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CHAPTER 7



CIRCULAR PLATES AND DIAPHRAGMS Summary The slope and deflection of circular plates under various loading and support conditions are given by the fundamental deflection equation -



dr



[’_ _



rdr



(.$)I



Q



where y is the deflection at radius r ; d y l d r is the slope e at radius r ; Q is the applied load or shear force per unit length, usually given as a function of r ; D is a constant termed the “flexural stiffness” or “flexural rigidity” = E t 3 / [ 1 2 ( l- u2)] and t is the plate thickness. For applied uniformly distributed load (i.e. pressure q ) the equation becomes -



dr



[’_ -



qr



rdr ( r z ) ]



=-%



For central concentrated load F F F Q = - and the right-hand-side becomes - 21rr 2nrD



For axisymmetric non-uniform pressure (e.g. impacting gas or water jet) q = K / r and the right-hand-side becomes - K / 2 D The bending moments per unit length at any point in the plate are:



Similarly, the radial and tangential stresses at any radius r are given by: radial stress a, = EU



tangential stress a, = ___ Alternatively,



12u



a, = - M r t3



12u and a: = - M Z 13
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For a circular plate, radius R , freely supported at its edge and subjected to a load F distributed around a circle radius RI



and



Table 7.1. Summary of maximum deflections and stresses.



I



~



Loading condition



Uniformly loaded, edges freely supported ..



I



~ a f l x r i ~ ~ ~I



I



Maximum stresses



16Et" 1



3F



3FR2



Central load F , edges clamped



4?rEt"( I - 2)



Central load F , edges freely supported



3FR2



3uF 2nr2



~



2nr2 From



From



3F



R



3F 2nr2



r



1



For an annular ring,freely supported at its outside edge, with total load F applied around the inside radius RI , the maximum stress is tangential at the inside radius, i.e.



If the outside edge is clamped the maximum stress becomes 3F =



[



(R' - R:) R2



]



For thin membranes subjected to uniform pressure q the maximum deflection is given by



For rectangular plates subjected to uniform loads the maximum deflection and bending moments are given by equations of the form



ymax= a-9b4 Et3



M = &h2
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the constants a and ,~9depending on the method of support and plate dimensions. Typical values are listed later in Tables 7.3 and 7.4.



A. CIRCULAR PLATES 7.1. Stresses Consider the portion of a thin plate or diaphragm shown in Fig. 7.1 bent to a radius RxU in the X Y plane and RYZ in the Y Z plane. The relationship between stresses and strains in a three-dimensional strain system is given by eqn. (7.2): 1



E



- -[a, - u a y - ua,]



,-E



E?



1 = -[a, - ua, - !Jay] E



Y



Z



/ Fig. 7.1.



Now for thin plates, provided deflections are restricted to no greater than half the plate thickness3 the direct stress in the Y direction may be assumed to be zero and the above equations give a, =



E ~



(1



-



u2)



[E,



+



UE,]



E.J. Hearn, Mechanics of Materials I , Butterworth-Heinemann, 1997. S. Timoshenko, Theory of Plates and Shells, 2nd edn., McGraw-Hill, 1959.
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If u is the distance of any fibre from the neutral axis, then, for pure bending in the X Y and Y Z planes, M -a -E -- - - -



I



E,



Y



=



R



U



and



and



~



Rxr



E?



( T u - E -



E



R



=



-



= E



U



RYZ



1 d2y du Now - = and, for small deflections, - = tan0 = 0 (radians). R dx2 dx ~



and



E,



d0 (= radial strain) dx



(7.3)



= u-



Consider now the diagram Fig. 7.2 in which the radii of the concentric circles through CI and D1 on the unloaded plate increase to [ ( x d x ) (6' dO)u] and [x uO], respectively, when the plate is loaded.



+



Circumferential strain at



+ +



+



0 2 -



- E; =



2n(x



+ ue) - 2 r x 2TcX



=



Ue -



X



(= circumferential strain)



(7.4)
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Substituting eqns. (7.3) and (7.4) in eqns. (7.1) and (7.2) yields a, =



d6



E



u6



~



Eu



i.e. u, =



Similarly,



(7.5)



de + v(1-9) [: d x ] Eu



~



(7.6)



Thus we have equations for the stresses in terms of the slope 6 and rate of change of slope d6/dx. We shall now proceed to evaluate the bending moments in the two planes in similar form and hence to the procedure for determination of 6 and d@/dxfrom a knowledge of the applied loading.



7.2. Bending moments Consider the small section of plate shown in Fig. 7.3, which is of unit length. Defining the moments M as moments per unit length and applying the simple bending theory,



1



1 x t3 - ct3 M = -az = - c u 12 - 12u y



[



m Fig. 7.3.



Substituting eqns. (7.5) and (7.6),



Mxr = Now



Et3



and, similarly,



[9 + 21



9) dx



= D is a constant and termed the j-lexural stiffness



12(1 - I?)



so that



Et3 12(1-



(7.7)
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It is now possible to write the stress equations in terms of the applied moments, i.e.



U,



=Mxy-



12u



(7.10)



t3 U,



=MyZ



12u



(7.11)



--



t3



7 3 . General equation for slope and deflection Consider now Fig. 7.4 which shows the forces and moments per unit length acting on a small element of the plate subtending an angle 84 at the centre. Thus M x y and M Y Z are the moments per unit length in the two planes as described above and Q is the shearing force per unit length in the direction O Y .



Fig. 7.4. Small element of circular plate showing applied moments and forces per unit length.



