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4.6 Adaptive mesh generation for transient problems 4.7 ... - Description

The use of penalty forms in fluid mechanics was introduced early in the 19i'O~*~-*~ and is fully ... 4.19 Stress 5, viscosity p and strain rate 2 relationships for various materials. ..... Practical applications ranging from the forming of beer. 
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A similar exercise has been carried out for the flow over a backward facing step which was also considered previously. Figure 4.15 shows the initial mesh and final meshes obtained from curvature and gradient based procedures. As we can see, a more meaningful mesh is obtained using the gradient based procedure in this case. In the adaptive solutions shown here we have not used any absolute value of the desired error norm as the definition of a suitable norm presents certain difficulties, though of course the use of energy norm in the manner suggested in Volume 1 could be adopted. We shall use such an error requirement in some later problems.



4.6 Adaptive mesh generation for transient problems In the preceding sections we have indicated various adaptive methods using complete mesh regeneration with error indicators of the interpolation kind. Obviously other methods of mesh refinement can be used (mesh enrichment or r refinement) and other procedures of error estimating can be employed if the problem is nearly elliptic. One such study in which the energy norm is quite effectively used is reported by Wu et In that study the full transient behaviour of the Von Karman vortex street behind a cylinder is considered and the results are presented in Fig. 4.16. In this problem, the mesh is regenerated at fixed time intervals using the energy norm error and the methodologies largely described in Chapter 15 of Volume 1. Similar procedures have been used by others and the reader can refer to these



work^.^'.^*



4.7 Importance of stabilizing convective terms We present here the effects of stabilizing terms introduced by the CBS algorithm at low and high Reynolds number flows. These terms are essential in compressible flow computations to suppress the oscillations. However, their effects are not clear in incompressible flow problems. To demonstrate the influence of stabilizing terms, the driven flow in a cavity is considered again for two different Reynold’s numbers, 100 and 5000, respectively. Figure 4.17 shows the results obtained for these Reynolds numbers. The reader will notice only slight effects of stabilization terms at Re = 100. However, at Re = 5000, some oscillations in pressure in the absence of stabilization terms are noticed. These oscillations vanish in the presence of stabilization terms [namely terms proportional to At2 in the momentum equations (3.23) and (3.24)]. In many problems of higher Reynold’s number or compressibility the importance of stabilizing convective terms is more dramatic.



4.8 Slow flows



- mixed and penalty formulations



4.8.1 Analogy with incompressible elasticity Slow, viscous incompressible flow represents the extreme situation at the other end of the scale from the inviscid problem of Sec. 4.2. Here all dynamic (acceleration) forces
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Fig. 4.17 Effects of characteristic stabilizing terms in a driven cavity problem at different Reynold’s numbers. are, u priori, neglected and Eqs (4.1) and (4.2) reduce, in tensorial form. to . _3uj_ - E,. = 0



(4.36)



axj



and



3T/, _ ~ axj



aP_ 3sj



_ Pgi =0



(4.37)



The above are completed of course by the constitutive relation



T j j = p (du $ + L 3u-6 dxj



1



-k l’



23 ddxx u



(4.38)



which is identical to the problem of incompressible elasticity in which we replace: (a) the displacements by velocities,
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(b) the shear modulus G by the viscosity p and (c) the mean stress by negative pressure. We have discussed such equations in Chapters 1 and 3.



4.8.2 Mixed and penalty discretization The discretization can be started from the mixed form with independent approximations of u and p, i.e. u =N,U p=N,p (4.39) or by a penalty form in which Eq. (4.36) is augmented by p / y where y is a large penalty parameter



m T S u +P -=O



Y



(4.40)



allowing p to be eliminated from the computation. Such penalty forms are only applicable with reduced integration and their general equivalence with the mixed form in which p is discretized by a discontinuous choice of Np between elements has been demonstrated.86(See Chapter 12, Volume 1 for details.) As computationally it is advantageous to use the mixed form and introduce the penalty parameter only to eliminate the p values at the element levels, we shall presume such penalization to be done after the mixed discretization. The use of penalty forms in fluid mechanics was introduced early in the 1 9 i ' O ~ * ~ - * ~ and is fully discussed e l ~ e w h e r e . ~ ' - ~ ~ The discretized equations will always be of the form K (4.41) where h is a typical element size, I an identity matrix, where B F SN,



