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Motivation



Motivation Fundación Ciudad de la Energía: Leading public developer of CO2 capture, transport and geological storage technologies in Spain.



Magallanes project: Design of an horizontal axis tidal turbine.



Efficient numerical methods in fluid dynamics and fluid-structure interaction. Applications to energy and the environment.
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Mathematical model



Low Mach number flows



Low Mach number equations



We will assume that the Mach number, M, is small enough for splitting the pressure into a spatially constant function, π ¯ , and a small perturbation, π:



p(x, y , z, t) = π ¯ (t) + π(x, y , z, t),



π = O(M −2 ) π ¯



(1)



with π ¯ (t) provided, π neglected in the state equation and retained in the momentum equation.
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Mathematical model



Low Mach number flows



Navier-Stokes equations ∂ρ + div ρ u = 0, ∂t ∂ρ u + ∇ π − div τ + div (ρ u ⊗ u) = fu , ∂t  2 τ = µ ∇ u + ∇ uT − µ div u I, 3 R , R = 8314 J/ (kmolK). π ¯ = ρRθ, R= M Time: t Density: ρ = ρ(x, y , z, t). Velocity vector: u = u(x, y , z, t). Pressure: π = π(x, y , z, t). Viscous term of the stress tensor: τ . Dynamic viscosity: µ. A projection hybrid FV-FE method



Source term: f u . Gas constant: R. Universal constant: R. Molecular mass: M. Temperature: θ. SHARK-FV, 18 - 22 May 2015



Mathematical model



Low Mach number flows



∂ρ + div ρ u = 0, ∂t



(2)



∂ρ u ∂F1 (u, ρ) F2 (u, ρ) F3 (u, ρ) + + + + ∇ π − div τ = fu , ∂t ∂x ∂y ∂z | {z } div(F(u,ρ))



π ¯ = ρRθ.



(3)



From (2) and (3) we get the following divergence condition:   ∂ρ ∂ π ¯ =− div (ρ u) = − ∂t ∂t Rθ so that, the system of equations to be solved reads ∂ρ u + div (F (u, ρ)) + ∇ π − div τ = f u , ∂t div ρ u = q, where q := − A projection hybrid FV-FE method



∂ ∂t







π ¯ Rθ
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Mathematical model



Turbulence and species transport



Turbulence Favre-averaged viscous stress tensor k − ε standard τ = τu + τ F ,



 2 τu = µ ∇ u + ∇ uT − µ div u I, 3  2 2 F T τ = µt ∇ u + ∇ u − µt div u I − ρkI. 3 3



µt = ρCµ



k2 , ε



Cµ = 0.09.



Favre stress tensor, τ F .



Turbulent kinetic energy, k.



Turbulent viscosity, µt .



Dissipation rate, ε.
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Mathematical model



Turbulence and species transport



K − ε standard µt = ρCµ



k2 , ε



   µt ∂ρk + div F wk ((u, k), ρ) − div µ + ∇ k + ρε = Gk + fk , ∂t σk    ∂ρε µ ε2 ε t + div F wε ((u, ε), ρ) − div µ + ∇ ε + ρC2ε = C1ε Gk + fε , ∂t σε k k   3 2 ∂uj µt X ∂ui + , Gk ≈ 2 ∂xj ∂xi i,j=1



C1ε = 1.44,



C2ε = 1.92,



Cµ = 0.09,



Flux: F wk = ρ u k, F wε = ρ u ε. Turbulent production: Gk . Source MMS terms: fk , fε .
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σk = 1.0,



σε = 1.3.



Prandtl numbers: σk , σε . Closure constants: C1,ε , C2,ε .
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Mathematical model



Turbulence and species transport



Species transport and energy Species conservation equations ∂ρ Y + div F Y ((u, Y), ρ) − div ∂t



 ρD +



µt Sct







 ∇ Y = fY



Energy conservation equation ∂ρh + div F h ((u, h), ρ) − div ∂t



   µt ρD + ∇ h = − div qr +fh Sct



Species: Y = (Y1 , . . . , YNe ).



Mass diffusivity coefficient: D.



Number of species: Ne .



Schmidt number: Sct .



Enthalpy: h.



Heat flux: qr .



Flux:



FiY



h



= ρ u Yi , F = ρ u h.
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Mathematical model



Conservative variables



Conservative variables We introduce the conservative variables     ρY1 wy1      ..   ..     .   .      ρu      1    ρYNe  wyNe    , ˆ = wu = ρu2  , w =        ρh   wh      ρu3      ρk   wk      ρε wε



 w=



wu ˆ w



 .