For equilibrium of moments in the radial X Y plane, taking moments about the outside edge,



(Mxy



+ GMxy)(x+ Sx)S$ - MxyxG$ - 2 M y ~ S sin x 484 + QxS4Sx = 0



which, neglecting squares of small quantities, reduces to



MxyGx



+ GMxyx - MyzGx + QXSX= 0



Substituting eqns. (7.8) and (7.9), and simplifying



d20 -+ dx2 This may be re-written in the form



1 dO xdx



0 x2



Q D



Q D



(7.12)



This is then the general equation for slopes and deflections of circular plates or diaphragms. Provided that the applied loading Q is known as a function of x the expression can be treated
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in a similar manner to the equation M = E I -d 2Y dX2



used in the Macaulay beam method, i.e. it may be successively integrated to determine 8 , and hence y , in terms of constants of integration, and these can then be evaluated from known end conditions of the plate. It will be noted that the expressions have been derived using Cartesian coordinates (X, Y and Z ) . For circular plates, however, it is convenient to replace the variable x with the general radius r when the equations derived above may be re-written as follows:



['



(rz)] =



- __



Q



dr r dr radial stress



Eu



(7.13)



(7.14)



tangential stress uz =



Eu



(7.15)



~



moments (7.16) (7.17) In the case of applied uniformly distributed loads, i.e. pressures q , the effective shear load Q per unit length for use in eqn. (7.13) is found as follows. At any radius r , for equilibrium, Q x 2nr = q x n r 2



i.e.



Q = -qr



2



Thus for applied pressures eqn. (7.13) may be re-written (7.18)



7.4. General case of a circular plate or diaphragm subjected to combined uniformly distributed load q (pressure) and central concentrated load F For this general case the equivalent shear Q per unit length is given by Q x 2nr = q x nr2



+F
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Substituting in eqn. (7.18)



Integrating, -I- (dr g ) = - ; / [ y + - - $ ] d r r dr



..



d ( r g ) = - -1 [ $ + Q l o g , r dr D 4 2n



-



1



+Clr



Integrating,



qr3 slope B = dY - = -dr 160



..



- --[2Fr log,



8x0



r



c2 - 11 + CI r- + 2



r



(7.19)



Integrating again and simplifying,



qr4 Fr2 deflection y = -~ - -[log, 640 8nD



r



- 11 + CI-r2 + Czlog, r + C3 4



(7.20)



The values of the constants of integration will be determined from known end conditions of the plate; slopes and deflections at any radius can then be evaluated. As an example of the procedure used it is now convenient to consider a number of standard loading cases and to determine the maximum deflections and stresses for each.



7.5. Uniformly loaded circular plate with edges clamped The relevant fundamental equation for this loading condition has been shown to be d dr



-



Integrating,



[--



I d rdr



(91



r dr dr



Integrating,



dy dr



r-



d 1’ slope 6’ = dr



(7.21)
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Integrating, -qr4 deflection y = 640



+ Clr2 + C2 log, r + C3 4 ~



(7.22)



Now if the slope 0 is not to be infinite at the centre of the plate, C2 = 0. Taking the origin at the centre of the deflected plate, y = 0 when r = 0. Therefore, from eqn. (7.22), C3 = 0. At the outside, clamped edge where r = R , 8 = d y / d r = 0. Therefore substituting in the slope eqn. (6.2 l ) , qR3 C f R +--=o 160 2



___



The maximum deflection of the plate will be at the centre, but since this has been used as the origin the deflection equation will yield y = 0 at r = 0; indeed, this was one of the conditions used to evaluate the constants. We must therefore determine the equivalent amount by which the end supports are assumed to move up relative to the "fixed" centre. Substituting r = R in the deflection eqn. (7.22) yields qR4 maximum deflection = -__ 640



qR4 qR4 + __ = __ 320 640



The positive value indicates, as usual, upwards deflection of the ends relative to the centre, i.e. along the positive y direction. The central deflection of the plate is thus, as expected, in the same direction as the loading, along the negative y direction (downwards). Substituting for 0 ,



[



]



qR4 12(1 - v 2 ) =64



Et3



(7.23) Similarly, from eqn. (7.21),



.. Now, from eqn. (7.14)



-d8 3qr2 _ + __ qR2 = --[3r4 - __



dr



160



160



160



? - R2]
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The maximum stress for the clamped edge condition will thus be obtained at the edge where r = R and at the surface of the plate where u = t/2, i.e.



=



,,f



t 2qR2 - 3qR2 - __



E



(1 - v 2 ) 2 1 6 0



4t2



(7.24)



N.B.-It is not possible to determine the maximum stress by equating d a r / d r to zero since this only gives the point where the slope of the a,.curve is zero (see Fig. 7.7). The value of the stress at this point is not as great as the value at the edge. Similarly,



.;=-[".$I



Eu (1



r



-v2)



Unlike a,,this has a maximum value when r = 0, i.e. at the centre.



E .zmsx



= -



(1



-



t qR2 (1 u 2 ) 2 160



3qR2 -(1+ tit2



+VI



4



(7.25)



7.6. Uniformly loaded circular plate with edges freely supported Since the loading, and hence fundamental equation, is the same as for $7.4, the slope and deflection equations will be of the same form, i.e. eqns (7.21) and (7.22) will apply. Further, the constants C2 and C3 will again be zero for the same reasons as before and only one new condition to solve for the constant Cl is required. Here we must make use of the fact that the bending moment is always zero at any free SUPPOfl, i.e. at r = R.



M,=O



Therefore from eqn. (7.16),



..



