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WG 7 REPORT FROM GEOMETRICAL THINKING TO GEOMETRICAL WORK Alain Kuzniak A. Gagatsis, M. Ludwig, C. Marchini The Cerme 5 Working Group on Geometrical Thinking worked within the continuity of Cerme 3 and 4. During these former sessions, some main points were considered within a first common theoretical point of view on geometry with regard to epistemology, psychology and semiotic. Before presenting topics debated during our last session, we are looking back to the common background built and discussed before this session (see also Dorier et al. (2003) and Straesser et al. (2005)).



THEORETICAL BACKGROUND OF THE GROUP Paradigms in Geometry Traditionally, Geometry has different, somewhere contradictory, trends which roughly said refer on one hand to reality and suitable applications in future life and on the other hand to a more axiomatic and logical perspective. To take into account the variety of geometrical approaches, a paradigmatic perspective was introduced by Houdement and Kuzniak [2003, 2006]. Based on Kuhn’s and Gonseth’s works, three main coherent paradigms were brought out to explain various purposes aimed by Geometry. In this view, Geometry I (Natural Geometry with source of validation closely related to intuition and reality with eventually the use of measurement and or construction by real tools) differs deeply from Geometry II (Natural and axiomatic Geometry based on hypothetical deductive laws related to a set of axioms close as possible on the sensory reality). The last paradigm Geometry III (formal and axiomatic geometry) is today of a least importance in the compulsory school but it determines the horizon of mathematics at the university: in this case the set of axioms is independent of reality and should be complete in the formal sense. Naturally, people coming from countries where the Euclidean Geometry is traditionally taught recognize here a common problem they are faced with: How to manage transition from Geometry I to Geometry II. For the other, this frame could appear somehow exotic but it has been shown that it enables to compare different institutions with different aims and thought about the role of Geometry. Naturally, these paradigms are not explicitly taught and there are to be seen as useful tools for explaining some misunderstandings common in the classroom when the teacher’s working horizon differs from the student’s ones.
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Geometrical Thinking and Geometrical Work Once the main aim of geometry is accepted, the problem remains of knowing how students can be successful at geometrical tasks. At the birth of the group, in 1999, the influence of psychologist scholars led to focus on geometrical thinking with studies and references to development stages using frameworks like Piaget’s ones or the famous Van Hiele’s levels. Naturally, these frames are helpful especially in the first access to Geometry by young children, but they do not seem to fit with geometry taught at High school or University levels. Otherwise, it appeared that rather than focusing on thinking first, it would be more efficient to define and study what kind of “geometrical work” was at stake in geometry teaching and learning. In this trend, studying geometrical thinking remains a basic and fundamental problem but drawn by geometry understanding in a school context rather than in a laboratory environment. In this view, we need a clear borderline (even it could change during the schooling) between Geometry and Pregeometry: We could accept that this line passes through an existing justification based upon a logical and articulate discourse. Semiotics and Registers of representation The semiotic perspective is nowadays a living trend existing in didactics of geometry for a long time as it could be seen in the difference that authors made between drawing and figure and which partially refers to the signifier/signified pair. The Duval’s registers of representation (1998-2006) are also used as a support of analysis with regard to the deductive entrance in Geometry. In this case, it is useful to work with several registers especially the discursive and figural. More widely, the semiotic approach could give a rich look on the various characterizations of objects used in Geometry which can be seen as supports of knowledge, description or perception. SOME TOPICS TACKLED BY THE GROUP Spatial abilities and Geometrical tasks. This topic was at the heart of numerous papers accepted in the group and gave birth to an interesting discussion. As Panaoura-Gagatsis pointed it, quoting Weathley (1998), we can agree that one unified and wide accepted definition of spatial abilities does not exist: the way this term has been defined and the instruments used to collect data are nearly as varied as the number of studies using them. The concept of space in itself does not allow a unique definition. As Speranza (1997) points out, we can enlighten what ‘space’ could be only by using contrapositions: he shows at least ten possible conceptual couples useful for the articulation of spatial understanding. Therefore it is very important that authors precise their definition of spatial abilities before beginning a study on relations between these kind of abilities and those useful to solve geometrical problems. In some case, it seems that we can paraphrase the famous definition attributed to Binet: What is intelligence? It is what my test measures.
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Based upon traditional tests like ETS (Pittalis), some authors tried to find a relationship between spatial and geometrical abilities. But the question is turning to: How shall we evaluate geometrical abilities? Such abilities could be defined as combination of general intelligence applied to the geometrical context. That supposes a definition of the context and we are coming back to our problem. During the meeting, different proposals were given to solve this question, more or less persuasive. In fact, a tight task analysis is requested to support the results presented. Some tasks used are not clearly related to geometry especially tasks situated at the visual level from Van Hiele. In their paper, Panaoura-Gagatsis introduces 2D and 3D geometrical tasks clearly related to the syllabus and they measure spatial abilities using Demetriou and Kyriades (2006) model. In this model, the spatial-imaginal system of the human being is organized upon three components: Image Manipulation, Mental Rotation and Coordination of Perspectives. They gives some interesting results on the relation between students’ performances to each category of tests. If the majority of the students who performed high scores in geometry belong to high spatial ability group, there are some students with high spatial abilities and who do not performed high in geometry. At the same time, they show that spatial intuitions remain active even if geometrical topics have been taught and that performances on geometric task depend closely on the age of the students and the dimension (2D or 3D) of the space where the question is posed. Knowing young initial pupils’ geometric knowledge One of the more important stake for researchers in mathematics didactics is certainly to gain a better understanding of pupils’ abilities in the classroom rather than in a laboratory. This point was developed by Marchini-Vighi and Markopoulos who have been working with young pupils (5 to 8 years old). They follow a rather similar approach to deal with this question: they gave open and fuzzy tasks to catch initial conceptions of their students. Inspired by Swoboda (2005) and having given tiles to pupils, Marchini and Vighi asked them to build ‘from these tiles as beautiful floor as possible’ This ambiguous way of giving a problem was naturally questioned by the rest of the group, but authors argue that it is probably the best way to let enter young people in a task and to obtain information about their initial knowledge. Their results show a great variety of “déjà-là” (set-before) knowledge and it is probably possible to manage a real geometry teaching based upon it. That leads to an outstanding question: Which is the status and the place of “spatial knowledge” into the curriculum? Do exist epistemological obstacles in Geometry? Based on the seminal work of Bachelard, Brousseau (1997) has introduced the notion of epistemological obstacle in didactics. An obstacle is made apparent by
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reproducible errors not due to chance. When the origin of the error could be explainable by reasons based upon history and epistemology, it will be talked about epistemological obstacle, other kind of obstacles exist related to the ontological child development or to teaching methods. Papers from Modestou-Iliada, Kratka and Bulf were respectively dealing with some initial conception like “linear model”, “infinity horizon”, “principle of symmetry” which could sometimes appear as obstacle in new knowledge building. Deciding if the former difficulties are or not obstacle and of what kind is not easy and depend clearly on each item. Related to proportionality, ‘linear model’ seems to appear as an obstacle when geometry deals with area and volume. Infinity case is less clear, Kratka argues that horizon could explain some problem related to infinity. When do appear infinity and horizon in Elementary Geometry? Perhaps, the transition from meso-space to macrospace (in the sense of Brousseau) rests on this point. At least, the ‘symmetry principle’ exhibited by works in cognitive science (see Palmer, 1985) belongs to tools helping the students to reach a first stage in geometry but it seems that it can act against the development of a more abstract vision of the figure. We find again the opposition between knowing and seeing. On possible uses of geometrical paradigms Since Cerme 3, the theme of geometrical paradigms is taken into account by the group and new participants have questioned this point: Which is the real benefit of this approach? Two papers gave some perspectives in this way. Houdement shows how she uses these tools to explore the comparison between curricula in different countries, here France and Chile. With help of the notion of Geometrical Working Space (GWS), she had studied the place of Geometry I and II in these countries and she could word some general questions into this theoretical framework: Do we need to teach Geometry II? and if so Which is the best way to enter into Geometry II? Is it by teaching Geometry I longer? What is a coherent and rich approach of Geometry I? In a second paper, Bulf deals with the question of the link between Geometrical knowledge and the reality. She is studying the use of everyday objects and situations in the teaching of symmetry at secondary school level. A double play occurs between the couples GeometryI/GeometryII on one side and Reality/Theory on the other side. She observed that knowledge used in everyday life context are not very useful in the context of the theoretical approach and vice versa.
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In Cerme4, Kuzniak-Rauscher (2005) have shown a possible use of paradigms in teachers’ training by making them aware about some difficulties related to these different approaches of Geometry. In this direction, we could interpret some results of Kospentaris’ paper. In his study, the author confirms results already presented at Cerme 3 and 4 about old student’s geometrical thinking. He shows that students at the end of secondary school and with good knowledge in Euclidean geometry solve some geometrical problems by using visual strategies or “measurement by compass and straightedge” in contradiction with their supposed Van Hiele’s level. He explains this by the fact that “they think in another context’. It’s another way to say that the problem depends on its paradigm’s horizon (Geometry I or II) and not on a developmental approach not appropriated to aged students. Artefacts and Geometry Nowadays, it is impossible to think about geometry without looking at DGS (Dynamical Geometrical Software) which have deeply changed the nature of constructions and proofs in the domain. If few papers were concerned by this trend (due to Working Groups on proof and on technology at Cerme), the way they took in charge the problem seems interesting and gives a new look on ancient problems by revisiting them. Geometrical paradoxes revisited. Based upon a tangram-software, Vighi built an example of a jigsaw possible to solve with six or seven pieces. This spectacular paradox depends on how approximation is controlled by the software. It did not appear as a paradox for young pupils who find natural that two different configurations of the pieces recover a different area. Prototypic images revisited. Unfortunately absent from the meeting, Larios gave to solve the problem of midpoints configuration in a polygon to 14 old students with DGS. He observed that, even in this environment, students tried to build prototypic drawings that allow them to see some results better. Due to Mann-Ludwig’s paper, the relationships between media and didactic instruments were touched. Every year, new electronic and interactive tools enter in the classroom (like video, internet or interactive whiteboards). How can we turn this media into effective teaching and learning tools? In a preliminary study, MannLudwig have observed students using a DGS enriched by video-facilities. They propose an interesting ‘Learner model’ showing the link between different approaches, traditional or not. Using this frame, the question becomes : How can we include the advantage of the usual learning in the classroom into video environments?