Then, the flux can be expressed as F wu = (F1wu |F2wu |F3wu )3×3 ,



Fiwu = ui wu = 



F = (F1 |F2 |F3 )(3+Ne +1+2)×3 , A projection hybrid FV-FE method



 Fi = 



Fiwu wi ρ



wi wu ρ



 ,



  ˆ w



i = 1, 2, 3.



3+Ne +1+2 SHARK-FV, 18 - 22 May 2015



Mathematical model



Conservative variables



Hence, the system of equations can be rewritten: div wu = q, "    T ! ∂ wu 1 1 wu + div F (wu , ρ) + ∇ π − div (µ + µt ) ∇ wu + ∇ wu ∂t ρ ρ    1 2 2 wu I − wk I = fu , − (µ + µt ) div 3 ρ 3     ∂ wY µt 1 wY + div F (w, ρ) − div ρD + ∇ wY = fY, ∂t Sct ρ    ∂wh µt wh + div F wh (w, ρ) − div ρD + ∇ = − div qr +fh , ∂t Sct ρ    ∂wk µt wk + div F wk (w, ρ) − div µ + ∇ + wε = Gk + fk , ∂t σk ρ    ∂wε µt wε w2 wε + div F wε (w, ρ) − div µ + ∇ + ρC2ε ε = C1ε Gk + fε , ∂t σε ρ wk wk    2 3 2 wk ∂ π ¯ µt X ∂ui ∂uj q=− , µt = Cµ , Gk = + . ∂t Rθ wε 2 ∂xj ∂xi i,j=1
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Numerical Method



Numerical discretization



Numerical discretization Let Wn , π n be an approximation of the conservative variables, w (x, y , z, t n ), and of the pressure perturbation, π (x, y , z, t n ). Then Wn+1 , π n+1 can be defined from the following system of equations: n+1



f W u



− Wnu + div (F wu (Wn , ρn )) + ∇ π n − div (τ n ) = f nu , ∆t



(4)



n+1



f Wn+1 −W u u ∆t



n



τ = (µ +



µnt )



 ∇



1 n W ρ u



A projection hybrid FV-FE method







 +∇



1 n W ρ u



 + ∇ π n+1 − π n = 0,



(5)



div Wn+1 = q n+1 , u



(6)



T !



2 − (µ + µnt ) div 3







 1 n 2 W I − Wnk I, ρ u 3
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Numerical Method



n+1



f W Y



− WnY + div F wY (Wn , ρ) − div ∆t



Numerical discretization



    µt 1 n ρD + ∇ WY = 0, Sct ρ



(7)



n+1



n+1 f WY −W Y ∆t



= fY,



(8)



   f n+1 − W n W Wn µt h h + div F wh (Wn , ρ) − div ρD + ∇ h = − div qnr , ∆t Sct ρ



(9)



f n+1 Whn+1 − W h = fh , (10) ∆t
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Numerical Method



Numerical discretization



   f n+1 − W n W Wkn µt n wk k k + div F (W , ρ) − div µ + ∇ = 0, ∆t σk ρ



(11)



f n+1 Wkn+1 − W k + Wε − Gk = fk , ∆t



(12)



   f n+1 − W n µt Wn W ε ε + div F wε (Wn , ρ) − div µ + ∇ ε = 0, ∆t σε ρ



(13)



2 f n+1 Wεn+1 − W (Wε ) Wε ε + C2ε − C1ε Gk = fε . ∆t Wk Wk



(14)
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Numerical Method



Overall method



Overall method



Transport-difusion stage: equations (4), (7), (9), (11) and (13) are solved by a FVM.



Proyection stage: a FEM is applied to (5)-(6) in order to obtain the pressure correction.



Post-proyection stage: n+1 f W is updated by using δ n+1 , (5) (the new approximation, Wn+1 u u , satisfies the divergence condition); the turbulence, the species and the energy variables are updated from equations (8), (10), (12) and (14).
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Numerical Method



A dual mesh



A dual finite volume mesh Barycenter of the faces of the tetrahedra: {Ni , i = 1, . . . , M}. Set of the neighbours of Ni : Ki . Volume of Ci : vol (Ci ). Boundary ofSCi : γi = ∂Ci = j∈Ki Γij . Outward normal to Γij : ηij , (ηij = η˜ij ∗ kηij k). Outward normal to Γij : ηij , (ηij = η˜ij ∗ kηij k). P P Area of Γi : Si = j∈Ki S(Γij ) = j∈Ki kηij k.   Γ = Γ T Ω, ib i At the boundary (Ni ∈ Γ):  η outward normal. ib
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Numerical Method