8 d8 _ - -vdr



Substituting from eqn. (7.21) with r = R and C2 = 0,



..



r
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The maximum deflection is at the centre and again equal to the deflection of the supports relative to the centre. Substituting for the constants with r = R in eqn. (7.22),



+ +



( 3 u ) R2 4R4 + qR2 maximum deflection = - -___ 8 0 (1 u ) 4 640



i.e. substituting for 0, Ymax



3qR 16Et3



+



= -(5 v)(l - v)



(7.26)



With u = 0.3 this value is approximately four times that for the clamped edge condition. As before, the stresses are obtained from eqns. (7.14) and (7.15) by substituting for dO/dr and O/r from eqn. (7.21),



[



Eu or=-__ 4r2 ( 3 (1 - u2) 160



1



+ ”) + -(3 + u) qR2 160



This gives a maximum stress at the centre where r = 0



E



t qR2



urmax = ___-(3 ( 1 - u2) 2 1 6 0



Similarly,



CJZm,,



3qR’ 89



+ u)



+ u ) also at the centre



- -(3



i.e. for a uniformly loaded circular plate with edges freely supported, (7.27)



7.7. Circular plate with central concentrated load F and edges clamped For a central concentrated load, Q x 2nr = F



F 27rr



Q = -



The fundamental equation for slope and deflection is, therefore,



F



Integrating,



Ir d ( r s ) dr



F



= _log, r 2nD



+CI
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Integrating, (7.28) Fr2 8nD



= - - [log, r - I ]



Integrating,



c1r2 + ~2 + __ 4



log, r



+ C3



(7.29)



Again, taking the origin at the centre of the deflected plate as shown in Fig. 7.5, the following conditions apply: For a non-infinite slope at the centre C2 = 0 and at r = 0, y = 0, :. C S= 0. Also, at r = R, slope 8 = d y / d r = 0. Therefore from eqn. (7.28), log, R F log, R I ~ D 2



-



[



E4 ]



=



:]



="



The maximum deflection will be at the centre and again equivalent to that obtained when r = R , i.e. from eqn. (7.29),



F R ~ maximum deflection = --[log,R 8nD



[



- -F R ~[-21og,R+2f21ogeR16nD



:]



FR2 log,R - 4nD 2



- 11 -t- -



11



FR~ 16nD



--



Substituting for D , Ymax



F R 12(1 ~ - u2) 16n Et3 3FR2 -(1 - " 2 ) 4nEt3



=-



(7.30)



Again substituting for dO/dr and O/r from eqn. (7.28) into eqns (7.14) and (7.15) yields (7.31) (7.32)
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7.8. Circular plate with central concentrated load F and edges freely supported The fundamental equation and hence the slope and deflection expressions will be as for the previous section ($7.7), %=-=--



i.e.



(7.33)



Fr2 y = -- [log,r - 11 8x0



CI r2 +4



(7.34)



constants C2 and C3 being zero as before. As for the uniformly loaded plate with freely supported edges, the constant C I is determined from the knowledge that the bending moment M , is zero at the free support, M,=O



i.e. at r = R , Therefore from eqn . (7.16),



and, substituting from eqn. (7.33) with r = R ,



..



As before, the maximum deflection is at the centre and equivalent to that obtained with r = R. Substituting in eqn. (7.34), maximum deflection = -[log, F R ~ 8nD



R - 1 I + FR2 [Zlog,R 167rD ~



+



+ +



FR= ( 3 U ) - -~ 16nD ( 1 u )



Substituting for D Ymax



3FR2 43rEt3



= -( 3



+ v)(l - v)



For v = 0.3 this is approximately 2.5 times that for the clamped edge condition. From eqn. (7.14), Eu Substituting for dO/dr and e / r as above,



(7.35)
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3F R v)log, (7.36) 2nt2 r Thus the radial stress a, will be zero at the edge and will rise to a maximum value (theoretically infinite) at the centre. However, in practice, load cannot be applied strictly at a point but must contact over a finite area. Provided this area is known the maximum stress can be calculated. Similarly, from eqn. (7.15) = --(I



+



ELI d8 a, = ____ (1 - v2) [ v d r



6



+



;]



and, again substituting for d 6 / d r and 8 / r , a,



=3F 2 d



[(I+ u)log, Rr + (1 -



(7.37)



7.9. Circular plate subjected to a load F distributed round a circle Consider the circular plate of Fig. 7.5 subjected to a total load F distributed round a circle of radius R1. A solution is obtained to this problem by considering the plate as consisting of two parts r < Rl and r > R I , bearing in mind that the values of 8, y and M , must be the same for both parts at the common radius r = Rl .



Fig. 7.5. Solid circular plate subjected to total load F distributed around a circle of radius R I .



Thus, for r < R l , we have a plate with zero distributed load and zero central concentrated load, i.e.



q=F=O



Therefore from eqn . (7.20),



and from eqn. (7.19)



$= d y-C = l r =C+ 2 dr



2



r



For non-infinite slope at the centre, C2 = 0 and with the axis for deflections at the centre of the plate, y = 0 when r = 0, :. C3 = 0. Therefore for the inner portion of the plate



$7.9



207



Circular Plates and Diaphragms



For the outer portion of the plate r > R1 and eqn. (22.20) reduces to



Fr2 y = -- [log, r - 11 8nD



C’,r2 ++ C ; log, r + C ; 4



(7.38)



and from eqn. (7.19)



e = -dY =--



Fr C;r C; [2log,r - 11 - 2 r dr 8nD Equating these values with those obtained for the inner portions,



+



+



(7.39)



and



Similarly, from (7.16), equating the values of M, at the common radius R1 yields



Further, with M, = 0 at r = R, the outside edge, from eqn. (7.16)



There are thus four equations with four unknowns Ci ,C’,, C ; and C ; and a solution using standard simultaneous equation procedures is possible. Such a solution yields the following values:



The central deflection is found, as before, from the deflection of the edge, r = R, relative to the centre. Substituting in eqn. (7.38) yields



“I 1



(R2- R:) - R:) - R: log, R1



(7.41 )



The maximum radial bending moment and hence radial stress occurs at r = RI , giving



- 4ntz



It,,+



U)lO&



R



- + (1 - u) R1



(R2- R i ) RZ



(7.42)



It can also be shown similarly that the maximum tangential stress is of equal value to the maximum radial stress.
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7.10. Application to the loading of annular rings The general eqns. (7.38) and (7.39) derived above apply also for annular rings with a total load F applied around the inner edge of radius R1 as shown in Fig. 7.6. I



F



Fig. 7.6. Annular ring with total load F distributed around inner radius.