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PERSPECTIVES If we look at didactics as a science turned to applications, the proposals made during the present work session focused more on description of problems encountered in the classroom than to prospective use in geometry teaching and learning. Discussions over teaching training that were intense during the former sessions did not emerge during the present Working Group. We could perhaps regret this and equally the relative weakness of task analysis based upon the traditional tools developed in didactics. Nowadays, a semiotic approach allows to work on geometrical objects as drawing and figural concepts. Some specific components of the geometrical work like visualisation, construction and reasoning are deeply studied into the cognitive approach. During, this session few papers were based on these aspects and we expect that the group’s future work will be nourished by specific studies on these points. By focusing the debate on geometric work, we hope to lead the group to precise the existing theoretical tools helpful to explore and describe the nature and the construction of the Geometrical Working Space used by students and teachers. Do we need new tools or are the existing ones sufficient? All the people participating to the group – except two – were coming from Mediterranean countries. Does it mean that Geometry is a ‘Mediterranean cultures state of affairs’? We conclude this paper by some ideas of collaboration between participants and some suggestions for the future. Collaborations are envisaged about the transition from primary to secondary school. A common framework to work out such kind of studies could be based on some tools discussed by the group, this session and before, like paradigms, geometrical workspace, spatial abilities and conception about the figure. Some geometrical tasks presented during the meeting could give good common supports to progress in this international cooperation. And for the future meeting, if we hope that this group could continue we suggest changing its name into Research in Teaching and Learning of Geometry (closer to the ICMI approach). That will allow a great variety of approaches less centred on the student’s way of thinking but on its work and also on the teachers’ work. Equally, to work out theoretical approaches it would useful to invite authors or request papers presenting the state of art on various points related to geometrical working and thinking.
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THE USE OF EVERYDAY OBJECTS AND SITUATIONS IN MATHEMATICS TEACHING: THE SYMMETRY CASE IN FRENCH GEOMETRY TEACHING Caroline Bulf, PhD student University of Paris 7, Denis Diderot, Lab DIDIREM This thesis work is concerned by the use of everyday objects or situations in teaching a new mathematical concept. The concept of symmetry and in particular its meaning both familiar and mathematical, is explored in two different directions: school and vocational contexts. Only a part of our investigation in school is presented here: analysis of interviews with pupils from 11 to 15 years old and productions. Using this data, a phenomenon that we chose to call “transformations’ exclusiveness” is brought out. The paper shows how this phenomenon could come from an adaptation of schemes to initial perception. GENERAL PRESENTATION OF THE RESEARCH QUESTION Integrating the real world into mathematics education is not a new issue. However, there exist many forms to integrate it. Consequently, the impact of the real world in mathematics learning and in the conceptualization of a new mathematical concept can be very different too. It is interesting to realize how such-and-such references can definitely orientate or not the conceptualization, in order to control them and foresee the understanding of pupils. There is a quite strong pressure from French curriculum to use real situation through “activities” to introduce a new concept. “Architecture, piece of art, natural element, usual objects… we can bring out from theses links some universal feature of geometrical object connected to their natural or synthetic achievement. (…) difficulties from usual vocabulary and previous representations own to pupils (…) to work on these primal conceptions (…) the teacher’s management does not have to occult these primal conceptions but at the opposite use them to make questions.”[1] “Activities” from the real world, proposed in classroom are inspired by this wave and are used to support the mathematical concept. Bachelard (see Bachelard, 1938) points out that “nothing is done, all is building”, he adds the notion of obstacles “to set down the problem of scientific knowledge”. In particular, he mentions “the excessive using of familiar images”, and suggests how orientating in a wrong way can be the way of thinking. Then, there is a question about the result of teaching the reflection through a line supported by folding or familiar references. Does it help or not to work out mathematical thinking, in particular to understand the new transformations of the plan?
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REFERENCES AND THEORETICAL FRAMEWORK SUITABLE TO GEOMETRY The real world is precisely used in mathematics teaching to grasp a new concept. “Real” is used in a very large and common meaning: what is immediately effective or concrete, and can be submitted to our sense and build experimentation. Thus the concept of symmetry is the subject of this research because it is everywhere in real life and it is a cross concept in school too. Until the beginning of secondary school, symmetry is only viewed as reflection through a line which is the usual conception too. Then on 5th grade (12 y.o.) pupils learn the reflection through a point, and on 4th grade (13 y.o.) they learn translation and finally on 3rd grade (15 y.o) rotation. Naturally, the first distinction between familiar concept and scientific concept recalls Vygotski’s framework (see Vygotski, 1997), but it appeared this strict dichotomy was not so relevant for the study despite of his suitable definition. So, it has been decided not to be involved in Vygotski’s position even if its definitions of familiar and scientific concept were suitable: “it is living in action (perception, folding) without being compared or differentiated. Its characteristics and properties are neither necessarily aware nor put into words”: the concept of invariance, for example is not mentioned in a familiar context. On the other hand, the mathematical concept of orthogonal symmetry gets in the isometric category. It is used through “symbolical representation” as for example: s is an involutive transformation, that means: s²=id. Some “general and useful result” can be formulated as any isometry can be decomposed into orthogonal symmetries. « In mathematics, it seems necessary to distinguish clearly mathematical objects (such as numbers, functions, spaces, etc.) and concepts we use to characterize the former with its own properties » [2]. Vergnaud’s theory analyses the human component of a concept in action, which seems to be a relevant description as regards the familiar component of the concept of symmetry. Vergnaud defines a concept with (S, I, s) (see Vergnaud, 1991) where S is the set of different “situations of references” which make sense to the concept. The meaning of familiar is not the same for everyone (it depends on education, culture, and so on.) but the “operational invariants” I which are acting in different situations S, are actually defined by the concept-in-action (“relevant or irrelevant notion naturally involved in the mathematics at stake”), theorem-in-action (“proposition assumed right or wrong, used instinctively in the mathematics at stake”). I add the notion of principle-inaction (I define it as a theoretical general rule which is at the basis of concept and theorem-in-action). The set of theses invariants I make the schemes (notion inspired by Piaget) operate. A scheme is the “invariant organisation of behaviour for a class of given situation. The scheme is acting as a whole: it is a functional and dynamical whole, a kind of module finalized by the subject’s intention and organized by the way used to reach his goal”. s, the “signifiers” (according to Pressmeg’s translation of Saussure’s meaning, 2006) is the set of representations of the concept, its
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properties, and its ways of treatment (language, signs, diagrams, etc.). Finally, this kind of “conceptual field” of symmetry according to Vergnaud is one of the aims of this research. Since our research is focused on the interaction between familiar conception, living in action in “real” space, and the mathematical conception living in an axiomatic form through mathematical model (Euclidian one), the Houdement and Kuzniak’s theoretical framework of Paradigm of Geometry I, II, III and the notion of Geometric Working Space (see Houdement and Kuzniak, 2006) have been chosen for this study. Geometry I (GI) is the naive and natural geometry and its validity is the real and sensible world. The deduction operates mainly on material objects through perception and experimentation. Geometry II (GII) is the natural and axiomatic geometry, and its validity operates on an axiomatic system (Euclid). This geometry is modelling reality. Geometry III (GIII) is the formal axiomatic geometry which is completely apart from reality and is just a logical reasoning from an axiomatic system. The notion of Geometric Working Space (GWS) is the study of the environment, organized on a suitable way to articulate these three components: the real and local space, the artefacts (eg: tools and schemes), and the theoretical references (organized on a model). This GWS is used by people who organise it into different aims: The reference GWS is seen as the institutional GWS from the community of mathematicians. The idoine GWS is the efficient one in order to reach a definite goal. And the personal GWS is the one built with its own knowledge and personal experiments. Thus this framework takes into account the double side of our concept with a mathematical point of view. The focus of study deals with the crossing GI-GII aimed at secondary school. The notion of didactical contract designed by Brousseau has been chosen as a theoretical reference (see Brousseau, 1997): “Then a relationship is formed which determines - explicitly to some extent, but mainly implicitly - what each partner, the teacher and the student, will have the responsibility for managing and, in some way or other, be responsible to the other person for managing and, in some way or other, be responsible to the other person for. This system of reciprocal obligation resembles a contract”. It is an important dimension as regards the school factor to analyse the nature of the implicit interactions at stake during the crossing GI-GII. Finally, the research question focuses on: how are schemes adapted to the crossing GI-GII in secondary school? And how do teachers and pupils take into account these interactions and adaptations? This diagram below summarizes the articulation of our different theoretical frameworks:
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Didactical contract



GI



Local and real space



G II



Model



Modelling GWS Artefacts (tools, schemes...)