Transport-diffusion stage



Transport-diffusion stage
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Numerical Method



Finite volume discretization



Finite volume discretization



Integrating equations (4), (7), (9), (11) and (13) over the finite volume Ci and applying Gauss theorem we obtain  vol (Ci ) fn+1 Wu i − Wnu i + ∆t



Z F



wu



(Wnu , ρn ) η˜dS



Ci n



Γi
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Γi



F wY (Wn , ρ) η˜dS =



Z



(τ ) η˜dS +



+



Z



∇ π n dV



=−



Γi



Z



 vol (Ci ) fn+1 WY i − WnY i + ∆t



Z



f nu dV ,



Ci



  Z  Wn µt ∇ Y η˜dS, ρD + Sct ρ Γi
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Numerical Method



 vol (Ci )  f n+1 Whi − Whin + ∆t



Z



Finite volume discretization



F wh (Wn , ρ) η˜dS −



Z  ρD + Γi



Γi



 Wn ∇ h η˜dS ρ Z =− qrn η˜dS,



µt Sct







Γi



 vol (Ci )  f n+1 Wki − Wkin + ∆t



Z



 vol (Ci )  f n+1 Wεi − Wεin + ∆t



Z
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F



wk



n



(W , ρ) η˜dS −



Γi



Γi



F Γi



Z 



wε



n



µt µ+ σk



Z 



(W , ρ) η˜dS − Γi



µt µ+ σε







 Wkn ∇ η˜dS = 0, ρ







 Wεn ∇ η˜dS = 0. ρ
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Numerical Method



Numerical flux



Numerical flux Numerical flux on a cell boundary, Γi Z (Wn , ρn , η˜) := F (Wn , ρn ) η˜ Γi is split into the cell interfaces, Γij , Nj ∈ Ki , Z Z X Z div [F (Wn , ρn ) η˜] d W = F (Wn , ρn ) η˜dS = Ci



Γi



Nj ∈Ki



F (Wn , ρn ) η˜ij dS



Γij



The integral on Γij is approximated by an upwind scheme, Z   F (Wn , ρn ) η˜ij dS ≈ φ (Wni , ρni ) , Wnj , ρnj , ηij , Γij



with φ the numerical flux. A projection hybrid FV-FE method
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Numerical Method



Numerical flux



Numerical Flux: Rusanov scheme   1  Z n (Wni , ηij ) + Z n Wnj , ηij φ (Wni , ρni ) , Wnj , ρnj , ηij = 2   1 n n − αRS (Wi , ρi ), (Wjn , ρnj ), η ij Wni − Wnj . 2 Coupled  αRS (Win , ρni ), (Wjn , ρnj ), η ij = max {2 |Ui ·ηij | , 2 |Uj ·ηij |} . Decoupled  wu αRS (Win , ρni ), (Wjn , ρnj ), η ij = max {2 |Ui ·ηij | , 2 |Uj ·ηij |} ,  α ˆ RS (Win , ρni ), (Wjn , ρnj ), η ij = max {|Ui ·ηij | , |Uj ·ηij |} .
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Numerical Method



Numerical flux



Second order spacial discretization We compute the extrapolated values of W and ρ using the values in the common nodes of the face and the left and right gradients related to it, Average in the upwind “green tetrahedra”; Average in the triangles which contain the FV node; Values in the upwind “green tetrahedra”.
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Numerical Method



Numerical flux



A new Kolgan-type scheme1 ∂f (w ) ∂w (x, t) + (x, t) = 0 ∂t ∂x



New upwind second order scheme  ∆t   n n n+1 n n n wj = wj − φ wj , wj +1 , wL,j +1/2 , wR,j +1/2 ∆x   n n n n −φ wj −1 , wj , wL,j −1/2 , wR,j −1/2 Numerical flux φ (U, V , UL , VR ) =



1 f (U) + f (V ) − |Q (UL , VR )| (VR − UL ) 2 2 L



∗ wL,j −1/2 = wj −1 + ∆j −1 ,



wL,j +1/2 = wj +



L∗ ∆j −1 ,



R



∗ wR,j −1/2 = wj + ∆j −1 , R



∗ wR,j +1/2 = wj +1 + ∆j −1 .