Here, however, the radial bending M , is zero at both r = R1 and r = R . Thus, applying the condition of eqn. (7.40) for both these radii yields F 8nD



-__ [2(1



and



F



--



8TD



[2(1



+



U ) log,



R



CI c2 + (1 - u ) ] + -(1 + U ) - -(1 2 R2



c1 + + v)log,RI + (1 - u ) ] + -(1



U) -



2



c2



-(1 R:



- U) =0



- U) =0



Subtracting to eliminate C I gives loge



"1



6



and hence It can then be shown that the maximum stress set up is the tangential stress at r = R1 of value R (7.43) azmn.x If the outside edge of the plate is clamped instead of freely supported the maximum stress becomes



7.11. Summary of end conditions Axes can be selected to move with the plate as shown in Fig. 7.7(a) or stay at the initial, undeflected position Fig. 7.7(b). For the former case, i.e. axes origin at the centre of the deflected plate, the end conditions which should be used for solution of the constants of integration are:
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(a)
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Maximum deflection obtoined o t edge of plate where r :R (Load points move rebtive to centre of plate )



Fig. 7.7(a). Origin of reference axes taken to move with the plate.



Maximum deflection obtained ot centre where r :0



Fig. 7.7(b). Origin of reference axes remaining in the undeflected plate position.



Edges freely supported: (i) Slope Q and deflection y non-infinite at the centre. :. (ii) At x = 0, y = 0 giving C3 = 0. (iii) At x = R , M,, = 0; hence C1.



C2



= 0.



C2



= 0.



The maximum deflection is then that given at x = R.



Edges clamped: (i) Slope Q and deflection y non-infinite at the centre. :. (ii) At x = 0, y = 0 :. C3 = 0. dY = 0; hence CI. (iii) At x = R, dx Again the maximum deflection is that given at x = R.



7.12. Stress distributions in circular plates and diaphragms subjected to lateral pressures It is now convenient to consider the stress distribution in plates subjected to lateral, uniformly distributed loads or pressures in more detail since this represents the loading condition encountered most often in practice. Figures 7.8(a) and 7.8(b) show the radial and tangential stress distributions on the lower surface of a thin plate subjected to uniform pressure as given by the equations obtained in 997.5 and 7.6.
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Clornped edges



Fig. 7.8(a). Radial and tangential stress distributions in circular plates with clamped edges.



Tongentel stress UJ



i



Free supported MO=



Fig. 7.8(b). Radial and tangential stress distributions in circular plates with freely supported edges.



Fig. 7.9. Comparison of



supported edge conditions.
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The two figures may be combined on to common axes as in Fig. 7.9 to facilitate comparison of the stress distributions for freely supported and clamped-edge conditions. Then if ordinates are measured from the horizontal axis through origin 0,.,the curves give the values of radial and tangential stress for clamped-edge conditions. Alternatively, measuring the ordinates from the horizontal axis passing through origin OF in Fig. 7.9, i.e. adding to the clamped-edges stresses the constant value a q R 2 / t 2 ,we obtain the stresses for a simply supported edge condition. The combined diagram clearly illustrates that a more favourable stress distribution is obtained when the edges of a plate are clamped.



7.13. Discussion of results - limitations of theory The results of the preceding paragraphs are summarised in Table 7.1 at the start of the chapter. From this table the following approximate relationships are seen to apply: The maximum deflection of a uniformly loaded circular plate with freely supported edges is approximately four times that for the clamped-edge condition. Similarly, for a central concentrated load, the maximum deflection in the freely supported edge condition is 2.5 times that for clamped edges. With clamped edges the maximum deflection for a central concentrated load is four times that for the equivalent u.d.1. (i.e. F = q x nR2) and the maximum stresses are doubled. With freely supported edges, the maximum deflection for a central concentrated load is 2.5 times that for the equivalent u.d.1. It must be remembered that the theory developed in this chapter has been based upon the assumption that deflections are small in comparison with the thickness of the plate. If deflections exceed half the plate thickness, then stretching of the middle surface of the plate must be considered. Under these conditions deflections are no longer proportional to the loads applied, e.g. for circular plates with clamped edges deflections 6 can be determined from the equation 63 qR4 (7.44) 6 0.58- = t2 640 For very thin diaphragms or membranes subjected to uniform pressure, stresses due to stretching of the middle surface may far exceed those due to bending and under these conditions the central deflection is given by



+



(7.45)



In the design of circular plates subjected to central concentrated loading, the maximum tensile stress on the lower surface of the plate is of prime interest since the often higher compressive stresses in the upper surface are generally much more localised. Local yielding of ductile materials in these regions will not generally affect the overall deformation of the plate provided that the lower surface tensile stresses are kept within safe limits. The situation is similar for plates constructed from brittle materials since their compressive strengths far exceed their strength in tension so that a limit on the latter is normally a safe design procedure. The theory covered in this text has involved certain simplifying assumptions; a full treatment of the problem shows that the limiting tensile stress is more accurately given
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of Materials



2



.&7.14



by the equation armax



7.14.



Other



=



F



2(1 t



loading



+ v)(0.4851oge



cases



R/t



of practical



+ 0.52)



(7.46)



importance



In addition to the standard cases covered in the previous sections there are a number of other loading cases which are often encountered in practice; these are illustrated in Fig. 7 .lOt . The method of solution for such cases is introduced briefly below. :I:



Fig.7.10.



Circular plates and diaphragms: various loading cases encountered in practice.