Diagram 1: Theoretical framework suited to geometry.



THE PHENOMENON OF “TRANSFORMATIONS’ EXCLUSIVENESS” A partial look on the investigation The aim of this part is to give some results about one kind of situation: symmetry recognition task and by extension the others transformations. Twenty eight pupils from 11 to 15 years old have been interviewed: - 9 pupils from 6th grade (11-12 y.o.) before the lesson about the reflection through an axis. - The same 9 pupils a few months after the lesson. - 9 pupils from 5th grade (12-13 y.o.) a few months after the lesson about the reflection through a point. - 10 pupils from 3rd (14-15 y.o) grade just after the lesson about rotation. First, I asked them open questions: have you already heard about symmetry? What is symmetry for you and how do you recognize it? Then, I asked them to group together pictures (see below) with their own criteria:



a)



b)



c)



d)
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And finally, I asked them if some symmetrical pictures were among these pictures and if they can explain why. Advanced productions of 3rd grade: A test was given to 10 pupils from 3rd grade with various levels, at the end of the school year. Only three of the five exercises posed (still on the transformations recognition situation) are studied here. This protocol was worked out a priori in order to evaluate the inference of the reflection through a line among the other transformations at the end of secondary school (variable on global perception and punctual perception). So, the task in these exercises is to recognize and define the transformations of the plan. Two figures (one is the image of the other one) are given in the exercise 1 and 2, whereas the exercise 4 is based on four different global invariant figures: This figure is composed of four parallelograms (from 1 to 4 on the figure) which can be superimposed.



Please show how (with all the possible way) and Justify: 1Æ 2 1Æ3 1Æ4 2Æ4



In each following case, which translations or symmetries or rotations : a) transform ABC on EDG b) transform CDE on GFE c) transform ABC on MNP Please justify your answers.



Show the symmetries, translations, or rotations which transform the rose on itself. Please justify your answers.



Results The reflection through a centre seems clearly differentiated during the interview from the reflection through an axis by 8/10 pupils of 3rd grade, and 5/10 pupils
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mention rotation or translation too (though I do not mention these transformations).To the last question on the symmetrical pictures, 9/10 associate exclusively one transformation to one figure. Let’s see below which transformation is associated to the pictures (see p.5 the pictures) according to the level: 100 80 80
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Photo g) Diagrams 2: Transformations recognition during interview with pupils from 6th to 3rd grade.



They answered the same to exercise 4: only 2 among 10 associated more than one transformation with one figure. Let’s see now the distribution of the transformations in exercise 4 on 3rd grade:
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Diagram 3: Distribution of the transformations on exercise 4 from test on 3rd grade.



According to these data, we assume the existence of a phenomenon we call “transformations exclusiveness” which consists in associating one transformation to one figure. Furthermore, in exercise 4 all the figures are invariant by rotation but it appears a difference depending on the parity of the rotation. If the rotation is even pupils recognize a reflection through an axis more than a rotation (diagram 3 stick 2 and 4) and if the rotation is odd, the pupil recognizes a rotation more than a reflection (diagram 3 stick 1 and equal for 3). Interviews clearly show it: according to the diagram about Picture e) and f), the rate of Ref. Ax. of e) (odd) is falling whereas the rate of rotation is increasing and the rate of Ref. Ax of f) (even) is still high. Moreover, pupils hardly ever recognize the reflection through a point in exercise 4 and the picture f) whereas during the interview, most of pupils recognize a reflection through a centre at the picture d) or g) (see diagram 2 photo d), g) and f) and diagram 3). The diagram of a) and c) confirms that pupils recognize straightforwardly a reflection through a vertical axis. An interpretation of these results: inhibiting schemes According to our study, we assume the following hypothesis: schemes associated to an even or odd rotation are different and they seem work as one was inhibiting the other. In exercise 1 and 2, an interesting theorem-in-action appears to check a rotation: pupils use their compasses to check if the image-points and starting points of the figure belong to the same circle:
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In particular, some pupils use this theorem-in-action to recognize a rotation (exercise 2 case c) when it is actually a reflection through an axis. It is acting as if the schemes of reflection were inhibited by rotation ones. Then, we assume that the same happens in exercise 4. This cocyclicity action can be seen as a signifier of one more general principle-in-action that we called principle-in-action of the application point by point. Then, according to interviews and exercise 4, we suppose this principle-inaction inhibits the ones associated to the reflection through an axis. The interviews with the rest of the pupils (from 11 y.o to 15 y.o.) show that the first schemes used by pupils when they look for a reflection through an axis is the principle-in-action to divide in two half planes or two equal parts (drawing an imaginary or real axis is one of its signifier). This principle-in-action implies the global invariant principlein-action: a figure is globally invariant (and not point by point) under the action of a transformation (folding is one of its signifier), which is actually a different way of thinking from the principle-in-action of the application point by point. Thus this could explain the difference between the rate of recognition between odd and even rotations. In the last case, schemes of the reflection through an axis are implied by the fact that the rotation is even and the schemes from rotation (point by point) looks inhibited. Moreover, pupils make a reflection through an axis different from the reflection through a centre by using the concept-in-action of orientation. That could explain why they see easily the reflection through a centre when the rotation is of order 2 or 4 (photo d) and g)). Indeed they can easily recognize if the orientation is different, whereas on photo f) (order is 12) or exercise 4, some figures are invariant by reflections through an axis and through a centre, then the concept-in-action of the orientation can not be efficient to discern them.
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Thus some perceptive signs which orientate the schemes chains are just brought out. What is known about the other hints based on perception as points or axis already drawn? Any axis of symmetry is drawn on exercise 4 but the centre O is mentioned on each figure. However, pupils tend all to look for a particular axis more than they do for the centre. Besides, we assume that the perception of some typical geometrical objects might orientate pupils’ behaviour: as for example the square in exercise 4 figure 4, most of pupils recognize a reflection through an axis (see diagram 3 stick 4) but on the picture d) from the interview where a square is drawn too, most of 3rd grade pupils are right: they recognize a reflection through a centre without saying a reflection through an axis. ANOTHER ADAPTATION: FROM GI TO GII According to the interviews and the written exercises previously presented, pupil’s personal Geometrical Working Space (GWS) is built on a natural geometry GI. They mention real space through experiments or movements with some operational invariants based on global perception (as folding or half-turn). Afterwards, this global perception is enriched with the punctual vision and GI works out to GII, and then pupils can make first reasoning using mathematical properties coming from the mathematical model about transformations (length, angle, points lie along a line, parallel, middle, orthogonal, etc.). Let’s see for example Martin’s theorem-in-action of invariance point by point in exercise 2 (see p.5): a) is a rotation R(180°; C; -) because BÆ D, AÆ E and C is still the same (rotation point). b) is a reflection through an axis because CÆG, DÆF and E still the same (it is on the axis)



Thus the schemes are also working out. The resolution of Exercise 1 and Exercise 2 gives an interesting example of adaptation of these schemes. In exercise 2, personal GWS seems close to the idoine GWS. Indeed, this exercise explicitly requires a punctual perception to justify how transformations are used with mathematical properties, and nine pupils among ten recognize the right transformations (including those who do not write all the punctual characteristics). In exercise 1, the geometrical contract expected is less explicit and a global perception is suggested to solve the problem and pupils adapt their behaviour and recognize reflection through an axis or make mistakes: The parallelogram is seen as a rhombus. Only 4/10 recognize a rotation and only 2/10 mention the right rotation centre although it is the only point written on the whole figure. According to this result, we conclude that pupils go back to GI and use schemes based on perception and adapted to the contract at stake. CONCLUSION AND DISCUSSION The recognition of transformations situation shows the phenomenon of “transformations exclusiveness”. The action of inhibiting schemes based on perception could explain it. Furthermore, pupils’ schemes contribute to build the personal Geometrical Working Space which seems unbalanced between GI and GII. Now, we focus our investigation on the reflection through a point which is exactly
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situated at this interplay between GI and GII. The aim is to better understand the adaptation of pupils’ schemes to different situations and to see how this transformation can contribute to unbalance the way to GII. Notes 1. J-P Kahane Rapport to the ministery of national education: commission de réflexion sur l’enseignement des mathématiques-rapport d’étape sur la géométrie et son enseignement Janvier 2000. Éd. CNDP Odile Jacob. p.7 Official instructions: http://eduscol.education.fr/ programme des collèges mathématiques classe de 6ème p.12 APISP n°167, introduction commune à l’ensemble des disciplines scientifiques p.6 2. definition of concept in Encyclopedia Universalis. 3.http://smf.emath.fr/Enseignement/TribuneLibre/EnseignementPrimaire/ConfMontrealmai2001.pdf #search=%22VERGNAUD%20sym%C3%A9trie%20sch%C3%A8me%22 p. 14