∗ , ∆R∗ the left and right limited slopes at the node x : ∆L j j j     L ∆ ∗ = j       



R ∆ ∗ = j   



   wj −wj −1 max 0, min , wj +1 − wj 2    wj −wj −1 min 0, max , wj +1 − wj 2  wj +1 −wj max 0, min − , wj −1 − wj 2    wj +1 −wj , wj −1 − wj min 0, max − 2 







wj +1 − wj > 0 wj +1 − wj < 0 wj −1 − wj > 0 wj −1 − wj < 0



1 L. Cea and M.E. Vázquez-Cendón. “Analysis of a new Kolgan-type scheme motivated by the shallow water equations”. In: Appl. Num. Math. 62.4 (2012), pp. 489 –506. A projection hybrid FV-FE method
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Numerical Method



Numerical flux



A new Kolgan-type scheme n WiL = Win + ∆ijL ,



n WjR = Wjn − ∆ijR ,



∆12L and ∆12R are the left and right limited slopes at the face defined with the Galerkin gradients computed at the upwind tetrahedra TijL and TijL , and taking into account some limiter:    1 ∇Wn |TijL · Ni Nj , Wnj − Wni , ∆ijL = Lim 2    1 ∆ijR = Lim ∇Wn |TijR · Ni Nj , Wnj − Wni , 2 Numerical Flux  n n φ (Win , ρni ), (Wjn , ρnj ), (WiL , ρniL ), (WjR , ρnjR ), η ij  1 Z(Win , ρi , ηij ) + Z(Wjn , ρnj , ηij ) = 2   1 n n n n − αRS (WiL , ρniL ), (WjR , ρnjR ), ηij WjR − WiL . 2 A projection hybrid FV-FE method
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Numerical Method



Pressure term



Pressure term Pressure term Z Ci



∇ π n dV =



X Z Nj ∈Ki



π n η˜ij dS.



Γij



The pressure is approximated by the average of the values at the vertices of the face. Z Γij



1 n (π (V1 ) + π n (V2 ) + π n (B)) area (Γij ) η˜ij = 3   5 1 n n n n = (π (V1 ) + π (V2 )) + (π (V3 ) + π (V4 )) ηij . 12 12 π n η˜ij dS ≈



A projection hybrid FV-FE method



SHARK-FV, 18 - 22 May 2015



Numerical Method



Viscous terms



Viscous terms Viscous term of the momentum equation Z X Z n div τ dV = Ci



=



X Z Nj ∈Ki



Γij



Nj ∈Ki



τ n η˜ij dS =



Γij



   2 2 (µ + µt ) ∇ u + ∇ uT − (µ + µt ) div u I − ρkI η˜ij dS. 3 3
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Numerical Method



Viscous terms



Viscous terms Viscous term of the momentum equation Z X Z n div τ dV = Ci



=



X Z Nj ∈Ki



Γij



Nj ∈Ki



τ n η˜ij dS =



Γij



    2 2  (µ + µt ) ∇ u + ∇ uT − (µ + µt ) div u I − ρkI η˜ij dS. 3 3
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Numerical Method



Viscous terms



Viscous terms Viscous term of the momentum equation Z X Z div τ n dV = Ci



=



X Z Nj ∈Ki



Γij



Nj ∈Ki



τ n η˜ij dS =



Γij



    2 2  (µ + µt ) ∇ u + ∇ uT − (µ + µt ) div u I − ρkI η˜ij dS. 3 3



Gradient approximation: 1



orthogonal and non-orthogonal flux in the face2 ;



2



Galerkin approximation at the tetrahedron of the face;



3



average of the Galerkin approximation at the upwind tetrahedra;



4



average of the Galerkin approximation at the three tetrahedra.



2 A. Bermúdez J.L. Ferrín, L. Saavedra, and M.E. Vázquez-Cendón. “A projection hybrid finite volume/element method for low-Mach number”. In: J. Comp. Phys. 271 (2014), pp. 360–378. A projection hybrid FV-FE method
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Numerical Method



Viscous terms



Viscous terms Viscous term of the momentum equation Z X Z div τ n dV = Ci



X Z



=



Nj ∈Ki



Γij



Nj ∈Ki



τ n η˜ij dS =



Γij



    2 2  T  (µ + µt ) ∇ u + ∇ u − (µ + µt ) div u I − ρkI η˜ij dS. 3 3



Gradient approximation: 1 orthogonal and non-orthogonal flux in the face; 2 Galerkin approximation at the tetrahedron of the face; 3 average of the Galerkin approximation at the upwind tetrahedra; 4 average of the Galerkin approximation at the three tetrahedra.