In all the cases illustrated the maximum form of equations: For uniformly distributed loads



stress is obtained from the following standard



qR2 Umax = kl[2 For loads concentrated



around the edge of the central hole . klF Umax = [2



t s. Timoshenko,Strengthof Materials, Part II, AdvancedTheory and Problems,Van Nostrand * A.M. Wahl and G. Lobo. Trans.ASME 52 (1929).
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Similarly, the maximum deflections in each case are given by the following equations: For uniformly distributed loads, (7.49) For loads concentrated around the central hole, (7.50) The values of the factors k l and k2 for the loading cases of Fig. 7.10 are given in Table 7.2, assuming a Poisson's ratio u of 0.3. Table 7.2. Coefficients kl and k2 for the eight cases shown in Fig. 7.10'') 2



1.5



ki



7 8



1.10 0.66 0.135 0.122 0.090 0.1 15 0.592 0.227



1.26 1.19 0.410 0.336 0.273 0.220 0.976 0.428



0.341 0.202 0.00231 0.00343 0.00077 0.00129 0.184 0.00510



0.519 0.491 0.0183 0.0313 0.0062 0.0064 0.414 0.0249



4



3



k2



1.48 0.672 2.04 0.902 1.04 0.0938 0.74 0.1250 0.71 0.0329 0.405 0.0237 1.440 0.664 0.753 0.0877



1.88 3.34 2.15 1.21 1.54 0.703 1.880 1.205



0.734 1.220 0.293 0.291 0.110 0.062 0.824 0.209



5



ki



k2



ki



k2



2.17 4.30 2.99 1.45 2.23 0.933 2.08 1.514



0.724 1.300 0.448 0.417 0.179 0.092 0.830 0.293



2.34 5.10 3.69 1.59 2.80 1.13 2.19 1.745



0.704 1.310 0.564 0.492 0.234 0.114 0.813 0.350



S. Timoshenko, Strength of Materials. Part 11, Advanced T h e o p and Problems. Van Nostrand, p. I 13



B. BENDING OF RECTANGULAR PLATES The theory of bending of rectangular plates is beyond the scope of this text and will not be introduced here. The standard formulae obtained from the theory,? however, may be presented in simple form and are relatively easy to apply. The results for the two most frequently used loading conditions are therefore summarised below.



7.15. Rectangular plates with simply supported edges carrying uniformly distributed loads For a rectangular plate length d , shorter side b and thickness t , the maximum dejection is found to occur at the centre of the plate and given by Ymax



the value of the factor



01



=



9b4 Et3



depending on the ratio d l b and given in Table 7.3.



S . Timoshenko, Theory of Plates and Shells, 2nd edn.. McGraw-Hill, New York, 1959.



(7.51)
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$7.16



Table 7.3. Constants for uniformly loaded rectangular plates with simply supported edges@).



(‘I



S . Timoshenko, Theory offlafes and Shells, 2nd edn., McGraw-Hill, New York. 1959.



The maximum bending moments, per unit length, also occur at the centre of the plate and are given by (7.52) (7.53)



the factors and 8 2 being given in Table 7.4 for an assumed value of Poisson’s ratio u equal to 0.3. It will be observed that for length ratios d / b in excess of 3 the values of the factors a, 81, and 8 2 remain practically constant as also will the corresponding maximum deflections and bending moments.



7.16. Rectangular plates with clamped edges carrying uniformly distributed loads Here again the maximum dejection takes place at the centre of the plate, the value being given by an equation of similar form to eqn. (7.51) for the simply-supported edge case but with different values of a, i.e.



Ymax



9b4 = a--Et3



The bending moment equations are also similar in form, the numerical maximum occurring at the middle of the longer side and given by Mmax



= LW2



Typical values for a and B are given in Table 7.4. In this case values are practically constant for d l b > 2.



CY



1 .oo 0.0138



1.25 0.0199



1S O 0.0240



1.75 0.0264



2 .lo 0.0271



co 0.0284



B



0.0513



0.0665



0.0757



0.0806



0.0829



0.0833



dlb



(‘I’



S . Timoshenko. Theorv of /‘/ares and Shells, 2nd edn., McGraw-Hill, New York. 1959.
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It will be observed, by comparison of the values of the factors in Tables 7.3 and 7.4, that when the edges of a plate are clamped the maximum deflection is considerably reduced from the freely supported condition but the maximum bending moments, and hence maximum stresses, are not greatly affected.



Examples Example 7.1 A circular flat plate of diameter 120 mm and thickness 10 mm is constructed from steel with E = 208 GN/m2 and u = 0.3. The plate is subjected to a uniform pressure of 5 MN/m2 on one side only. If the plate is clamped at the edges determine:



(a) the maximum deflection; (b) the position and magnitude of the maximum radial stress. What percentage change in the results will be obtained if the edge conditions are changed such that the plate can be assumed to be freely supported?



Solution (a) From eqn. (7.23) the maximum deflection with clamped edges is given by



(b) From eqn. (7.24) the maximum radial stress occurs at the outside edge and is given by 3qR2 4t2



ai-,,, = -



-



3 x 5 x io6 (60 x 10-3)2 4 x ( i o x 10-3)2



= 135 x lo6 = 135 MN/m*



When the edges are freely supported, eqn. (7.26) gives



- (5



+ v)(l - u) (1 - I?)



Ymax



- (5.3 x 0.7) x 0.053 = 0.216 mm 0.9 1
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216 and eqn. (7.27) gives ff;,,,



3qR2 8t2



= -(3



+ u)



Thus the percentage increase in maximum deflection (0.216 - 0.053) 100 = 308 % 0.053



-



and the percentage increase in maximum radial stress (223 - 135) 100 = 65% 135



Example 7.2 A circular disc 150 mm diameter and 12 mm thickness is clamped around the periphery and built into a piston of diameter 60 mm at the centre. Assuming that the piston remains rigid, determine the maximum deflection of the disc when the piston carries a load of 5 kN. For the material of the disc E = 208 GN/m2 and u = 0.3.