REFERENCES Bachelard, G. : 2004, La formation de l’esprit scientifique, Vrin, Paris, pp.15& 89. Brousseau, G. : 1983, ‘Les obstacles épistémologiques et les problèmes mathématiques’, Recherche en didactique des mathématiques, Vol. 4.2. Brousseau G., 1997, Theory of Didactical Situations in Mathematics, Edited and translated by Nicolas Balacheff, Martin Cooper, Rosamund Sutherland and Virginia Warfield, edition Mathematics Education Library, Kluwer Academic Publishers, p.31. Houdement C., and Kuzniak A. : 2006, ‘Paradigmes géométriques et enseignement de la géométrie’, Annales de didactiques et sciences cognitives, Vol.11, pp.175-195. Noss, R. Hoyles, C. and Pozzi, S.: 2000, ‘Working knowledge: Mathematics in use in. Bessot A. & Ridgway J., Education for Mathematics in the workplace, edition Mathematics Education Library Vol.24 Kluwer Academic Publishers, pp. 17-35. Piaget, J. et Inhelder, B. : 1977, La représentation de l’espace chez l’enfant, PUF, Paris. Presmeg, N.: 2006, ‘Semiotics and the “connections” standard: significance of semiotics for teachers of mathematics’, Educational Studies in Mathematics, Vol. 61 n°1-2, p.165. Vergnaud G. : 1991, ‘La théorie des champs conceptuels’, Recherches en Didactique des Mathématiques, Vol. 10 /2.3, la pensée sauvage éditions, Grenoble, pp.133-170. Vygotski, L. S. : 1997, Pensée et langage, traduction de Seve Françoise, la dispute, Paris, Ch.5-6 pp. 189-415.
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GEOMETRICAL WORKING SPACE, A TOOL FOR COMPARISON Catherine Houdement IUFM de Rouen, DIDIREM Paris 7 This theoretical text is nourished by a comparison project (ECOS program 20032005) on mathematical curricula between Chile and France. How and what to look at in curricula? What tools could help to produce fruitful comparison? Following the presentation of our theoretical framework, Geometrical Paradigms, the study of an exercise about the determination of inaccessible magnitude, from French and Chilean point de view will lead on to the definition of Geometrical Working Space. With these concepts, we will precise important differences between French and Chilean intended and available curricula, what concerns Geometry between 8th and 10th grade. INTRODUCTION Within the context of education research cooperation between Chile and France (aiming at mathematical curriculum comparison) we chose elementary geometry as field of study. We think that Geometry is a good mathematical subject for comparison: - it is a field studied from infancy to the end of statutory curriculum; - it is a field in which models are produced with different degrees of complexity: geometric education usually begins by studying and using real material objects (cuboids… graphic lines on a paper sheet or a computer screen), but more stylised than real objects; then it progressively deals with intellectual objects: the mathematician’s square is not the child’s square, it is a construction of the mind which includes an infinite number of points and exists only through its own properties; -



it is a field particularly connected with logical thought, deductive reasoning and proof, a characteristic property of Mathematics.



Our study (Castela & al. 2006) has been carried out on four levels. - The first level we have studied corresponds to the statutory contents of the syllabus (knowledge, skills and understanding), which international comparison surveys call the intended curriculum. - The second level that is generally described by what we call accompanying texts concerns the context, activities and areas of study through which the statutory contents should be taught. According to the countries these texts are mandatory or just pieces of advice.
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- The third level is composed of text books that offer an organized list of classroom activities and exercises ready for teaching. We note that the second and third level both concern a part of the available curriculum. - The last level is composed of practise of some teachers from either country and of students’ performances confronted to the same geometrical problem. We (Houdement & Kuzniak 1999, 2002, 2003) have worked on Geometry as it is taught in France and produced a theoretical framework to understand and describe the different meanings determined by the same term of Geometry. The aim of this text is to show how Geometrical Paradigms and Geometrical Working Space can help to organize a comparative analysis; particularly what concerns intended curriculum and available curriculum about determination of an inaccessible magnitude. Let us present Geometrical Paradigms. GEOMETRICAL PARADIGMS Our research (Houdement and Kuzniak 1999) following Gonseth (1945-1955) shows how three different paradigms could explain the different forms of geometry. We keep the idea of paradigm from Kuhn (1962; 1970) who used it to explain the development of science. A paradigm is composed of a theory to guide observation, activity and judgement and to permit new knowledge production. A paradigm is shared by a community; the scientific activity of a researcher is guided by the paradigm on which he is working. We made the following hypothesis: Kuhn’s analysis of the development of science can be imported into Mathematics, precisely into Elementary Geometry. We distinguish three paradigms whose names would be easily remembered: Geometry 1, Geometry 2 and Geometry 3. Let us now precise some properties of each paradigm. Geometry 1 The objects of Geometry 1 are material objects, graphic lines on a paper sheet or virtual lines on a computer screen. Even material, the lines are always consecutive to a first representation of reality. Objects of the sensitive space can be schematised in a micro-space (Berthelot and Salin 1998) by a network of lines. The straight line is a model thus it refuses bumps; the circle is perfect, all its points are at the same distance of the centre. The chosen graphic objects (and their properties) are often in a first time the most convenient to describe reality, hence the name of Natural Geometry for Geometry 1. The objects of Geometry 1 are already the consequences of a first classification that gathers all the objects related by an isometric transformation.
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In this paradigm the ordinary techniques are the drawing techniques with ordinary geometrical tools: ruler, set square, compasses but also folding, cutting, superposing… To produce new knowledge in this paradigm, all methods are allowed: evidence, real or virtual experience and of course reasoning. The backward and forward motion between the model and the real is permanent and enables to prove the assertions: the most important thing is to convince. Geometry 2 In Natural Axiomatic Geometry (one model is Euclid’s Geometry) the objects are no more material but ideal. Definitions and axioms are necessary to create the objects, but in this paradigm they are as close as possible to the intuition of the sensitive space, therefore the name of Natural Axiomatic Geometry. Geometry 2 stays a model of reality. But, once the axioms fixed, demonstrations inside the system are requested to progress and to reach certainty. In this paradigm the text takes a great importance, all the objects should be defined by texts, drawings are only illustrations, accompaniments of textual propositions. As it is convenient the expert works with drawings, but he knows how to read theses drawing and how all the indications he puts on the drawing are validated by the text. Geometry 3 Lastly we have Formalist Axiomatic Geometry (Geometry III): in this paradigm the system of axioms itself has no relation with reality, it is complete and independent of its possible applications to the world. This paradigm is not very present in statutory curriculum. Relationships between the two main paradigms, Geometry 1 and Geometry 2 The true question of geometrical teaching concerns Geometry 1 and Geometry 2. Here a table that resumes the main differences between the two paradigms. Geometry 1 Space



Intuitive and physical space



Material objects (or digital ones). Drawings, models, products of instrumental activity Artefacts Various tools (ruler, set square, template, paper folding….). Dynamic Software. Evidence, checking by instrument Proof (f.i dragging) OR effective construction Measuring Licit: it products knowledge Objects



Geometry 2 Geometrical Euclidian space Ideal objects without dimension Figures (some areas of space, some relations). Definitions, theorems Physical tools (ruler, compass) with use theoretically justified “Logical-deductive reasoning” Properties and “pieces of demonstration” (formal proof) Partial of axiomatic Non licit for production of knowledge, but licit for heuristics
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Status of Object of study drawing object of validation Privileged aspect



and Heuristic tool, support of reasoning and “figural concept” (Fischbein 1993) Self-evidence and construction Properties et demonstration Table 1: Differences between Geometry 1 and Geometry 2



One paradigm is not superior to the other in their relation to space as shown by the study of the following exercise. HOW DO GEOMETRICAL PARADIGMS WORK? A particular study The drawing shows André and Bernard standing on the same river bank at a distance of 50 meters from each other. Camille stands on the opposite bank. How far away is André from Camille?



Figure 1: Excerpt coming from Matemática 2° Medio. Chile: Arrayan Editores (2001),



Why did we choose this exercise (from a Chilean text book for 10th grade -15-16 old students)? First it evokes a real problem through a representation of the situation. But the representation is not transparent; it must be read with geometrical knowledge: the given triangle is isosceles, which can not be seen immediately. To be informed of the nature of the triangle it is necessary to deduce it from the information provided by the angles. This first part of geometrical activity is important and related to the “education of sight” in geometrical teaching. How could it be solved? A first method consists in constructing a similar triangle A’B’C’ on another scale, measuring A’C’ and deducing AC through calculation. In the French curriculum this method would be accessible in the 7th grade, but rejected in upper grades. Another method, more formal, consists in first deducing from the angle magnitudes that the triangle is isosceles (using the theorem of the sum of three angles in a triangle) and then trying to calculate the unknown length: this calculation requires the drawing of further lines like the right bisector of AC or the perpendicular height from B -to obtain two right angled triangles) and the use of theorems like Pythagoras or cosine. In the French curriculum these methods are expected from 8th to 10th grade. What does the Chilean text book of the 10th grade suggest? We can deduce it from the study of another activity in the same book, just before the preceding river exercise.
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If you want to calculate the distance between a point A that is situated on the river bank and a tree that is situated on the opposite bank, you can act this way: 1- situate a point B at a determined distance from A; 2- measure off the angles PAB and ABP taking line of sight; 3- measure off the distance AB; 4- construct a scale drawing of a triangle A’B’P’ similar to the triangle ABP (angular criteria for similarity); A d B 5- measure with a ruler the length of A’P’; d x 6- calculate the length of AP taking into A' P ' d ' account the similarity ratio of the scale d/d’. Figure 2: Excerpt coming from Matemática 2° Medio. Chile: Arrayan Editores (2001)



