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6 COARSE GRID APPROXIMATION AND TWO-GRID CONVERGENCE



6.1. Introduction In this chapter we need to consider only two grids. The number of dimensions is d . Coarse grid quantities are identified by an overbar. The problem to be solved on the fine grid is denoted by



Au= f



(6.1.1)



The two-grid algorithm (2.3.14) requires an approximation A of A on the coarse grid. There are basically two ways to chose A, as already discussed in Chapter 2. (i) Discretization coarse grid approximation (DCA): like A, A is obtained by discretization of the partial differential equation. (ii) Galerkin coarse grid approximation (GCA):



A=RAP



(6.1.2)



A discussion of (6.1.2) has been given in Chapter 2. The construction of A with DCA does not need to be discussed further; see Chapter 3. We will use stencil notation to obtain simple formulae to compute A with GCA. The two methods will be compared, and some theoretical background will be given.
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Coarse grid approximation and two-grid convergence



6.2. Computation of the coarse grid operator with Galerkin approximation Explicit formula for coarse grid operator



The matrices R and P are very sparse and have a rather irregular sparsity pattern. Stencil notation provides a very simple and convenient storage scheme. Storage rather than repeated evaluation is to be recommended if R and P are operator-dependent. We will derive formulae for A using stencil notation. We have (cf. (5.2.22))



c P*



(~i= i)



i



( j ,i - 2j)iij



(6.2.1)



Unless indicated otherwise, summation takes place over Zd. Equation (5.2.1) gives



A(i,k)(PE)i+k= 2



(APE)i = k



k



A(i,k ) P * ( j ,i + k - 2j)iij



(6.2.2)



i



Finally, equation (5.2.8) gives



(RAPii)i =



c R(i,m)(APii)ti+m m



(6.2.3)



R(i, m ) A ( 2 i + m,k ) P * ( j , 2i + m



= m



k



+ k - 2j)iij



j



With the change of variables j = i + n this becomes (Aii)i =



cc m



k



R(i,m ) A ( 2 i + myk)P*(i + n, m



n



+ k - 2n)iii+,



(6.2.4)



+ k - 2n)



(6.2.5)



from which it follows that



A(i, n) =



c c R(i,m ) A ( 2 i+ m,k)P*(i m



-tn, m



k



For calculation of A by computer the ranges of m and k have to be finite. SA is the structure of A as defined in (5.2.2), and SR is the structure R, i.e.



SR= ( j €hd:3i € 0 with R(i,j ) # 0 )



(6.2.6)



Equation (6.2.5) is equivalent to A(i, n) =



c



2



R(i,m ) A ( 2 i + m, k)P*(i + n,m



+ k - 2n)



(6.2.7)



m€S. k € S A



With this formula, computation of A is straightforward, as we will now show.



Computation of the coarse grid operator with Galerkin approximation



81



Calculation of coarse grid operator by computer For efficient computation of A it is useful to first determine SA.This can be done with the following algorithm



Algorithm STRURAPcomment Calculation of SA begin S;i = 0 for q E Sp' do for rn E SR do for k E SA do begin n = (m + k - q ) / 2 i f (n E Hd) then SA= S A U ~ end od od od end STRURAP Having determined SA it is a simple matter to compute A. This can be done with the following algorithm



Algorithm CALRAP comment Cdculation of A begin A = 0 for n E SA do for m E Sii do for k € SA do q = m + k - 2n if q E Sp+ then = ( i c G : 2 i + m e G ) f-l { i c 6:i + n E G) for i c 61do A(i, n) = &(i, n ) + R(i, rn)A(2i+ m, k)P*(i + n, q ) od od od od end CALRAP Keeping computation on vector and parallel machines in mind, the algorithm has been designed such that the innermost loop is the longest.
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is obtained we given an example in two dimensions. To illustrate how Let G and 5 be given by



G = (i€Z2:O 
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