Solution From eqn. (7.29) the deflection of the disc is given by y=-



- Fr2



8nD



[log, r - 11



Clr2 ++ c2 log, r + c3 4



and from eqn. (7.28) -Fr slope 0 = -[2log,r 8nD



- 11



Clr C2 + __ +2 r



Now slope = 0 at r = 0.03 m. Therefore from eqn. (2) -5000 x 0.03 [2 log, 0.03 - 11 0.015C1 33.3C2 8~rD Et3 - 208 109 x (12 10-313 D= 12(1 - u ? ) 12(1 - 0.09) 208 x 1728 = 32900 12 x 0.91 -5000 x 0.03 O= [2(-3.5066) - 11 0.015C1 33.3c2 8n x 32900



+



O=



But



+



.. ..



-1.45 x



+ 33.3C2



= 0.015C1



+



+



(3)
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Also the slope = 0 at r = 0.075. Therefore from eqn. (2) again, -5000 x 0.075 [2 log, 0.075 - 1J 8n x 32900



O=



C2 + 0.0375Cl + 0.075 x 10-4[2(-2.5903) - 11 + 0.0375Cl + 13.33C2



= -4.54



- 2.8 x



= 0.0375Cl



+ 13.33C2



0.0375 (3)



0.015’



-0.825 x lo-’ = 69.92C2 C’ = -11.8 x 10- 6



.. Substituting in (3,



-3.625 x lop3 = 0.0375Cl - 9.82 x



- 0.982) c, = - (3.625 10-3 0.0375 = -7.048 x



Now taking y = 0 at r = 0.075, from eqn. (1) O=



7.048 x lo-’ -5000 x (0.075)* (0.075)2 [log,O.O75 - 11 4 8n x 32900 - 11.8 x



= -3.4 x 1OP5(-3.5903) - 99.1 x lop6 = 10-6(122 - 99.1



..



c3



log, 0.075



+ 30.6 x



+ C3



+ C3



+ 30.6) + C3



= -53.5 x



Therefore deflection at r = 0.03 is given by eqn. (l),



&nax



=



-5000 x (0.03)’ [10g,0.03 8 7 ~x 32900



-



I] -



7.048 x lo-’ (0.03)’ 4



- 11.8 x IO-‘ 10g~0.03- 53.5 x lop6 = 10-‘j[+24.5



-



15.9



+ 41.4 - 53.51 = -3.5



x



m
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Problems In the following examples assume that



zd [ I;dz ( r g ) ]DQ=or- -= - -24r0 with conventional notations. Unless otherwise stated, E = 207 GN/m2 and u = 0.3 7.1 (B/C). A circular flat plate of 120 m m diameter and 6.35 mm thickness is clamped at the edges and subjected to a uniform lateral pressure of 345 kN/m2. Evaluate (a) the central deflection, (b) the position and magnitude of the maximum radial stress. [1.45 x IO-’ m, 23.1 MN/m2; r = 60 mm.] 7.2 (B/C). The plate of Problem 7.1 is subjected to the same load but is simply supported round the edges. m.] Calculate the central deflection. [58 x 7 3 (B/C). An aluminium plate diaphragm is 500 m m diameter and 6 m m thick. It is clamped around its periphery and subjected to a uniform pressure q of 70 kN/m2. Calculate the values of maximum bending stress and deflection. Take Q = qR/2, E = 70 GN/m2 and u = 0.3. [91, 59.1 MN/m2; 3.1 mm.] 7.4 (B/C). A circular disc of uniform thickness 1.5 m m and diameter 150 mm is clamped around the periphery and built into a piston, diameter 50 m m , at the centre. The piston may be assumed rigid and carries a central load [0.21 mm.] of 450 N. Determine the maximum deflection. 7 5 (C). A circular steel pl-lte 5 m m thick, outside diameter 120 mm, inside diameter 30 mm,is clamped at its outer edge and loaded by a ring of edge moments M , = 8 kN/m of circumference at its inner edge. Calculate the deflection at the inside edge. [4.68 mm.] 7.6 (C). A solid circular steel plate 5 mm thick, 120 mm outside diameter, is clamped at its outer edge and loaded by a ring of loads at r = 20 mm. The total load on the plate is 10 kN. Calculate the central deflection of the plate. [0.195 mm.] 7.7 (C). A pressure vessel is fitted with a circular manhole 600 m m diameter, the cover of which is 25 m m thick. If the edges are clamped, determine the maximum allowable pressure, given that the maximum principal strain in the cover plate must not exceed that produced by a simple direct stress of 140 MN/m2. [1.19 MN/m2.] 7.8 (B/C). The crown of a gas engine piston may be treated as a cast-iron diaphragm 300 mm diameter and IO m m thick, clamped at its edges. If the gas pressure is 3 MN/m2, determine the maximum principal stresses and the central deflection. u = 0.3 and E = 100 GN/m2. p 0 6 . 3 2 9 MN/m2; 2.59 mm.]