The heart of the solution is propositions 4-5-6; the former one helps to transform a space question (to calculate a real distance) into a geometric question. It is remarkable that the Chilean textbook recommends to draw and to measure on the drawing. The drawing is an object of study and permits to obtain the unknown length by effective measuring. It would be inconceivable at the same age group in France: the unknown length could only be deduced from given textual information in a way as independent as possible from the drawing in most French text books of 9th grade where no other method is suggested, as it is shown below. To determine inaccessible magnitude… A precise point T is taken as sight from situated points R and S whose distance as the crow flies is known. Then the angles of the triangle RST are measured, which allows to determine the distances with convenient approximation, because of : RT



RS



sin Sˆ et ST sin Tˆ



RS



sin Rˆ sin Tˆ



Figure 3: Excerpt coming from Maths 3°.Cinq sur Cinq. France : Hachette (2003)



Already in most of the 8th grade (13-14 years old students) French text books there is the assertion « Seeing or measuring on a drawing is not enough to prove that a geometrical phrase is true » (Triangle 5ème Editions Hatier 2001 page 127, Triangle 4ème Editions Hatier 2002 page 94…). Thus the Chilean curriculum accepts and expects a method that is refused at the same grade in the French curriculum. These methods would be accepted in France in lower
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grades, but such problems whose first work consists in thinking how (and why) to schematize reality (propositions 1-2-3-4) are generally not proposed in lower grades text books. Consequently in similar questions 10th grade French students prefer not to answer rather than to propose an answer by making a drawing and measuring it. An analysis with Geometrical Paradigms In 10th grade even if students are confronted to the same river problem, the answers are not the same: France considers that a treatment in Geometry 1, with the effective use of measures is not convenient. On the contrary in Chile a treatment in Geometry 1 is convenient and recommended by text books as we have seen above. To solve practically the problem, the first method, drawing at scale that takes place in Geometry 1 is sufficient and effective. The other methods, in Geometry 2 because they don’t depend on the drawing, consider ideal situations and use conceptual results: they bring more precision and allow generalisation without new drawings. But precision and generalisation are not required in the river problem. The other methods enable to solve other questions than the determination of that distance only. It looks as though in France, Geometry 2 takes the place of Geometry 1 and makes it disappear, whereas it is easy to see how complimentary both paradigms are. Knowledge and practise of Geometry 1 is always necessary first to realise a convenient drawing (see the first exercise), more generally to treat space professional problems with drawing as schematisation; secondly to visualize specific configurations in this drawing (add right further lines to divide the first triangle into two right angled triangles): Duval (1998) already studied the importance of visualization. Geometry 2 often permits generalisation and logical justification of action in Geometry 1. Geometry 1 is necessary to Geometry 2 as an experience field (Boero 1994), but could not be reduced to an application of Geometry 2. We now need a new concept to conciliate Geometry 1 and Geometry 2, Geometrical Working Space (Kuzniak 2004). GEOMETRICAL WORKING SPACE: GWS The Geometrical Working Space (GWS) is the place organized to ensure the geometrical work and to integrate the play between both paradigms. It puts the three following components in a network: - the objects whose nature depends on the geometrical paradigm, - the artifacts like drawings tools, computers but also rules of deduction used by the geometrician,
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- a theoretical system of reference possibly organized in a theoretical model depending on the geometrical paradigm. The Geometrical Working Space becomes manageable only when its user can link and master the three components above mentioned. An expert solving a problem of geometry creates a suitable GWS to work. This GWS must comply with two conditions: its components should be sufficiently powerful to handle the problem in the right geometrical paradigm and its various components should be mastered and used in a valid way. When the expert has decided what geometrical paradigm is convenient for the problem, s/he can organize the use of artifacts and the type of reasoning thanks to the GWS which suits this paradigm. When a person (student or professor) is confronted to a problem, this person handles the problem with his/her personal GWS. This personal GWS generally depends on the knowledge of the person but also on the institution where the person works: what kind of geometrical productions are accepted or valorised by the institution at any time? Through the organization of the geometrical different contents by grade, the teaching recommendations to the teachers and the notes about how a student can learn geometry, the curricula define specific geometrical environments that can also be seen as GWS: we will call them institutional GWS. THE INSTITUTIONAL GWS OF A PARTICULAR THEME Taking an example “figures of same shapes”, it is easy to make clear the difference between Chile and France, only through a syllabus reading. In France the different notions: enlargement-reduction (4th and 5th), scale representation and lengths (7th), Thales theorem (8th and 9th), similar triangles (10th), enlargement transformation (11th in speciality) are successively taught in different grades with a perspective strongly focused on Geometry 2 from 8th (following syllabus and textbooks). Thus scale representation (and plan reading) could not be functional either in mathematical activities (it becomes fast forbidden to measure on drawing) or in practical problems (not practised in classrooms). In Chile students meet enlargement-reduction activities first in 6th grade, similar triangle and scale representation in 8th with a Geometry 1 perspective on lengths and angles and in relation to proportionality. But in 10th grade all these notions are taught again in a network with mathematics’ complements (Thales theorem, enlargement transformations) and also history and arts complements about the theory of proportions. The main perspective is always Geometry 1 to create relationships between different notions of a same theme and construct the students’ practical culture, even nourished by some theoretical results of Geometry 2 (like Thales theorem).
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We think that relating mathematical teaching to reality including in the succession of the different notions of a same theme is also a way to define institutional GWS. The Chilean curriculum permits a play between both paradigms from 10th grade; the French curriculum does not officially permit that different ways to solve a problem meet, for it officially rejects Geometry 1 already from 8th grade. The study of the institutional GWS has become our first work to precise the difference between both curricula. BACK TO GENERAL COMPARISON THROUGH INSTITUTIONAL GWS We will try to precise particularly the crucial differences between Chile and France for the period between 8th and 10th grade. The system of reference Both curricula don’t act with the same institutional GWS. The French reference is Geometry 2: the unique authorized public reasoning concerns ideal objects and even conceptual objects and logic deduction. Geometry 1 is not a suitable paradigm in French 10th grade curriculum; it is not officially integrated in the institutional GWS; it must stay private. In Chile Geometry 1 is an assumed reference and plays a public role in the institutional GWS. Geometry 2 can exist too, but it is entirely under the teacher’s responsibility. The place of drawing In Chile the drawing is taken as a field of experience (Boero 1994) and also a validation object: a field of experience because students are taught to experiment on drawings, to look for reasons of regularities on drawings, to extend validity of observed regularities on drawing; a validation object because constructing a drawing allows to check regularities and to convince of the plausibility of an assertion. The drawing with usual geometrical tools is considered as a prime model of reality: for example the triangle is introduced as the simplest non deformable structure to show its interest for construction. A special teaching time is dedicated to techniques of drawing and construction drills (not directly but through various activities). In France geometrical drawing has no official place; it must stay private and only serve as a support for a conjecture. But how it can serve for geometrical thinking is not taught, thus it can not constitute an experience field. Out of the private mind, drawing is simply and purely forbidden. Construction activity (for example with ruler and compasses) is not emphasized (it disappears in France from 6th grade) and in the textbooks each spatial problem is immediately illustrated by a drawing, so that students are always in front of a schematised situation. The construction act appears as not very important for geometrical thinking in French curricula.
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Validation In France the only recognized validation is that which verifies the non contradiction inside mathematics; a new proposition is accepted as valid only if it can be logically deduced from other accepted propositions. In Chile two levels of validation are accepted and distinguished: first conformity to reality, reality of the sensible world, the graphic line on paper; this conformity can be a pretext for a declaration that is recognized and accepted as ‘plausible’; this declaration must be demonstrated to become true in mathematics. The geometrical objects From French 8th grade, licit geometrical objects are definitions and theorems, hence only textual declarations that can be accompanied by drawing (as ‘figural concept’ Fischbein 1993). Thus all objects are conceptual, that means ideal but coherent with and inside a theory (Bunge 1983). There is no recognized place for other objects (material or virtual), even if they are used inside the classroom. In Chile all the objects are accepted, material (like drawings), ideal, but the quality of the declaration made about the drawing does not have the same conceptual quality as that made by the teacher quoting mathematics. CONCLUSION For our comparison we have studied syllabus, accompanying texts and text books through a particular filter: institutional GWS. GWS organizes different components of geometrical activity: what objects, what licit tools and what licit validation, what play between both paradigms? Let us resume the main differences. The study of the nature of objects and the validation precise what paradigm is referent and what type of reasoning is valid inside the institutional GWS. Chile accepts explicitly two levels of reasoning, thus implicitly two paradigms (Geometry 1 and Geometry 2). France only considers a deductive organisation of discourse (reference Geometry 2) as licit to produce valid declarations. The study of drawing is related to licit tools (and the use of these tools and the teaching of the use of these tools); the given status of drawing contributes to define the institutional GWS. In Chile Geometry 1 and all the work on drawing is considered as the heart of geometry, the experience field on what the students could constitute their prime experience and confront their declarations. In France Geometry 1 is considered as a perturbation of geometrical teaching that must be forgotten to access to “true geometry”. Our very few effective class practices seem to confirm these differences but a larger survey would be necessary to take a sight of implemented curriculum and attained curriculum.
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We hope our readers will be convinced that an entry through the institutional GWS in different grades of curricula could produce rich comparison at least in intended curriculum and available curriculum and open new perspectives for geometrical teaching in his/her own country. REFERENCES Berthelot, R. & Salin, M.H.: 1998, ‘The role of pupils spatial knowledge in the elementary teaching of geometry’, Perspectives on the Teaching of Geometry for the 21st Century. New ICMI Study Ser.5, Dordrecht: Kluwer Acad. Publish. 71-78 Boero, P.: 1994, ‘Experience field as a tool to plan mathematics teaching form 6 to 11’ in L.Bazzini and H.G.Steiner (Eds) Proceedings of the Second Italian German Bilateral Symposium on Didactics of Mathematics, IDM Bielefeld, 45-62. Bunge, M.: 1983, Epistémologie, Paris, Éditions Maloine, Collection Recherches Interdisciplinaires. Castela, C., Consigliere, L., Guzman, I., Houdement, C., Kuzniak, A. & Rauscher, J.C.: 2006, Paradigmes géométriques et enseignement de la géométrie au Chili et en France. IREM de Paris 7. Duval, R.: 1998, ‘Geometry from a cognitive point of view’, Perspectives on the Teaching of Geometry for the 21st Century, New ICMI Study Ser.5. Dordrecht:Kluwer Academic Publishers, 37-52. Fischbein, E.: 1993, ‘The theory of figural concepts’, Educational Studies in Mathematics 24(2), 139-162. Houdement, C. & Kuzniak, A.: 1999, ‘Un exemple de cadre conceptuel pour l’étude de l’enseignement de la géométrie en formation des maîtres, Educational Studies in Mathematics 40(3), 283-312. Houdement, C. & Kuzniak, A.: 2002, ‘Pretty (good) didactical provocation as a tool for teachers’ training in geometry’, Proceedings of CERME 2, Prague, Charles University. 292-304. Houdement, C. & Kuzniak, A.: 2003, ‘Elementary geometry split into different geometrical paradigms’, Proceedings of CERME 3, Italie, on line on http://www.dm.unipi.it/~didattica/CERME3/draft/proceedings_draft Kuhn, T.S.: 1970, The Structure of Scientific Revolutions, The University of Chicago Press, first edition 1962. Kuzniak, A. : 2004, Paradigmes et espaces de travail géométriques, Note d’habilitation à diriger des recherches, Paris, IREM de Paris 7.
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COMPARISON OF OBSERVATION OF NEW SPACE AND ITS OBJECTS BY SIGHTED AND NON-SIGHTED PUPILS 1 Iveta Kohanová Department of Algebra, Geometry and Didactics of Mathematics Faculty of Mathematics, Physics and Informatics, Comenius University, Bratislava, Slovak Republic It is almost a commonplace to state that the visually impaired people use different methods than people who can see to receive information about features of the objects and spatial localization. In this paper we briefly present research that was realized in order to better understand the perceiving the space and its objects by non-sighted pupils. Three non-sighted and four sighted pupils participated in the experiment and results of the qualitative analysis offer some proposals and ideas how to improve the teaching of space geometry to non-sighted and also sighted pupils. INTRODUCTION The changes in society, inflow of liberty and humanism, caused the integration of handicapped people (Slovakia in 1993) have became an actual problem and one can partly speak about it as fashion trend that is carrying its advantage and limitations. Nowadays, we notice use of mathematics in lot of disciplines, the serious mathematical grounding is necessary not only for prospective mathematicians, but it begins to be popular also at humane sciences as sociology, psychology, linguistics or philology. We are also witnesses to rapid expansion of information technologies that require new technicians all the time, whose education is based on mathematics as well. So we cannot wonder about the attendance of visually impaired people who would like to engage in study of mathematics. These facts, as well as author’s experience with working with visually impaired pupils lead us to pay more attention to study of mathematics of visually impaired people. The other remarkable thing is the question of limit. Since in Slovakia there is no standard for teaching mathematics to integrated visually impaired students on the secondary level (the standards for common students are valid), the teacher has to determine requirements on these students by his own, on his subjective opinion. This paper is based upon previous research that was realized in academic year 2004/2005 (Kohanová, 2005). The non-sighted people (students and adults) were asked to solve four mathematical problems that concerned algebra, mathematics of common life, Euclidean geometry and analytic geometry. We find out that the visually impaired people use personal geometrical instruments and strong
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imagination, all object (solids and plane figures) are first touched and then stored. Geometry is for them kind of adaptation to the environment. So we think this adaptation is dynamic in sense that they continually change the system of operations of environment that explores. Since every environment is a new environment s/he has to store all information (tactile, auditory, olphactive, etc.) and so make mental images. All that has inspired us to study more in the field of space geometry, to see how non-sighted people are adapted to various environments, what are their personal tools, since geometry can provide a more complete appreciation of the world. Results, interviews, remarks and observations of this research will act as propaedeutic of teaching solid geometry at the secondary school. But not only for teaching visually impaired students, but also for sighted ones, since there does not exist any methodical guide for teachers of mathematics at special primary and secondary schools. Last, but not least, it might be methodical guide for teachers at schools, which integrate visually impaired students and do not have any experience of working with nonsighted students. THEORETICAL FRAMEWORK Understanding of geometric figures Van Hiele (1986) published a theory in which he classified five levels of understanding spatial concepts through which children move sequentially on their way to geometric thinking. Different numbering systems are found in the literature but the van Hiele’s spoke of levels 0 through 4. At each level of geometric thought, the ideas created become the focus or object of thought at the next level as shown in Fig. 1 (Van de Walle, 2001).