BTpIoBdR



(4.42)



f=



.k



NTpgdR



+



h,



N;ftdT



and the penalty number, 7, is introduced purely as a numerical convenience. This is taken generally as90.92 =(10~-10~)~ There is little more to be said about the solution procedures for creeping incompressible flow with constant viscosity. The range of applicability is of course limited to low velocities of flow or high viscosity fluids such as oil, blood in biomechanics applications, etc. It is, however, important to recall here that the mixed form allows only certain combinations of Nu and Np interpolations to be used without violating the convergence conditions. This is discussed in detail in Chapter 12 of Volume 1, but for completeness Fig. 4.18 lists some of the available elements together
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Fig. 4.18 Some useful velocity-pressure interpolations and their asymptotic, energy norm convergence rates.
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with their asymptotic convergence rates.93 Many other elements useful in fluid mechanics are documented e l ~ e w h e r e , ~but ~ - ~those ~ of proven performance are given in the table. It is of general interest to note that frequently elements with C, continuous pressure interpolations are used in fluid mechanics and indeed that their performance is generally superior to those with discontinuous pressure interpolation on a given mesh, even though the cost of solution is marginally greater. It is important to note that the recommendations concerning the element types for the Stokes problem carry over unchanged to situations in which dynamic terms are of importance. The fairly obvious extension of the use of incompressible elastic codes to Stokes flow is undoubtedly the reason why the first finite element solutions of fluid mechanics were applied in this area.



4.9 Non-newtonian flows



- metal and polymer forming



4.9.1 Non-newtonian flows including viscoplasticity and plasticity In many fluids the viscosity, though isotropic, may be dependent on the rate of strain i,,as well as on the state variables such as temperature or total deformation. Typical here is, for instance, the behaviour of many polymers, hot metals, etc., where an exponential law of the type (4.43) with Po = P o ( T , G



governs the viscosity-strain rate dependence where m is a physical constant. In the above is the second invariant of the deviatoric strain rate tensor defined from Eq. (3.34), T is the (absolute) temperature and E is the total strain invariant. This secant viscosity can of course be obtained by plotting the relation between the deviatoric stresses and deviatoric strains or their invariants, as Eq. (3.33) simply defines the viscosity by the appropriate ratio of the stress to strain rate. Such plots are shown in Fig. 4.19 where 5 denotes the second deviatoric stress invariant. The above exponential relation of Eq. (4.43) is known as the Oswald de Wahle law and is illustrated in Fig. 4.19(b). In a similar manner viscosity laws can be found for viscoplastic and indeed purely plastic behaviour of an incompressible kind. For instance, in Fig. 4.19(c) we show a viscoplastic Bingham fluid in which a threshold or yield value of the second stress invariant has to be exceeded before any strain rate is observed. Thus for the viscoplastic fluid illustrated it is evident that a highly non-linear viscosity relation is obtained. This can be written as



a, =



+$'I



E ~



where 5, is the value of the second stress invariant at yield.



(4.44)
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Fig. 4.19 Stress 5, viscosity p and strain rate 2 relationships for various materials.



The special case of pure plasticity follows of course as a limiting case with the fluidity parameter y = 0, and now we have simply ~



/L



ffl



(4.45)



=y E



Of course, once again



a,. can be dependent on the state of the fluid, Le. a,.= 5 , ( T .E )



(4.46)



The solutions (at a given state of the fluid) can be obtained by various iterative procedures, noting that Eq. (4.41) continues to be valid but now with the matrix K being dependent on viscosity, i.e.



K



= K(/I) = K(2)



thus being dependent on the solution.



K(u)



:



(4.47)
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The total iteration process can be used simply here (see Volume 2). Thus rewriting Eq. (4.41) as



A{



;} { ;}



(4.48)



=



and noting that A = A(U, p)



we can write



{



;}j+'=



&I{



i}



A,



= A(U,p)'



(4.49)