7.9 (B/C). How would the values for Problem 7.8 change if the edges are released from clamping and freely supported‘? [835,835 MN/m2; 10.6 mm.] 7.10 (B/C). A circular flat plate of diameter 305 mm and thickness 6.35 mm is clamped at the edges and subjected to a uniform lateral pressure of 345 kN/m2. Evaluate: (a) the central deflection, (b) the position and magnitude of the maximum radial stress. 16.1 x m; 149.2 MN/m2.] 7.11 (B/C). The plate in Problem 7.10 is subjected to the same load, but simply supported round the edges. EVdhate the central deflection. [24.7 x m.] 7.12 (B/C). The flat end-plate of a 2 m diameter container can be regarded as clamped around its edge. Under operating conditions the plate will be subjected to a uniformly distributed pressure of 0.02 MN/m2. Calculate from first principles the required thickness of the end plate if the bending stress in the plate should not exceed [C.E.I.] [IO mm.] 150 MN/m2. For the plate material E = 200 GN/m2 and u = 0.3. 7.13 (C). A cylinder head valve of diameter 38 m m is subjected to a gas pressure of I .4 MN/m2. It may be regarded as a uniform thin circular plate simply supported around the periphery. Assuming that the valve stem applies a concentrated force at the centre of the plate, calculate the movement of the stem necessary to lift the v i v e from its seat. The flexural rigidity of the vaive is 260 Nm and Poisson’s ratio for the material is 0.3. [C.E.I.] [0.067 mm.] 7.14 (C). A diaphragm of light alloy is 200 mm diameter, 2 m m thick and firmly clamped around its periphery before and after loading. Calculate the maximum deflection of the diaphragm due to the application of a uniform pressure of 20 kN/m2 normal to the surface of the plate.
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Determine also the value of the maximum radial stress set up in the material of the diaphragm. [B.P.] [0.61 mm; 37.5 MN/m2.] Assume E = 70 GN/m2 and Poisson’s ratio u = 0.3. 7.15 (C). A thin plate of light alloy and 200 mm diameter is firmly clamped around its periphery. Under service conditions the plate is to be subjected to a uniform pressure p of 20 kN/m2 acting normally over its whole surface area. Determine the required minimum thickness t of the plate if the following design criteria apply; (a) the maximum deflection is not to exceed 6 mm; (b) the maximum radial stress is not to exceed 50 MN/m2. [B.P.] [1.732 mm.] Take E = 70 GN/m2 and u = 0.3. 7.16 (C). Determine equations for the maximum deflection and maximum radial stress for a circular plate, radius R, subjected to a distributed pressure of the form q = K / r . Assume simply supported edge conditions: -KR’(4 + u) EtRK(2 u ) &llax = 36D( 1 + u ) ’ Omax = 12D(1 - u 2 )



+



[



1



7.17 (C). The cover of the access hole for a large steel pressure vessel may be considered as a circular plate of 500 m m diameter which is firmly clamped around its periphery. Under service conditions the vessel operates with an internal pressure of 0.65 MN/m2. Determine the minimum thickness of plate required in order to achieve the following design criteria: (a) the maximum deflection is limited to 5 mm; (b) the maximum radial stress is limited to 200 MN/m2. For the steel, E = 208 GN/m2 and u = 0.3. You may commence your solution on the assumption that the deflection y at radius r for a uniform circular plate under the action of a uniform pressure q is given by:



-d[ - .l - ( rd . $ ) ] = - 2 0 dr r dr where D is the “flexural stiffness” of the plate.



9r



[9.95 mm.]



7.18 (C). A circular plate, 300 mm diameter and 5 mm thick, is built-in at its periphery. In order to strengthen the plate against a concentrated central axial load P the plate is stiffened by radial ribs and a prototype is found to have a stiffness of 1 1300 N per mm central deflection. (a) Check that the equation:



satisfies the boundary conditions for the unstiffened plate. (b) Hence determine the stiffness of the plate without the ribs in terms of central deflection and calculate the relative stiffening effect of the ribs. (c) What additional thickness would be required for an unstiffened plate to produce the same effect? For the plate [SOSO N/mm; 124%; 1.54 mm.] material E = 200 GN/m2 and u = 0.28.



























des documents recommandant







[image: alt]





I I 

que soit la rÃ©gion, - interurbain et train de banlieue, - et autres, essentiellement transport adaptÃ© et motocyclette. Nous avons aussi analysÃ© les donnÃ©es par ...










 


[image: alt]





i); .. _- :· ... · .i · 

2 mai 2007 - d"Exploitation et leur paiement sont eùmpts de toute taxe (y compris de taxe sur le chiffre d'affaires) .... transactions suivantes : (a J ks ventes ...... de toutes taxes assirni lées (y compris toute taxe sur les opérations financières










 


[image: alt]





i); .. _- :· ... · .i · 

2 mai 2007 - d'autre part, _toute société . ou autre personne morale di,req~~ment ou indirectement sous le Contrôle d'une société ou de toute autre ...










 


[image: alt]





i '\'i 

Mis Penaja h - Kecs forke. 097=1-1-0-0-1-1-2 no Bradlás al. (leesbea -119= ... Ms Solomon - Waik 063. Perreleteoole. tien 369,14 N277 del Soe II . . daul 1012 ...










 


[image: alt]





I I 

données sur les chaînes de déplacements dont ce fut le premier test d' ... La conclusion regroupe les principales observations qui ont pu être faites au fil de.










 


[image: alt]





I c I c 

II which will include the financial statements of the Com- mission for the year ...... Some work was done on the south side of York Street just east of. Sussex Drive. ...... plaignant dans cette cause, etait M. Harold Munro. PlANIFICATION ET ...










 


[image: alt]





I ... 

5 déc. 1979 - Mozambique, Nepal, Niger, Nigeria, Norvege,. Nouvelle-Zelande, Oman ... l'Agence internationale de l'energie atomique;. 4. Invite en outre ces ...










 


[image: alt]





I~,,~I~o ~I o~rw=rf 

Derek Bourgeois. Op. 114 a. Allegro J=102. -i 1. ,f!'1 't ~. '1 't ~. '1 't lfj't 't jij '1 't J y iJ '1 ~. ~'1. ~. '1 ~'Ã®P~l. '1 jE'} '1 ~ p. = f fgj 1 1 &'t P1Â§=.l. m. #J. m. m ~. ~. 1 ~o.










 


[image: alt]





I I V 

b CAUTION: Before installation, servicing or cleaning unit. switch power off at service panel and lock the ..... on the wire or on a schematic on the motor hub.










 


[image: alt]





I 

Retain contaminated washing water and dispose it. ... at all times when handling chemical products if a risk assessment indicates .... Waste treatment methods.