Fig. 1: Van Hiele’s levels.



According to Jirotková (2001) there are three levels of the quality of the mental picture of a perceived solid: 1. the solid is a ‘personality’ for the pupil, 2. the solid is unknown to the pupil, however, the pupil perceives some relationship between the considered solid and another solid which is a ‘personality’ for him/her,
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3. the solid is entirely new for the pupil Analysis of the activity Activity theory originated in the former Soviet Union as a part of the culturalhistorical school of psychology founded by Vygotsky, Leontiev and Luria. Its unit of analysis is an activity that is being composed of a subject, and an object, mediated by a tool. In following model (see Fig.2) of an activity system, the subject refers to the individual or group whose point of view is taken in the analysis of the activity.



Fig. 2: Model of activity system.



The object (or objective) is the target of the activity within the system. Instruments refer to internal or external mediating artifacts, which help to achieve the outcomes of the activity. The community is comprised of one or more people who share the objective with the subject. Rules regulate actions and interactions within the activity system. The division of labor discusses how tasks are divided horizontally between community members as well as referring to any vertical division of power and status. We have used this model as a tool for description and analysis of realized experiment. THE RESEARCH AND DETERMINATION OF THE HYPOTHESES We have placed various subjects of different shapes in the room. Except of typical office subjects (table, chairs, PC, cabinets) we put in the room the fit ball, air freshener, the clock of pyramid shape and flowers as well. The lamp on the table was on as well as the PC; water in the sink, which is in the closet, flow. That all because we wanted to observe what sense the person in the room will use while exploring the room. Before realizing the experiment, we consulted about the location of subjects in the room with visually impaired university student, who is experienced in exploration of new places. Final arrangement is shown in following figures.
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Fig.3: Arrangement of the objects in prepared room.



Consequently, seven pupils took part in the experiment, the sighted pupils (SP) were selected at random and all pupils were of 7th - 9th grade. Pupils of these grades know 2-D and 3-D shapes and their characteristics; they have their personal experience and they have learned it also in the school. However, the problem was the number of pupils who took part in experiment. We wanted to form pairs of all possible combination of sighted and non-sighted pupils (NSP), which means 4 pairs. It is needed to say we concentrated only on pupils who are non-sighted since birth and so do not have any visual imagination. That is why we were able to find only 3 nonsighted pupils (age 13-14) attending the special primary school for visually impaired children in Bratislava. Then we changed pairs for trinities and pairs as follows: NSP1-NSP2-SP1



NSP3-NSP2-SP2



SP3-SP4



where always the first one of the trinity/pair went in to the room and verbally described what s/he sees and the others of the trinity/pair built the model of the room on the basis of audio record. The first one of the trinity/pair built the model of the room as well, but on the basis of her/his memory. In the first and second trinity is the same person (NSP2) and we are conscious that it might influence the results, but NSP2 was not told that she is building the model of the same room in both cases. During the experiment we observed: ƒ



the orientation in the space



ƒ



the way of description of the room and objects



ƒ



the relationship between the image in the pupil’s mind and the vocabulary s/he uses in the communication



ƒ



what is the dominant attribute by description of the room



ƒ



perception of the shapes, positions and dimensions



ƒ



what senses s/he uses
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ƒ



what way s/he builds the model of the room



ƒ



differentiation of the shapes and characteristics of the objects



Consequently we have set following hypothesis: H1:



The sighted and non-sighted pupils perceive the space and its objects in different way. The point of view on geometry of the space of visually impaired people is point of perception and it is dynamic. The point of view on geometry of sighted people is static.



H2:



Based on the senses the non-sighted pupils are able to differentiate and name basic geometric figures and solids.



H3:



When exploring new room and objects in it, the non-sighted are using several senses; sense of touch, smell and ear; while sighted rely only on sight.



H4:



The non-sighted pupils will describe objects in the space (shape and position) better and more exact as sighted pupils.



H5:



The non-sighted pupils have better imagination about position of objects in the space as sighted pupils and so they build more precise scale model of the room, even if they build it on the basis of given audio record.