Starting with an arbitrary value of p we repeat the solution until convergence is obtained. Such an iterative process converges rapidly (even when, as in pure plasticity, p can vary from zero to infinity), providing that the forcing f is due to prescribed boundary velocities and thus immediately confines the variation of all velocities in a narrow range. In such cases, five to seven iterations are generally required to bring the difference of the ith and (i + 1)th solutions to within the 1 per cent (euclidian) norm. The first non-newtonian flow solutions were applied to polymers and to hot metals in the early 1970s.97-99Application of the same procedures to the forming of metals was introduced at the same time and has subsequently been widely d e v e l ~ p e d . ~ ~ . ' ~ - ~ ~ ' It is perhaps difficult to visualize steel or aluminium behaving as a fluid, being conditioned to use these materials as structural members. If, however, we note that during the forming process the elastic strains are of the order of lop6while the plastic strain can reach or exceed a value of unity, neglect of the former (which is implied in the viscosity definition) seems justifiable. This is indeed borne out by comparison of computations based on what we now call pow formulation with elastoplastic computation or experiment. The process has alternatively been introduced as a 'rigid-plastic' f ~ r m , ' ~though ~ . ' ~ such ~ modelling is more complex and less descriptive. Today the methodology is widely accepted for the solution of metal and polymer forming processes, and only a limited selection of references of application can be cited. The reader would do well to consult references 115, 128, 129 for a complete survey of the field.



4.9.2 ~ Steady-state ~ ~ problems ~ - of- forming - ~ ~~~~



~- ~ -~ - -- ~ ~- - ~~ - ~~ ~~ ~ >



Two categories of problems arise in forming situations. Steudy-state flow is the first of these. In this, a real, continuing, flow is modelled, as shown in Fig. 4.20(a) and here velocity and other properties can be assumed to be fixed in a particular point of space. In Fig. 4.20(b) the more usual transient processes of forming are illustrated and we shall deal with these later. In a typical steady-state problem if the state parameters T and 2 defining the temperature and viscosity are known in the whole field, the solution can be carried out in the manner previously described. We could, for
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instance, assume that the 'viscous' flow of the problem of Fig. 4.21 is that of an ideally plastic material under isothermal conditions modelling an extrusion process and obtain the solution shown in Table 4.1. For such a material exact extrusion forces can be ~alculated'~' and the table shows the errors obtained with the flow formulation using different triangular elements of Fig. 4.18 and two meshes.93 The fine mesh here was arrived at using error estimates and a single adaptive remeshing. In general the problem of steady-state flow is accompanied by the evolution of temperature (and other state parameters such as the total strain invariant E ) and here it is necessary to couple the solution with the heat balance and possibly other evolution equations. The evolution of heat has already been discussed and the appropriate conservation equations such as Eq. (4.6). It is convenient now to rewrite this equation in a modified form. Firstly, we note that the kinetic energy is generally negligible in the problems considered and that with a constant specific heat c per unit volume we can write pE



M



pe = ?T



(4.50a)



where i. is the specific heat. Secondly, we observe that the internal work dissipation



Fig. 4.20 Forming processes typically used in manufacture.
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Fig. 4.20 Continued.
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Fig. 4.21 Plane strain extrusion (extrusion ratio 2 : 1) with ideal plasticity assumed.



can be rewritten by the identity (4.50b) where, by Eq. (1.9), o,,= rjj- 6jjp



(4.50~)



Table 4.1 Comparisons of performance of several triangular mixed elements of Fig. 4.21 in a plane extrusion problem (ideal plasticity assumed)" Mesh I (coarse)



Mesh 2 (finc)



Element type



Ext. force



Force error YO



CPU(s)



Ext. rorce



Force error



T6/ ID T6B I I/ 3D T6B1;3D' T60C



28901.0 31 043.0 29 03 1 .0 27 902.5



12.02 20.32 12.52 8.15



67.81 75.76 73.08 87.62



25990.0 26 258.0 26 229.0 25 975.0



0.73 1.78 1.66 0.67



Exact



25 800.0



0.00



25 800.0



0.00



~~



'/o



CPU(s)



579.71 780. I3 613.92 855.38
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and, by Eq. (1.2),



.