 


[image: alt]





i., - 

Heterogeneity of structure and grain composition, by Dr. Martin Whitworth ... Occurrence of lignin in wheat bran: Possible association with suberin, by D. CrÃ´nier ...










 


[image: alt]





i 

technical [114, 188, 62, 70, 188, 179, 68, 68, 95, .... previous technical report [151, 173, 106, 93, 33, 138, ... We implemented our consistent hashing server.










 


[image: alt]





i. i II 

Ii. Ji ut. ~ m i i i. I!~.( ai (,) ci. 1&. I. * : I. I. * : *. I ! . I . *. * : t. *. * I. *. * ~. *. *. *. *. *. * . *. *. *. *. *. *. * i ~' t i. * i. 1. *. * I. *. * I. *. * I. * .. i. ' t.. 'II. I i Iii I J ! ;. i. i II.










 


[image: alt]





iTÂ» i n i 

CORNET SOLO - SHARE MY YOKE. JOY WEBB arr. IVOR BOSANKO. rrrrJ J|p~r m f. 25. Bill m poco rail. Qfl -. Â§ r ^=iÂ» .Â»^=j_j_tÂ± â€” j. rT^â€” j â€” Â« â€”H â€” â€” TT-H.










 


[image: alt]





560 I 500 I 450 I 420 I 560S I 500S I 450S I 420S - Euro-Voiles 

MP3 - Radio + SystÃ¨me d'enceintes stÃ©rÃ©o. BOSE "acoustimass 3". LED 24" TV in the saloon + Radio - MP3 -. DVD player + BOSE "acoustimass 3" system.










 


[image: alt]





- - I 

i - a 1. | -- 1 - \- L 1 -- - i. e. I. e. m 1 t. " | . | -. | Ál. | -lel - i. 1. | | A 1 - 7- -. -- 1 1 -, i - Z. 1 - - -. 1 - L sz 1 1 i. | J. A . | L|- - - -(...E – A. " .. " 1. 1 Á. | . . 1 - - ----- - - - 6. | A-t lelő --| / A . | - ( ... -I: a "










 


[image: alt]





I 

3_ o Ã�!t{Fl*.câ€¦ ctooxc) fu'deq16 ':icrtâ€¦lr.,$ d- O:t Oeq rl. 4 ql. +'. 'aoa. oO -Ã™r. ; H ,l"Etis i{r Ã€ Ao : rl. ]r{. E{,. Ã�lo d5 l}i r^ c! '-6r. -oo - q' f 3-esEJ. ,- t -d,-r. Su i'o >e-r: ...










 


[image: alt]





i,ii', ii ,:i'ii',i 

H - nao, HM- mad, Hi-F nao, Hi-F nao, Ho vYo-lo-be- load. Fa - Z30, FI i-zao, Fa 1- zao, Fi - z10, Ho Yrvo-lor-be- Ional ... ta hi- l- za sy ha-na-mbata ir .d | 1, 1, ...










 


[image: alt]





I R I S A 

travel from a branching router to another following the tree constructed by the branch message. .... Multicast has become increasingly important with the emergence of .... Thus, the list of destinations is cutted into sub-lists of at most Â§Â¥ destin










 


[image: alt]





I i,l; 2.P 

du maintien de la paix et de la s6curitd internationales,. R6affirman! Ie r61e crucial et la responsabilit6 primordiare de l,organisation des Nations Unies dans le domaine du d6sarmement,. Reconnaissant qurune paix authentique et durable ne pourra 6t










 


[image: alt]





Va ria t i o na I I) r i n ci I) I es 3.7 What are 'variational principles'? 

structural mechanics. The reader ..... Finite element analysis of incompressible materials by residual energy balancing. Int. J. Solids ... G. Beer and J.O. Watson.










 


[image: alt]





echelles i echafaudages i fabrication sur-mesure protection antichute i ... 

Le monteur fixe le garde-corps monobloc depuis le sol ou depuis un plateau infÃ©rieur dÃ©jÃ  sÃ©curisÃ©. 2. Rapide Ã  mettre en place, le garde-corps pÃ¨se - de 5 kg ...










 


[image: alt]





MUSIQUE I DANSE - ArtS DU cIrQUE I tHÉâtrE I ... - PDFHALL.COM 

Vendredi 18 juillet - Spectacle théâtral déambulatoire - Victor Hugo, l'homme engagé, Théâtre de la Grande Roue. Vendredi 18 juillet - Concert à ..... son premier album, ode à l'évasion et à la liberté. Un folk rock électronique ..... Le charme d'une










 


[image: alt]





ALPINE DWELLER (experimental I folk I minimal I pop) 

ett band som har hittat sin musikaliska orientering "nÃ¥gonstans dÃ¤remellan". Musiken frÃ¥n de unga styrianska och Ã¶sterrikiska musikerna Joana KarÃ¡csonyi, ...










 














×
Report - [' _ _ (.$)I - [' _-





Your name




Email




Reason
-Select Reason-
Pornographic
Defamatory
Illegal/Unlawful
Spam
Other Terms Of Service Violation
File a copyright complaint





Description















Close
Save changes















×
Signe






Email




Mot de passe







 Se souvenir de moi

Vous avez oublié votre mot de passe?




Signe




 Connexion avec Facebook












 

Information

	A propos de nous
	Règles de confidentialité
	TERMES ET CONDITIONS
	AIDE
	DROIT D'AUTEUR
	CONTACT
	Cookie Policy





Droit d'auteur © 2024 P.PDFHALL.COM. Tous droits réservés.








MON COMPTE



	
Ajouter le document

	
de gestion des documents

	
Ajouter le document

	
Signe









BULLETIN



















Follow us

	

Facebook


	

Twitter



















Our partners will collect data and use cookies for ad personalization and measurement. Learn how we and our ad partner Google, collect and use data. Agree & Close