Method and description of the experiment As written above we have divided children into the trinities and pair. We call the one who goes into the room pupil A, pupil B is the one who doesn’t go into the room. The tasks for the pupils were as follows: Task 1 Pupil A: Enter the room. Within the twenty minutes explore it and tell me exactly what do you see. Tell me about everything, about all objects, their characteristics and their localization. Task 2a Pupil B: By using these packages and stuff try to build the model of the room on the basis of audio record of Pupil A. The caps of plastic bottles represent the chairs. Later on you can ask for more information, but only by asking questions to which Pupil A can only answer ’Yes’ or ’No’. Task 2b Pupil A: By using these packages and stuff try to build the model of the room on the basis of your memory, on the basis of what you have seen. The caps of plastic bottles represent the chairs. Applying the Activity theory we described two activities, one that has been carried out in the room (Task 1) and the second activity that has been realized out of the room (Task 2). In Task 1 we made audio records of Pupils A descriptions of the
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room. In Task 2a we made audio records of dialogs between Pupil B and Pupil A, in Task 2 pictures of all 8 models of the room. The exploring and describing the prepared room is the activity that refers to the subject of Pupil A, who goes into the room. The object of her/his activity is the room and all objects in it. The expected outcome is the as precise verbal description of the room as possible; consequently we are going to analyze this description in sense of perceiving the space and its objects. There were no seted rules concerning the progressing activity, just one restriction regarding the time was given. It has an implication that Pupil A can proceed as s/he wants, in the way s/he likes, so there are no horizontally segmented tasks of division of labor. Anyway, with respect to action of university student M. and our experience we have expected the following possible actions which Pupil A could make in the room: ƒ



to specify the shape of the ground plan and verify the dimensions of the room;



ƒ



to seek points of the reference by means of the echo of the windows, of the doors, of the voice, etc.;



ƒ



to individuate and memorize every possible obstacle;



ƒ



to look for references in the noises and vibrations or in the odours;



ƒ



to clapp one’s hands to grasp the dimensions and the volume of a room;



ƒ



to move with the white stick and perceive the space, objects and obstacles;



ƒ



to perceive the obstacles by air pressure on the face;



ƒ



to touch all objects and describe them.



Mentioned possible actions could be done by using the white stick, all senses, language, imagination, etc. and these are mediating tools or instruments by which the Pupil A can achieve the outcome of the activity. There is also no vertical division of status and power concerning the division of labor, since the community of this activity consists only of researcher who is present in the room in order to record the description and assist if necessary. It is needed to mention that the whole environment in which the experiment was realized, as well as the researcher was new for pupils, so that is the reason why we are conscious of pupils’s doubtful and sometimes reserved behaviour. All that might influence the objectivity of the experiment. The second activity was realized out of the prepared room and its outcome is to interpret the room by building the model, which is also kind of description of the room and we can analyze it in the frame of perceiving and recognition of the space and its objects. The model of the room built by us is shown in following picture. This activity has to be distinguished with respect to the pupil who is building the model (Task 2a, Task 2b). In both cases the object of the activity is the prepared room and the rest changes.
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In case of Pupil A, who is the subject of the activity, the rules are given only by saying that pupil should build the room by using given packages and stuff, moreover the bottle caps have to be used as chairs. In case of Pupil B we have two more rules about the building the model according to record and about the way of asking questions to Pupil A. All given packages and stuff of different shapes and sizes (playing cubes, packages of tea, matches, medicaments and cosmetics; tennis’s and squash’s balls, buttons, batteries, eraser, carton models) are for Pupil A and B instruments to build the model. The difference between Pupil A and Pupil B is that other instrument of Pupil A is her/his internal model of the room stored in her/his memory, while Pupil B has audio record of Pupil A at disposal. Pupil B can ask for more information that is becoming also his/her instruments. The community in both cases consists of researcher and her assistant and other pupils who took part in experiment. In case of Pupil A all community except of researcher is just side, unimportant effect; they were just observers, no interfering into the process of building the model. On the other hand, important role of community plays in case of Pupil B the researcher who moderates the conversation and Pupil A, who answers to the questions. Since the instructions of Task 2a say to Pupil B first to build the model of the room on the basis of audio record and later on to ask the supplementary questions, here we have horizontally segmented actions of division of labor (which is actually given by the rules). Also the succession: question, answer, and potential change of model represent partial horizontal division of the actions. RESULTS OF THE QUALITATIVE ANALYSIS The sighted pupil really showed expected behaviour, right she entered the room she stated what is in there (sometimes very inexactly), while the non-sighted pupils detected the space gradually. So here we have development and dynamics of detection, which are actually facilitating the subsequent better description. If we would be able to bring the sighted pupils to such a dynamics, then the certain superficiality can be eliminated and hence also the superficial perception of the space. In Task 1 pupils should describe the room and its objects, their characteristics and localization so pupil B in Task 2a can build the model of the room. We had seen that non-sighted pupils recognized and named many objects of different shapes (cube, cuboid, pyramid, cylinder, triangle, circle, trapezoid, square, and rectangle), so the second hypothesis seems to be true, although in some cases they used wrong terminology. R2: M27:



Then there is cabinet, also shape of rectangle, classic cabinet with rectangular shelves. So, in the middle of the room is the table in shape of rectangle.



The hypothesis H3 has been confirmed only partially because the non-sighted pupils didn’t use sense of smell, neither by finding the air freshener nor by flowers. The



CERME 5 (2007)



988



Working Group 7



sense of touch is their leading analyzer and sense of ear is complementary analyzer. We can illustrate the usage of sense of ear by demonstrations from the protocols: R22: I have heard water and then I went to see... M39:



You can hear here the whirr of computer and like […] as the water flows […] or like that.



Also in case of sighted pupil SP3 we cannot claim she only relied on sight. The true is she also didn’t notice the air freshener, she saw the flowers, but she mentioned the sink in the cabinet even she couldn’t see it since the door was closed; on the other side she didn’t say anything about hearing. J6:



At the door are cabinets, where is for example the sink, in one there are books.



Since non-sighted pupils had to go over the whole room and touch everything, they described continuously and more exactly the objects in the room than sighted pupil, who stand in one point and described what she saw. Sighted pupil didn’t mention lot of things, she didn’t find it as necessary, even she was told to describe it precise. On the other hand, when building the scale model of the room, she did it very exact, which says about her strong visual memory. Based on these facts we can confirm hypothesis H4. The fifth hypothesis wasn’t neither acknowledged nor disproved since all Pupils A (sighted and non-sighted as well) built almost exact model of the room. In the case of pupils B we had noticed the ability to interpret the verbal description of the space and ability to create an image of solids and their location in the space. We cannot compare the results of sighted and non-sighted pupils who participated in Task 2 since there was the same non-sighted person participating two times in experiment. Anyway, regarding the mental representation of the space, the world of non-sighted is not different in comparison with that one of people who are sighted. Except of determined hypotheses we came also to following conclusions that are applicable in pedagogic practice of the teacher. ƒ Right in the experiment, concretely at Task 2, the visiting math’s teachers from special school for visually impaired children pointed out that the same or similar tasks have considerable value as educational tools. They could be used for the diagnosis and assessment of pupils’ levels of understanding of threedimensional solids (van Hiele’s levels) and metrics of the space and to develop their communicative skills about the solids. The Task 1 required the pupils to describe new space and its objects. This gave a very clear indication of level of vocabulary of the pupils and the communicative skills. R48: …this one side […] front […] If I hold it like this […] it is longer than the other side. Actually, the horizontal side is longer than vertical. It depends how you hold it. I have it along, horizontally to me …
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R49: And under it is bigger packet which has shape of […] it is also not the shape of cube […] but it is shape of [...] what can I compare it to? It is shape of cuboid. Also the upper packet has had this shape. Yes […] it is cuboid.



According to some similar experiments (Littler, Jirotková 2004) when authors observed sighted children in process of tactile manipulation with solids and their verbal communication, this analysis help us also to construct the process of building structure of geometrical knowledge or even the process of creating new knowledge by extending the existing structure or its restructuring. ƒ At the first glance we saw the difference, while models of sighted pupils were large, the models of non-sighted were “small”, tight, all objects were close to each other. The reason for it might be on one side the necessity of the control of the model by hands, on the other side also the lack of experience with metrics. The other point is related to the estimation of distance and measure. It is shown in the protocols that non-sighted pupils compared the measures to their body. R7: That cabinet is high about […] something more than knees or like my thighs.



It could be meaningful to think about the usage and application of English system of measurements instead of metric system in their case. ƒ Both sighted and non-sighted pupils built quite exact model of the explored room and thus, as regards the mental representation of the space, the world of non-sighted is not different in comparison with that one of people who are sighted. The difference is the way one gets information about the space. Through the sense of sight, one can obtain an overall knowledge of the environment, whereas one can achieve it through an analytic way, if s/he employs the haptic perception. ƒ Except of some above mentioned proposals for future phase of the research we consider as interesting to observe the perception of the space and its object in connection with language as an individual tool. In what way the language and exactness of expression might influence the knowledge, but not only in the case of non-sighted pupils. The other improvement might be done in connection with realization of similar experiment with more pupils. However, we cannot influence the number of non-sighted pupils who will participate.