E.. Jl



=



dUj/dXi



+ auipx;



(4.50d)



2



We note in passing that in general the effect of the pressure term in Eqs (4.50) is negligible and can be omitted if desired. Using the above and inserting the incompressibility relation we can write the energy conservation as (for an alternative form see Eq. 4.6)



(sg+



dXj



-



& (kE)



-



+



(ai;+ pgjui) = 0



(4.51)



The solution of the coupled problem can be carried out iteratively. Here the term in the last bracket can be evaluated repeatedly from the known velocities and stresses from the flow solution. We note that the first bracketed term represents a total derivative of the convective kind which, even in the steady state, requires the use of the special weighting procedures discussed in Chapter 2. Such coupled solutions were carried out for the first time as early as 1973 and later in 1978,102~103 but are today practised r o ~ t i n e l y . ' ~ Figure ~ ~ ' ' ~ 4.22 shows a typical thermally coupled solution for a steady-state rolling problem from reference 103. It is of interest to note that in this problem boundary friction plays an important role and that this is modelled by using thin elements near the boundary, making the viscosity coefficient in that layer pressure dependent.'16 This procedure is very simple and although not exact gives results of sufficient practical accuracy.



4.9.3 Transient problems with changing boundaries These represent the second, probably larger, category of forming problems. Typical examples here are those of forging, indentation, etc., and again thermal coupling can be included if necessary. Figures 4.23 and 4.24 illustrate typical applications. The solution for velocities and internal stresses can be readily accomplished at a given configuration providing the temperatures and other state variables are known at that instant. This allows the new configuration to be obtained both for the boundaries and for the mesh by writing explicitly



Axi



= uiAt



(4.52)



as the incremental relation. If thermal coupling is important increments of temperature need also to be evaluated. However, we note that for convected coordinates Eq. (4.51) is simplified as the convected terms disappear. We can now write (4.53) where the last term is the heat input known at the start of the interval and computation of temperature increments is made using either explicit or implicit procedures discussed in Chapter 3.
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Fig. 4.23 Punch indentation problem (penalty function approach) 89 Updated mesh and surface profile with 24 isoparametric elements Ideally plastic material, (a), (b), (c) and (d) show various depths of indentation (reduced integration is used here)



Indeed, both the coordinate and thermal updating can make use iteratively of the solution on the updated mesh to increase accuracy. However, it must be noted that any continuous mesh updating will soon lead to unacceptable meshes and some form of remeshing is necessary. In the example of Fig. 4.23,89in which ideal plasticity was assumed together with isothermal behaviour, it is necessary only to keep track of boundary movements. As temperature and other state variables do not enter the problem the remeshing can be done simply - in the case shown by keeping the same vertical lines for the mesh position. However, in the example of Fig. 4.24 showing a more realistic p r ~ b l e m , ' ~ when '.'~~ a new mesh is created an interpolation of all the state parameters from the old to the new mesh positions is necessary. In such problems it is worthwhile to strive to obtain discretization errors within specified bounds and to remesh adaptively when these errors are too large. We have discussed the problem of adaptive remeshing for linear problems in Chapter 15 of Volume 1. In the present examples similar methods have been adopted with success' j3.'34 and in Fig. 4.24 we show how remeshing proceeds during the
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Fig. 4.24 (continued) A transient extrusion problem with temperature and strain-dependent yield.13* Adaptive mesh refinements uses T6/1 D elements of Fig. 4.18.



forming process. It is of interest simply to observe that here the energy norm of the error is the measure used. The details of various applications can be found in the extensive literature on the subject. This also deals with various sophisticated mesh updating procedures. One particularly successful method is the so-called ALE (arbitrary lagrangian-eulerian) method. 35- 39 Here the original mesh is given some prescribed velocity V in a manner fitting the moving boundaries, and the convective terms in the equations
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are retained with reference to this velocity. In Eq. (4.52), for instance, in place of



-



dT



cu, -



8x1



we write



dT ?(ul - v,) -



ax,



etc., and the solution can proceed in a manner similar to that of steady state (with convection disappearing of course when V I = u,; i.e. in the pure updating process). It is of interest to observe that the flow methods can equally well be applied to the forming of thin sections resembling shells. Here of course all the assumptions of shell theory and corresponding finite element technology are applicable. Because of this, incompressibility constraints are no longer a problem but other complications arise. The literature of such applications is large, but much relevant information can be found in references 140- 153. Practical applications ranging from the forming of beer cans to car bodies abound. Figures 4.25 and 4.26 illustrate some typical problems.



Fig. 4.26 Finite element simulation of the superplastic forming of a thin sheet component by air pressure application. This example considers the superplastic forming of a truncated ellipsoid with a spherical indent. The original flat blank was 150 x 100mm. The truncated ellipsoid is 20mm deep. The original thickness was 1 mm. Minimum final thickness was 0.53 mm; 69 time steps were used with a total of 285 Newton-Raphson iterations (complete equation solution^).'^^
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Fig. 4.26 Continued.