EF2



EF1
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EF2



EF1



EF2



EF1
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Numerical Method



Viscous terms



Divergence approximation: Z   2 1 − µntij div un η˜ij DS ≈ − µti + µtj unj − uni · ηij ηij 3 3 Γij



k term approximation: average in the neighbour nodes Z  2 n 1 n Wk η˜ij dS = − Wki + Wknj η˜ij − 3 Γij 3
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Numerical Method



Viscous terms



c Viscous terms for W The viscous terms for the species, energy, k and  equations are      Z X Z 1c 1c W dV = D∇ W η˜dS div D ∇ ρ ρ Γi Ci |Tij Nj ∈Ki



where  D  Y   0 D=   0  0



0



0



Dh



0



0



Dk



0



0
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0











     0  =   0     Dε



ρD +



µt Sct



0



0 µt Sct



0



ρD +



0



0



µ+



0



0



0



0



0







    .  0   µt  µ+ σε 0



µt σk



SHARK-FV, 18 - 22 May 2015



Numerical Method



Projection stage



Projection stage
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Numerical Method



Projection stage



Projection stage



We use a finite element method in order to solve n+1



f Wn+1 −W u u ∆t



 + ∇ π n+1 − π n = 0, div Wn+1 = q n+1 . u



 R Let z ∈ V0 be a test function, V0 := z ∈ H 1 (Ω) : Ω z = 0 , then Z Z Z  n+1 1 1 f ∇ π n+1 − π n · ∇zdV = W Wn+1 ·∇zdV . · ∇zdV − ∆t Ω u ∆t Ω u Ω
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Numerical Method



Projection stage



Using the divergence condition and the Green formula, we obtain Z Z Z Z Z  n+1 n+1 n+1 Wn+1 ·∇zdV = W ·η∇zdS− div W zdV = g z− q n+1 zdS. u u u Ω



Γ



Ω



Γ



Ω



Replacing the previous expression in the variational formulation and introducing the variable δ n+1 := π n+1 − π n , to obtain π n+1 we need to solve the weak problem Z Z Z Z n+1 1 1 1 n+1 f W · ∇zdV + q zdV − g n+1 zdS. ∇δ n+1 · ∇zdV = ∆t Ω u ∆t Ω ∆t Γ Ω This weak problem can be seen as corresponding to the following Laplace problem with Neumann conditions  n+1 1  n+1 f div W − q in Ω, u ∆t  1 fn+1 = Wu · η − g n+1 in Γ. ∆t



∆δ n+1 = ∂δ n+1 ∂η A projection hybrid FV-FE method
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Numerical Method



Post-projection stage



Post-projection stage
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Numerical Method



Post-projection stage



Post-projection stage Linear momentum density Correction



n+1



n+1 f Wn+1 − πin u i = Wu i + ∆t∇ πi







Guermond proposal2 n+1



f Wn+1 u i = Wu i .



Turbulence, species and energy updates Production terms are computed using the updated velocities at n + 1 time. Dissipation terms are semi-implicited.



2 J.L. Guermond, P. Minev, and Jie Shen. “An overview of projection methods for incompressible flows”. In: Comput. Methods Appl. Mech. Eng. 195 (2006), pp. 6011 –6045. A projection hybrid FV-FE method
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Numerical Method



k and ε



Post-projection stage



f n+1 Wkn+1 − W k + Wεn − Gk (un+1 ) = fkn ∆t Semi-implicit



Implicit



f n+1 Wkn+1 − W Wn k + εn Wkn+1 − Gk (un+1 ) = fkn ; ∆t Wk f n+1 W2 Wn Wεn+1 − W ε + C2ε ε − C1ε εn Gk (un+1 ) = fεn ∆t Wk Wk Semi-implicit



Implicit



f n+1 Wεn+1 − W Wn Wn ε + C2ε ε Wεn+1 − C1ε εn Gk (un+1 ) = fεn . ∆t Wk Wk Species and energy n+1



n+1 f WY −WY ∆t A projection hybrid FV-FE method



= f nY ,



f n+1 Whn+1 − W h = fhn . ∆t SHARK-FV, 18 - 22 May 2015
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Numerical results
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Numerical results



Numerical results To check the order of the errors we compute the norms: E (w )Mi = kw − wMi kl 2 (L2 (Ω)) , E (w)Mi = kw − wMi kl 2 (L2 (Ω)N ) ,



w ∈ RN ,



for the different meshes with the same CFL. Furthermore, we compute the order,



owMi /Mj owMi /Mj



A projection hybrid FV-FE method



 ln E (w )Mi /E (w )Mj  , = ln hMi /hMj  ln E (wMi )/E (w)Mj  = . ln hMi /hMj
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Numerical results