REFERENCES Arcavi A. (2003), The role of visual representations in the learning of mathematics, Educational Studies in Mathematics 52: p. 215–241, Kluwer Academic Publishers



CERME 5 (2007)



990



Working Group 7



Csocsan E., Klingenberg O., Koskinen K. L., Sjostadt S. ( 2002), MATHS “seen” with other eyes: a blind child in the classroom: teacher's guide to mathematics, Ekenas Tryckeri Aktiebolag álek O., Holubá Z., Cerha J. (1991), Vývoj osobnosti zrakov tžce postižených, Univerzita Karlova, Pedagogická fakulta, Praha Littler G., Jirotková D. (2004), Learning about solids, In Clarke, B., Clarke, D.M., Emanuelsson, G., Johansson, B., Lambdin, D.V., Lester, F.K., Walby, A, Walby, K. (Eds) International Perspectives on Learning and Teaching Mathematics. Goteborg University, NCM, Sweden Jirotková, D. (2001), Zkoumání geometrických pedstav (Investigating geometrical images), PhD thesis, Karlova Univerzita, Praha Kohanová I. (2005), Attitude of visual impaired people to mathematics, Proceedings of CIEAEM 57, Changes in Society: A Challenge for Mathematics Education, Proceedings, p. 52-56, Piazza Armerina Požár L. a kol. (1996), Školská integrácia detí a mládeže s poruchami zraku, Univerzita Komenského, Bratislava Roubíek F. (1997), Vyuování integrovaného nevidomého žáka matematice (na 2. Stupni základní školy), Diploma Thesis, Pedagogická fakulta Univerzity Karlovy, Praha Silverman D. (2005), Ako robi kvalitatívny výskum: Praktická príruka, Ikar, Bratislava Van de Walle, John A. (2001), Geometric Thinking and Geometric Concepts, In Elementary and Middle School Mathematics: Teaching Developmentally, 4th ed. Boston: Allyn and Bacon, Pearson Education Van Hiele P. M. (1986), Structure and insight, A theory of mathematics education, Orlando, FL: Academic Press Vygotsky (1978), Mind in society, MA: Harvard University Press, Cambridge



CERME 5 (2007)



991



Working Group 7



ASSESSING THE ATTAINMENT OF ANALYTIC-DESCRIPTIVE GEOMETRICAL THINKING WITH NEW TOOLS G. Kospentaris – T. Spyrou Mathematics Department, University of Athens Transition to Van Hiele level 2 is characterized by a gradual primacy of geometrical structures upon the gestalt unanalyzed visual forms and application of geometric properties of shapes. Some special test items have been constructed to clarify some aspects of this transitional process. Perceptual strategies seem to persist even in university students, suggesting complementation of typical tests with items focusing on this issue. INTRODUCTION Van Hiele (1987), describing the evolution of his theory since 1955, regrets the fact that initially he “had not seen the importance of visual level”, but finds that “nowadays the appreciation of the first level has improved” (p.41). However little research has been made to analyse more systematically levels 1 and 2. As Hershkowitz (1990) nicely puts it: “Visualization and visual processes have a very complex role in geometrical processes…More work is needed to understand better the positive and negative contributions of visual processes” (p.94). The results reported in this paper are part of a wider research attempting to elucidate certain aspects of this contribution (and its inverse also: the effect of geometry learning to the visual processes) and are related exclusively to the problem of the transition from level 1 to 2. Assuming in principle Van Hiele’s theoretical framework the main questions posited were: -To what degree secondary education students have substantially progressed from the “visual” level 1 to the “descriptive-analytic” level 2 and particularly: do they apply the geometric structures of the second level in a visually differentiated context? Or more specifically: Do secondary students tend to use “visual” (level 1) or “analytic” (level 2) strategies to solve tasks which allow both procedures? THEORETICAL CONSIDERATIONS Some remarks upon Van Hiele level 2 Certainly, Van Hiele considered as main characteristic of level 2 the fact that the visual figure recedes to the background and the shape is represented by the totality of its properties. He stressed however that the discovery of these properties should be made by the pupils themselves and not be offered ready-made by the teacher (Van Hiele,1986;p. 54,62,63). But this is not sufficient: level 2 is attained when the pupil is able to “apply operative properties of well-known figures” (ibid. p. 41, see also p.
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43). We should keep in mind that attainment of level 2 is not simply recollection of learned properties of shapes, but possibly a more active state: a mode of mental activity that tries to find new properties and apply the already known ones. Type and content of test items Reviewing the research literature on Van Hiele levels we find out that the test items specific to level 2 are of the following kind: a simple, basic geometric shape (e.g. a rhombus) is shown to the student and he/she is asked to “list its properties” (Gutiérrez & Jaime, 1994, 1998) or to identify a particular quadrilateral in a set including a variety of different types (Burger & Shaghnessy, 1986) or to select among propositions referring to known properties of basic shapes (Usiskin, 1982). Considering what have been said above about the application of properties it is clear that this kind of task puts a rather one-sided weight upon the recollection of properties instead of application of them in novel situations. The skill of “applicability of properties” has been taken previously into account by Hoffer (1983,1986) and Fuys et al. (1988), who set additional criteria like “discovering of new properties by deduction” and “solving problems by using known properties of figures” (level 1!). Another matter of concern is the one-sided dealing with the concept of “congruence” (of line segments or angles) and neglecting other topics, a point already mentioned by Senk (1989). METHOD Under the above considerations some special geometrical tasks have been constructed focusing on three essential concepts: congruence, similarity and area. The main idea is to present a problem but in a visual context different of that of a usual geometry textbook. The correct answer could be found either by some geometrical reasoning pertaining to level 2 or by a visual estimate leading, with the higher degree of certainty attainable, to perceptual misjudgement, due to the well-known limits of the human visual system’s capacities. So the deliberate aim of the problem’s set was to test the students’ choice concerning the appropriate strategy and not of course the latter’s efficiency or exactness. There were two tasks for each topic and two alternative versions (to prevent students cheating, depending on the classroom conditions), six in all for each student. Fig.1 shows two examples of the test items related to congruence of figures (C1) and line segments (C4) (Application of property of circle and rectangle). Task C2 was a more difficult one about congruence of triangles and C3 the known Müller-Lyer optical illusion with two equal line segments, one double arrowed the other tailed, against a background of parallel lines and circles that provided geometrical cues for reasoning. Tasks S1 and S2 (shown in Fig.2), and their alternate versions S3 and S4 with exactly the same underlying geometrical idea but different visual context, had to do with the concept of similarity. Finally tasks Ar1 and Ar2 (Ar2 is the same task by means of which J.Piaget (1960) tested whether the relation between length and area has been established), and their corresponding variations Ar3 and Ar4, were about the concept of area. The paper and
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pencil test battery included 11 items in all (the remaining five tested other spatial capacities) and total process time allowed was 25 min.



Figure 1: Congruency (The pictures are scaled-down to one half of the original)



Figure 2: Similarity



Figure 3: Area



This test questionnaire was administered to 478 students (ages ranging 15 to 23). This sample was composed of two main groups. Firstly, we sought for a population in this age range undergone the minimum possible geometrical instruction (another research matter was to elucidate the pattern of the effect of various types and contents of the
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formal geometrical education upon the process of the development towards level 2) to compare the effect of formal education; a likely candidate was a group (labelled A1) of 80 students attending Bakery-Pastry Practical Apprenticeship School (under the supervision of Greek State Organization for the Employment of the Working Force). These students had received some basic geometry instruction in elementary and lower secondary school, but possibly their involvement in the educational process was limited. A second subgroup (A2) consisted of the typical tenth graders (154 in number) entering the upper secondary school and ready to attend the Euclidean Geometry syllabus (mandatory for all students of this level in Greece). So members of group A were young adolescents with a non-systematic instruction in Geometry. Group B consisted of two subgroups; 150 upper secondary twelfth graders (B1; age 17-18) and 94 Mathematics Department students in Athens University (B2; age 2023), both subject to substantial and systematic geometrical instruction. The test battery was administered in the period between the 4/2004 and the 10/2005 in the corresponding classrooms. We assumed that wrong answers mainly implied either unsuccessful visual estimates or defective geometrical reasoning. However, in case of a correct answer there was the possibility that student might have used the visual estimate strategy and this particular difference mattered for the transition to level 2. We considered that a written instruction asking “How you worked it out?” shouldn’t be included in the paper test for the following reasons: the aim of the study was to test the student’s spontaneous reaction and immediate choice without any clue relating the task to geometrical reasoning; the reply “By the eye” doesn’t necessarily precludes another more analytic strategy at her/his disposal as an alternate, second choice; it would be of considerable interest to check whether this questionnaire could serve as reliable, convenient and independent instrument for level 2 assessment; and , finally, for general methodological reasons (triangulation). So we interviewed a number of students of the subgroups A1 (14), A2 (101) and B1 (42). The interview protocol was based on three questions; first: “How did you obtain the answer to this question?” (for correct answers only); in case the student answered “By the eye”, we proceeded to the second: “Could you imagine a different, more secure, way to solve it?”; in case of a negative answer we framed the third: “What about using some property of the shapes you see, for instance this is a circle etc.”. To compare the performance of the students in a more typical Van Hiele assessment instrument, we composed two variations of Usiskin’s test (1982), each including ten tasks aiming at levels 1 and 2, and administered it to a sample from A2 (70) and B1 (50). Finally, for group A1 we had at our disposal each student’s marks in mathematics lesson for his/her three years in lower secondary school (of which we took the average). For group B1 the marks in Geometry lesson for the two years it is taught (again we took the average). This mark has been taken as an indicator of student’s formal education competence.
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RESULTS The alternate versions C3, C4 (about congruence), S3, S4 (about similarity) and Ar3, Ar4 (about area) were administered only to a number of students of subgroups A2 and B1; differences in performance for these groups across tasks C1, C3 and C4 were insignificant (X2=1.273, d.f.=2, n.s. and X2=1,226, d.f.=2, n.s, correspondingly), so we pooled these data, under a general label C1. This was possible for similarity and area tasks except tasks S1 and S3 for subgroup B1 (X2=11,97232, d.f.=1, p 
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