 ) = G(αk |1, ζ0 )      @ @  p(β k ) = E(β k |ζ0 ) = G(β k |1, ζ0 )  R @ R  @ ?       P(znk = 1) = P(cn = k) = ak - xn  znk  cn  unk p(unk ) = G(unk |αk , β k )    p(X, c, Z, U, Θ|K ) =



YY n



[ak N (xn |µk , Vk )G(unk |αk , β k )]z nk



k



p(ak )p(µk |Vk )p(Vk )p(αk )p(β k )
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Variational Bayesian Approximation (VBA) I



I



Main idea: to propose easy computational approximations: q(c, Z, Θ) = q(c, Z)q(Θ) for p(c, Z, Θ|X, K ) for MoG model, or q(c, Z, U, Θ) = q(c, Z, U)q(Θ) for p(c, Z, U, Θ|X, K ) for MoSt model. Criterion: KL(q : p) = −F(q) + ln p(X|K ) where F(q) = h− ln p(X, c, Z, Θ|K )iq or F(q) = h− ln p(X, c, Z, U, Θ|K )iq



I



I



Maximizing F(q) or minimizing KL(q : p) are equivalent and both give un upper bound to the evidence of the model ln p(X|K ). When the optimum q ∗ is obtained, F(q ∗ ) can be used as a criterion for model selection.
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Proposed VBA for Mixture of Student-t priors model I



Dirichlet



P Γ( l kk ) Y kl −1 al D(a|k) = Q l Γ(kl ) l



I



Exponential E(t|ζ0 ) = ζ0 exp [−ζ0 t]



I



Gamma G(t|a, b) =



I



b a a−1 t exp [−bt] Γ(a)



Inverse Wishart IW(V|γ, γ∆) =



   | 12 ∆|γ/2 exp − 21 Tr ∆V−1 ΓD (γ/2)|V|



γ+D+1 2



.
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Expressions of q q(c, Z, Θ) =q(c, QZ)Qq(Θ) = n k [q(cn = k|znk ) q(znk )] Q k [q(αk ) q(βk ) q(µk |Vk ) q(Vk )] q(a). with:



 ˜ ˜ = [k˜1 , · · · , k˜K ] q(a) = D(a|k), k       q(αk ) = G(αk |ζ˜k , η˜k )    q(βk ) = G(βk |ζ˜k , η˜k )     q(µk |Vk ) = N (µk |e µ, η˜−1 Vk )      ˜ q(Vk ) = IW(Vk |˜ γ , Σ)



With these choices, we have F(q(c, Z, Θ)) = hln p(X, c, Z, Θ|K )iq(c,Z,Θ) =



YY k



Y F1kn + F2k



n



F1kn



= hln p(xn , cn , znk , θ k )iq(cn =k|znk )q(znk )



F



= hln p(x , c , z , θ )i



k
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VBA Algorithm step Expressions of the updating expressions of the tilded parameters are obtained by following three steps: I E step: Optimizing F with respect to q(c, Z) when keeping q(Θ) fixed, we obtain the expression of q(cn = k|znk ) = ˜ak , q(znk ) = G(znk |e αk , βek ). I M step: Optimizing F with respect to q(Θ) when keeping q(c, Z) fixed, we obtain the expression of ˜ ˜ = [k˜1 , · · · , k˜K ], q(αk ) = G(αk |ζ˜k , η˜k ), q(a) = D(a|k), k ˜ q(βk ) = G(βk |ζk , η˜k ), q(µk |Vk ) = N (µk |e µ, η˜−1 Vk ), and ˜ q(Vk ) = IW(Vk |˜ γ , γ˜ Σ), which gives the updating algorithm for the corresponding tilded parameters. I F evaluation: After each E step and M step, we can also evaluate the expression of F(q) which can be used for stopping rule of the iterative algorithm. I Final value of F(q) for each value of K , noted Fk , can be used as a criterion for model selection, i.e.; the determination of the number of clusters.
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VBA: choosing the good families for q I



Main question: We approximate p(X ) by q(X ). What are the quantities we have conserved? I I I I



a) Modes values: arg maxx {p(X )} = arg maxx {q(X )} ? b) Expected values: Ep (X ) = Eq (X ) ? c) Variances: Vp (X ) = Vq (X ) ? d) Entropies: Hp (X ) = Hq (X ) ?



I



Recent works shows some of these under some conditions.



I



For example, if p(x) = Z1 exp [−φ(x)] with φ(x) convex and symetric, properties a) and b) are satisfied.



I



Unfortunately, this is not the case for variances or other moments.



I



If p is in the exponential family, then choosing appropriate conjugate priors, the structure of q will be the same and we can obtain appropriate fast optimization algorithms.
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Conclusions



Bayesian approach with Hierarchical prior model with hidden variables are very powerful tools for inverse problems and Machine Learning. I The computational cost of all the sampling methods (MCMC and many others) are too high to be used in practical high dimensional applications. I We explored VBA tools for effective approximate Bayesian computation. I Application in different inverse problems in imaging system (3D X ray CT, Microwaves, PET, Ultrasound, Optical Diffusion Tomography (ODT), Acoustic source localization,...) I Clustering and classification of a set of data are between the most important tasks in statistical researches for many applications such as data mining in biology. I Mixture models are classical models for these tasks. I We proposed to use a mixture of generalised Student-t distribution model for more robustness. I To obtain fast and be Tutorial able attoMaxEnt handle large A. Mohammad-Djafari, ABC for Large Scalealgorithms Inverse Problems and Big Data, 2017, July 09-14,data Sao Paolo, Bresil 126/12 I
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