CFL computation Computation of ∆t given CFL: ∆tlocu =



CFL L2 CFL L = , µ + µt 2 |u| L + 2 (µ + µt ) 2 |u| + 2 L



CFL L CFL L , µt , ∆tlocε = µ + σµεt µ+ σ k 2 |u| + 2 2 |u| + 2 L L CFL L CFL L ∆tlocY = µt , ∆tloch = µt , ρD + Sc ρD + Sc t t 2 |u| + 2 2 |u| + 2 L L     µt µt vol (Ci ) (µ + µt )u = µ + > µ+ , L := ; σk k σ  S (Ci ) ∆tlock =



 ∆tloc ≤ min ∆tlocu , ∆tlock , ∆tlocε , ∆tlocY , ∆tloch = min {∆tlocu , ∆tlocY } A projection hybrid FV-FE method
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Numerical results



Computation of CFL given ∆t:



CFLlocu =



CFLlock



CFLlocY



∆t L



  µ + µt 2∆t 2 |u| + 2 = 2 (|u| L + µ + µt ) , L L



2∆t = L



2∆t = L



|u| +



|u| +



µt σk



µ+



!



L



ρD + L



µt Sct



, CFLlocε



2∆t = L



, CFLloch



2∆t = L



!



|u| +



|u| +



µt σε



µ+



!



L ρD +



µt Sct



, !



L



 CFLloc ≤ min CFLlocu , CFLlock , CFLlocε , CFLlocY , CFLloch
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;



Numerical results



Test MMS



Academic test (MMS) 3



Computational domain: Ω = [0, 1] . Mesh features: Mesh



N



Elements



Vertices



Nodes



vhm (m3 )



vhM (m3 )



M1



4



384



125



864



6.51E − 04



1.30E − 03



M2



8



3072



729



6528



8.14E − 05



1.63E − 04



M3



16



24576



4913



50688



1.02E − 05



2.03E − 05



N + 1: number of points along the edges (h = 1/N), vhm : minimum volume of the finite volumes, vhM : maximum volume of the finite volumes.
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Numerical results



Test MMS



Flow definition: µ = 1.e − 2, ρ(x, y , z, t) = 1, π(x, y , z, t) = cos(πt(x + y + z)), T



u(x, y , z, t) = (sin(πyt), − cos(πzt), exp(−πxt)) , y (x, y , z, t) = sin(πxt) + 2, h(x, y , z, t) = sin(πxt) + 2, k(x, y , z, t) = sin(πxt) + 2, ε(x, y , z, t) = exp(−πzt) + 1, qr (x, y , z, t) = (− exp(πtx), x, x)T . A projection hybrid FV-FE method
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Numerical results



Test MMS



Source terms: fu1 = (2πt cos (πtx)) /3 + πy cos (πty ) − πt sin (πt (x + y + z))   2 π 2 cµ t 2 sin (πty ) (sin (πtx) + 2) −πt cos (πty ) cos (πtz) + π 2 t 2 µ sin (πty ) + (exp (−πtz) + 1)



fu3



fu2 = πz sin (πtz) − πt sin (πt (x + y + z)) + πt sin (πtz) exp (−πtx)   2 π 2 cmu t 2 cos (πtz) (sin (πtx) + 2) −π 2 t 2 µ cos (πtz) − (exp (−πtz) + 1)   2 π 2 cmu t 2 sin (πtz) exp (−πtz) (sin (πtx) + 2) − 2 (exp (−πtz) + 1)  2π 2 cmu t 2 exp (−πtx) cos (πtx) (sin (πtx) + 2) = − πt sin (πt (x + y + z)) (exp (−πtz) + 1) −πt sin (πty ) exp (−πtx) − π 2 t 2 µ exp (−πtx)  2 π 2 cmu t 2 exp (−πtx) (sin (πtx) + 2) − − πx exp (−πtx) (exp (−πtz) + 1) 
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Numerical results



Test MMS



fy = πx cos (πtx) + πt sin (πty ) cos (πtx) + π 2 t 2 D (1) sin (πtx)   2 2π 2 cmu t 2 cos (πtx) (sin (πtx) + 2) − (Sct (exp (−πtz) + 1))   2 2 π cmu t 2 sin (πtx) (sin (πtx) + 2) + (Sct (exp (−πtz) + 1))



fh = πx cos (πtx) + πt sin (πty ) cos (πtx) + π 2 t 2 D (1) sin (πtx)   2 2π 2 cmu t 2 cos (πtx) (sin (πtx) + 2) − (Sct (exp (−πtz) + 1))   2 π 2 cmu t 2 sin (πtx) (sin (πtx) + 2) + − tπ exp (πtx) (Sct (exp (−πtz) + 1))
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Numerical results