4.9.4 Elastic springback and viscoelastic fluids



--"- _ ~ - - ~ - - - - - - _ ~ ~ " _ ~ - - --~ ~~ -"-~ - " ~~- - - "~~ ~ ~ - - - . -~ " ~ " __--. > ~ ~.~ ...."~~-. In Sec. 4.9.1 we have argued that omission of elastic effects in problems of metal or plastic forming can be justified because of the small amount of elastic straining. This is undoubtedly true when we wish to consider the forces necessary to initiate large deformations and to follow these through. There are however a number of problems in which the inclusion of elasticity is important. One such problem is for instance that of 'spring-back' occurring particularly in metal forming of complex
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shapes. Here it is important to determine the amount of elastic recovery which may occur after removing the forming loads. Some possible suggestions for the treatment of such effects have been presented in reference 116 as early as 1984. However since that time much attention has been focused on the flow of viscoelastic fluids which is relevant to the above problem as well to the problem of transportation of fluids such as synthetic rubbers, etc. The procedures used in the study of such problems are quite complex and belong to the subject of numerical rheology. In this context the work of M. Crochet, K. Walters, P. Townsend and M.F. Webster 54p163 is notable. Obviously the subject is beyond the space limitations of the present book but an essential treatment can be found from the ideas discussed in this volume.



'



'



4.1 0 Direct displacement approach to transient metal



forming Explicit dynamic codes using quadrilateral or hexahedral elements have achieved considerable success in modelling short-duration impact phenomena with plastic deformation. The prototypes of finite element codes of this type are DYNA2d and DYNA3d developed at Lawrence Livermore National L a b o r a t ~ r y . ' ~For ~ , ' prob~~ lems of relatively slow metal forming, such codes present some difficulties as in general the time step is governed by the elastic compressibility of the metal and a vast number of time steps would be necessary to cover a realistic metal forming problem. Nevertheless much use has been made of such codes in slow metal forming processes by the simple expedient of increasing the density of the material by many orders of magnitude. This is one of the drawbacks of using such codes whose description rightly belongs to the matter discussed in Volume 2 of this book. However, a further drawback is the lack of triangular or tetrahedral elements of a linear kind which could compete with linear quadrilaterals or hexahedra currently used and permit an easier introduction of adaptive refinement. It is well known that linear triangles or tetrahedra in a pure displacement (velocity) formulation will lock for incompressible or nearly incompressible materials. However we have already found that the CBS algorithm will avoid such locking when the same (linear) interpolation is used for both velocities and pressure.'66 It is therefore possible to proceed in each step by solving a simple Stokes problem to evaluate the lagrangian velocity increment. We have described the use of such velocity formulation in the previous chapter. The update of the displacement allows new stresses to be evaluated by an appropriate plasticity law and the method can be used without difficulty as shown by Zienkiewicz et In Fig. 4.27, we show a comparison between various methods of solving the impact of a circular bar made of an elastoplastic metal using an axisymmetric formulation. In this figure we show the results of a linear triangle displacement (Fig. 4.27b) form with a single integrating point for each element and a similar study again using displacement linear quadrilaterals (Fig. 4 . 2 7 ~ also ) with a single integration point. This figure also shows the same triangles and quadrilaterals solved using the CBS algorithm and very accurate final results (Fig. 4.27d and e).



Concluding remarks



Fig. 4.27 Axisymmetric solutions t o the bar impact problem: (a) initial shape; (b) linear triangles - displacement algorithm; (c) bilinear quadrilaterals - displacement algorithm; (d) linear triangles - CBS algorithm; (e) bilinear quadrilaterals - CBS algorithm.



In Fig. 4.28 we show similar results obtained with a full three-dimensional analysis. Similar methods for this problem have been presented by Bonet and B ~ r t 0 n . l ~ ’



4.1 1 Concluding remarks The range of examples for which an incompressible formulation applies is very large as we have shown in this chapter. Indeed many other examples could have been included but for lack of space we proceed directly to Chapter 5 where the incompressible formulation is used for problems in which free surface or buoyancy occurs with gravity forces being the most important factor.
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Fig. 4.28 Three-dimensional solution: (a) tetrahedral elements - standard displacement algorithm; (b) tetrahedral elements - CBS algorithm.
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