Test MMS



fk = πx cos (πtx) + exp (−πtz) + 1 + πt sin (πty ) cos (πtx) + π 2 t 2 µ sin (πtx)     2 2 2 2 π 2 cµ t 2 cos (πty ) (sin (πtx) + 2) π 2 cµ t 2 sin (πtz) (sin (πtx) + 2) − − (exp (−πtz) + 1) (exp (−πtz) + 1)     2 2 π 2 cµ t 2 exp (−2πtx) (sin (πtx) + 2) 2π 2 cµ t 2 cos (πtx) (sin (πtx) + 2) − − (exp (−πtz) + 1) (σk (exp (−πtz) + 1))   2 π 2 cµ t 2 sin (πtx) (sin (πtx) + 2) + (σk (exp (−πtz) + 1))
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Numerical results



Test MMS



  2 C2ε (exp (−πtz) + 1) − πz exp (−πtz) − πt exp (−πtx) exp (−πtz) (sin (πtx) + 2)   2 2 (π Cµ t cos(πty )2 (sin(πtx)+2)2 ) C1ε (exp (−πtz) + 1) (exp(−πtz)+1) −π 2 t 2 µ exp (−πtz) −  (π2 Cµ t 2 sin(πtz)2 (sin(πtx)+2)2 ) (π2 Cµ t 2 exp(−2πtx)(sin(πtx)+2)2 ) + + (exp(−πtz)+1) (exp(−πtz)+1)



fε =



(sin (πtx) + 2)    2 2 π 2 Cµ t 2 exp (−πtz) (sin (πtx) + 2) π 2 Cµ t 2 exp (−2πtz) (sin (πtx) + 2)   − + 2 (σε (exp (−πtz) + 1)) σε (exp (−πtz) + 1) 
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Numerical results



Variable π wu wy wh wk wε



EM1 1.11E 9.83E 1.29E 2.01E 2.02E 7.14E



− 01 − 03 − 02 − 02 − 02 − 03



EM2 3.74E 3.02E 5.03E 7.51E 8.21E 2.46E



− 02 − 03 − 03 − 03 − 03 − 03



Test MMS



EM3 1.66E 9.98E 2.16E 2.73E 3.61E 1.04E



− 02 − 04 − 03 − 03 − 03 − 03



oM1 /M2



oM2 /M3



1.56 1.70 1.36 1.42 1.30 1.53



1.17 1.60 1.22 1.46 1.19 1.25



Errors and order observed. Order 1, CFL 10.



Variable π wu wy wh wk wε



EM1 9.15E 8.95E 7.62E 1.71E 1.09E 7.38E



− 02 − 03 − 03 − 02 − 02 − 03



EM2 2.01E 2.54E 2.02E 5.77E 2.86E 2.21E



− 02 − 03 − 03 − 03 − 03 − 03



EM3 5.27E 6.81E 5.19E 1.62E 7.31E 6.04E



− 03 − 04 − 04 − 03 − 04 − 04



oM1 /M2



oM2 /M3



2.19 1.82 1.92 1.57 1.93 1.74



1.93 1.90 1.96 1.84 1.97 1.87



Errors and order observed. Order 2 Cea-VC, CFL 10. A projection hybrid FV-FE method
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Numerical results



Test MMS



Guermond proposal Variable π wu wk wε



EM1 9.11E 8.95E 1.09E 7.37E



− 02 − 03 − 02 − 03



EM2 2.01E 2.54E 2.85E 2.21E



− 02 − 03 − 03 − 03



EM3 5.27E 6.81E 7.29E 6.03E



− 03 − 04 − 04 − 04



oM1 /M2



oM2 /M3



2.18 1.82 1.93 1.74



1.93 1.90 1.97 1.87



Errors and order observed. Order 2 Cea-VC, CFL 10, Guermond proposal.



Variable π wu wk wε



EM1 9.15E 8.95E 1.09E 7.38E



− 02 − 03 − 02 − 03



EM2 2.01E 2.54E 2.86E 2.21E



− 02 − 03 − 03 − 03



EM3 5.27E 6.81E 7.31E 6.04E



− 03 − 04 − 04 − 04



oM1 /M2



oM2 /M3



2.19 1.82 1.93 1.74



1.93 1.90 1.97 1.87



Errors and order observed. Order 2 Cea-VC, CFL 10.
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Numerical results



Test MMS



Variable



EM1



EM2



EM3



oM1 /M2



oM2 /M3



π



8.04E − 02



3.39E − 02



1.65E − 02



1.25



1.04



wu



4.50E − 02



1.97E − 02



8.51E − 03



1.19



1.21



Errors and order observed. Order 1, CFL 5.



Variable



EM1



EM2



EM3



oM1 /M2



oM2 /M3



π



6.42E − 02



1.79E − 02



5.72E − 03



1.84



1.65



wu



5.52E − 02



1.95E − 02



6.76E − 03



1.50



1.53



Errors and order observed. Order 2 classic, CFL 5.



Variable



EM1



EM2



EM3



oM1 /M2



oM2 /M3



π



5.66E − 02



1.59E − 02



5.05E − 03



1.83



1.65



wu



4.88E − 02



1.79E − 02



6.26E − 03



1.45



1.51



Errors and order observed. Order 2 Cea-VC, CFL 5. A projection hybrid FV-FE method
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Numerical results



Exact pressure (M3 ).
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Test MMS



Computed pressure (M3 ).
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Numerical results



Exact velocity (M3 ).
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Test MMS



Computed velocity (M3 ).
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Numerical results



Exact k (M3 ).
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Test MMS



Computed k (M3 ).
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Numerical results



Exact ε (M3 ).
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Test MMS



Computed ε (M3 ).
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Numerical results



Test MES



Academic test (MES). Bells3 . Computational domain: Ω = [−0.9, 0.9] × [−0.9, 0.9] × [−0.3, 0.3]. Mesh features: Mesh



Elements



Vertices



Nodes



h



C1



11664



2527



24408



0.1



C2



18522



3872



38514



0.0857



C3



54000



10571



111000



0.06



C4



93312



17797



190944



0.05



C5



182250



33856



256711



0.04



3 R. Bermejo and L. Saavedra. “Modified Lagrange-Galerkin methods of first and second order in time for convection-diffusion problems”. In: Numerische Mathematik 120 (2012), pp. 601 –638. A projection hybrid FV-FE method
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Numerical results



Test MES



Flow definition: µ = 0.01, D = 0.01, ρ(x, y , z, t) = 1, π(x, y , z, t) = 1, u(x, y , z, t) = (−y , x, 0)T ,    σ 3 −r 0 y (x, y , z, t) = exp , σ 2σ 2 2



r (x, y , z, t) = (¯ x + 0.25) + y¯ 2 + z 2 , q σ(t) = σ02 + 2tD, σ0 = 0.08, x¯ = x cos(t) + y sin(t), y¯ = −x sin(t) + y cos(t). Source terms: f u (−x, −y , 0)T , fy = 0. A projection hybrid FV-FE method
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Numerical results



Test MES



Variable



EC1



EC2



EC3



EC4



EC5



π



2.79E − 02



2.29E − 02



1.42E − 02



1.10E − 02



7.98E − 03



wu



4.45E − 02



3.69E − 02



2.32E − 02



1.81E − 02



1.32E − 02



wy



1.86E − 03



1.36E − 03



6.75E − 04



4.78E − 04



3.18E − 04



Observed errors. Final time 2π, order 2 Cea-VC, CFL 5.



Variable



oC1 /C2



oC2 /C3



oC3 /C4



oC4 /C5



π



1.26



1.34



1.40



1.45



wu



1.22



1.30



1.37



1.42



wy



2.05



1.96



1.89



1.83



Observed order. Final time 2π, order 2 Cea-VC, CFL 5. A projection hybrid FV-FE method
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Numerical results



Test MES



Variable



EC1



EC2



EC3



EC4



EC5



wy



1.86E − 03



1.34E − 03



6.40E − 04



4.41E − 04



2.83E − 04



Observed errors. Velocity and pressure given, final time 2π, order 2 Cea-VC, CFL 5.



Variable



oC1 /C2



oC2 /C3



oC3 /C4



oC4 /C5



wy



2.14



2.07



2.04



2.00



Observed order. Velocity and pressure given, final time 2π, order 2 Cea-VC, CFL 5.
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Numerical results



Exact y .
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Test MES



Computed y .
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Conclusions



Conclusions Equations dependency Species transport (Y)



limited slope without limiters MOOD



ADER Navier-Stokes equations (π, w)



Turbulence model (k, ε)



Gradient approach (viscous terms) orthogonal



Energy conservation (h)



Galerkin approach Post-projection options



Convective flux solution coupled solution uncoupled solution Accuracy of the convective flux 1st order 2nd classical order 2nd Cea-VC order A projection hybrid FV-FE method



pressure correction for Wu Guermond proposal for Wu Source terms semi-implicit pointwise: k − ε production terms implicit: k − ε dissipative terms explicit: MMS source terms SHARK-FV, 18 - 22 May 2015
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